


Leonardo da Vinci observed in his notebooks that “all the branches of a tree at
every stage of its height when put together are equal in thickness to the
trunk’” [1], which means that when a mother branch of diameter d splits into
N daughter branches of diameters 4. , the following relation

holds on average
N
d®=>d}
i=1

where the Leonardo exponent is= 2 . Surprisingly, there have been few
assessments of this rule.

In [2] it is proposed that Leonardo's rule is a consequence of the self-
similarity of the tree trunk and wind-induced stress. In the mentioned paper
some ad hoc hypothesis, based in fractal theory and fracture theory, were
introduced in order to obtain Leonardo's law.

However, it is curious that Leonardo himself proposes a very simple ex-
planation of this rule based on the characteristics of uid motion. \When

a branch grows, Leonardo argues, its thickness will depend on the amount
of sap it receives from the one below the branching point. In the tree as a
whole, there is a constant flow of sap, which rises up through the trunk and
divides between the branches owing through succesive ramications.



the total quantity of sap carried by the tree is constant, the quantity carried
by each branch will be proportional to its cross section, so the total cross
section at each level will be equal to that of a trunk" [3].

This argument is naive, since the flux of the sap, as viscous liquid, is not
proportional to the cross section of the branch, but to the fourth power of
its radius, if we consider branches and trunk as cylinders.

In our opinion, though Leonardo's rule is not a trivial result from uid
mechanics, a simple and direct approach, based on mass conservation, can
be made to explain this observation.

The amount of fluid that goes through a conduit of this type is given by
the Poiseuille's Law

Q(R) ZER

Qs the flux



Da Vinci: Codex Atlanticus

C. Eloy, Phys. Rev. Lett, 107, 258101, (2011)
Criterion: resistance to fracture




Let’s apply the criterion of Leonardo, but considering the viscosity of sap and
that the flux goes through a distribution of vessels which obey a Lévi distribution
of radius. The origin of this distribution will be justified in the next pages.

If we calculate the total flux Q on a given branch considering that it is distributed among
a network of “pipes” Levi-distributed by radius, the total flux of sap transported by the
branch is the sum of all contributions of the vessels.



O(R) = [ f(rQ(r)dr
o(r) ~r*
fr)=r~

(asymptotic behavior)

Then, to fulfill Leonardo’s rule x must be:

How to justify this?

Drawing a Tree by Leonardo da V... by corbisimages Zazzle
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Leonardo Was Wise
Trees Conserve Cross-Sectional Area Despite Vessel Structure

Rizwan Aratsu

Abstract

Beginning with Leonards da Vine's assertion that trees conserve Lolal eross-sectional ares acroes.
every branching gaint, I tested ten ‘of trées In the vicinity of Princeton, New Jersey, Lo see if
they d indeed adhere to the rule of conservation &5 esserted by the Itsiien master and those wha

riing ares, the trees actualy tended tn
&3 1 maved fram trunk 1 twig Bps. Fer this ressen, 1 deseribe 2 conleal model of tree form
originated by Hom (1958, In press), which may estimate the volumse of & trée mone accirabsly than
the tracitional cylingrical model,
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The previous photo of the wall between two vessels suggests a formation mechanism

of evolutive type, i.e., a few big vessels bifurcate in smaller ones with a given probability,
Then the new generation repeates the process, and so on, giving as a result a distribution
of vessels broadly distributed, schematically illustrated as follows:






This process suggests a representation in terms of a Bethe lattice, where

old vessels generate new ones with a given probability , thus dissappearing, so

that the problem becomes that of the percolation on a Bethe lattice.

This is a well known problem, where the critical probabiity to percolate an infinite

branch is known. In our case, let us consider that branching occurs conserving the flux, i.e.,
The new vessels conduct the same flux as the old one, progenitor.



n(r, )



p > pc — f(}") ~ }"_x No characteristic scale

We tested this result (Levy distribution?)
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Well, is scaling, asymptotics of Levy!




O(R) = [ f(r)O(r)dr as () -

o(r) ~r'

R*=R"+R;

Direct measure of branches (Capulin)

A,,0(1.82,196) A=19

Direct measure of vessels: x=2.6+20.03 = x0O (2-53, 2-59)

=4, 0(241, 2.47)

vasos

Errorin 0.45 (18%)!!



CONCLUSIONS

1- resistance to wind stress and nurture are both important criteria in Leonardo’s rule
2- vessels are Levy distributed, though fitting of critical exponent with experiment

is not as good as we expected.
3.- Bethe lattice model must be improved to obtain a better fitted critical exponent
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