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Foreword

For some years, professors belonging to the Group of Sobtke St
Physics in the Morelos Autonomous State University (UAENBye
edited a series of compilations of selected talks that wezegmted
at the Workshop of Molecular and Condensed Matter Physklsl, h
at UAEM since 2008 (http://web.fc.uaem.mx/ tallerfmcnmtes.htm).
The present is the fourth of this series of electronic boaksch cor-
responds to the selection made in 2016. It contains somaetregetri-
butions in several areas of the research frontier in CoreteMatter
Physics.

Since the first edition we have decided to keep the bilinguahat
(english-spanish) with the purpose of achieving a widdiudibn of
the contents via electronic means.

Cuernavaca, Mexico. May 2017 M. E. Mora-Ramos
~ (memora@uaem.mx)
R. PérezAlvarez (rpa@uaem.mx)

L. M. Gaggero-Sager (lgaggero@uaem.mx)
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Foreword

Durante varios afios, un grupo de profesores del Cuerpoéhaiad
de Fisica del Estado So6lido de la Universidad Autbnomddeado
de Morelos, hemos realizado compilaciones de algunas detder-
encias impartidas en el Taller de Fisica de la Materia Cosafga y
Molecular, que se celebra desde 2008 en predios de la mewieion
Institucin. Luego de la publicacion de los dos primerosinutnes
(http://web.fc.uaem.mx/ tallerfmcm/temas.htm) de estaede libros
electronicos, presentamos a la comunidad cuarto, camelggnte a la
seleccion del afio 2016. Esta vez, las contribucionesabareas de
actividad de vanguardia de la Fisica de la Materia Condizngae no
haban sido abordadas en los libros anteriores.

Como comentamos en el prefacio del primer volumen de la,serie
hemos mantenido con toda intencion el formato bilingisp#&&ol-
inglés), en aras de que los materiales publicados puedzonear
mayor difusion vianternet

Cuernavaca, México. May 2017 M. E. Mora-Ramos
~ (memora@uaem.mx)
R. PérezAlvarez (rpa@uaem.mx)

L. M. Gaggero-Sager (Igaggero@uaem.mx)
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Anomalous diffusion in phase space: Relation to
the entropy growth rate

Oscar Sotolongo-Costa, Oscar Sotolongo-Grau, L. M.
Gaggero-Sager and |. Rodriguez-Vargas

Abstract

In this work it is shown that the time dependence of entropy ca
be intricate, more than the well-known linear dependencetiaotic
systems. With the help of fractional calculus and consitga phase
space with anomalous diffusion a close expression for then
was derived. This expression is quite general, since thgexhabil-
ity postulate is not longer assumed, the system dynamicaipktase
space is not necessarily Markovian and the system is not iecal
state at all. Different possibilities for the time evolutiof entropy
by considering different features of the phase space aragpses in-
volved in the system dynamic are obtained.

En este trabajo se muestra que la dependencia temporal dae la e
tropia puede ser compleja, mucho mas incluso que la bieocida
dependencia lineal para sistemas cao6ticos. Con la ayudzidelo
fraccionario y considerando un espacio de fase con difiusi®dmala
se pudo derivar analiticamente una expresion para lagatcomo
funcion del tiempo. Esta expresion es general, ya querggiuni mo-
mento se asume el postulado de iguales probabilidades @, faio
dinamica del sistema en el espacio de fase no necesarmrasnt
Markoviana e igualmente el sistema no esta necesarianegnta
estado estacionario. También se presentan casos espegéira la
evolucion temporal de la entropia, los cuales son el tadalde con-

(OSC, IRV) Centro de Investigaciones en Ciencia-(IICBApérsidad Autbnoma del Estado de
Morelos, Av. Universidad 1001, 62209 Cuernavaca, Moréiisico. (OSG) Alzheimer Research
Center and Memory Clinic, Fundacio ACE, Institut Catala dsiMciencies Aplicades, Barcelona,
Spain. (LMGS) CIICAp, IICBA, Universidad Autbnoma del Bdb de Morelos, Av. Universidad
1001, Col. Chamilpa, 62209 Cuernavaca, Morelos, Méxi/Y Unidad Académica de Fisica,
Universidad Autbnoma de Zacatecas, Calzada SolidaridgdiBa con Paseo a la Bufa S/N, 98060
Zacatecas, Zac., México. e-mail: osotolongo@uaem.mx
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siderar caracteristicas particulares del espacio faee prbcesos in-
volucrados en la dinamica del sistema.

1 Introduction

Entropy is one of the most fascinating, abstract and conqoexepts
in physics. So much so that several entropies have arisemngm
the most important characteristics of entropy its extensind non-
conserved character stand out. From a microscopic stamd ot
tropy can be linked to the probabilistic features of the asitde mi-
crostates of a system, or in other words to the peculiawfidse corre-
sponding phase space. In non-linear dynamics the evolotiemtropy
is a linear function of time or equivalently the entropy puotion rate
is constant, better known as Kolmogorov-Sinai entropy [1,a2d
specifically given by the sum of positive Lyapunov expongkit®wn
as Pesin identity [3]. Even in the onset of chaos, in whichRRsin
identity fails, itis possible to find a direct relation be®vethe produc-
tion rate of the Tsallis entropy and the so called generadliz@punov
exponents or g-Lyapunov exponents [4]. In the case of thesttal
entropy -also known as physical entrop$t), three general stages
for far-from-equilibrium processes have been identifieds[51) S(t)
depends strongly on the dynamical system and the initiddgdviity
distribution, and the rate of variation can be positive,aieg, large
or small; 2)S(t) is a linear increasing function of time; 3) physical en-
tropy tends to a constant value, typical of equilibrium. Bying the
same weights to the initial probability distribution frorh gions of
phase space (coarse graining) a direct connection betwegrhi/si-
cal entropy and the Kolmogorov-Sinai entropy can be esthéd [6].
However, there are other possibilities such as the gradwoalton of
the probability density in space and time, or the anomaldifissibn
of the representative points in the phase space. The aine girdsent
work is to address the latter scenario.

2 Fundamentals of anomalous diffusion

Let’s start with general considerations. It is well knowattthe time
evolution of the entropy of an arbitrary system is analyzgdthdying
the system evolution towards equilibrium, through theusifon of the
representative points in the phase space. The possibld sdtial



Anomalous diffusion in phase space: Relation to the entgvpwth rate 3

conditions of the system are represented by a set of phase gpits.
The time evolution of these points takes place in diffusiashion.
Here, the diffusion process obeys a waiting times distidoutvith
infinite variance, which is typical of Levy processes or atstied
continuous-time random walks (CTRWS) [7]. In the case ofrmedr
diffusion the probability distribution comes as

1 X2
p(X,t) = \/mexp<_M) ’ (1)

whereK is the diffusion coefficient ang represent the particle den-
sity at positionx and timet. In terms of probabilityp(x,t) is the prob-
ability that the particle be located at the poinand at the instarit
Besides, the corresponding diffusion equation is

op 0%p
ot K ox2’ @)
with K = 02/T1.

In order to generalize the preceding equation to anomaldfus d
sion the CTRW will be used as starting point. This model iseblasn
the idea that the length of a particle jump from one site talz@roas
well as the waiting time between jumps are described by atiimmc
Y(x,t). Specifically, the jumps probability density is given as,

209 = [Ty, @

and the corresponding one for waiting times

wt) = [ wixtdx @

Here,A (x)dx can be interpreted as the probability of a jump of length
X in the interval[x,x+ dX, andw(t)dt in the same way as the prob-
ability of a waiting timet in the interval[t,t + dt]. It is also as-
sumed that the spatial and temporal processes are indeyetits

is, Y(x,t) = A(X)w(t). In the same footing, the characteristic waiting
time and the jumps variance can be defined as:

7= /Omtw(t)dt, (5)
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and

(x%) = / X2A (x)dx (6)
With this definitions a CTRW can be written as

n(xt) :/Zd)(/omdt’n(x’,t’)lﬂ(x—x’,t—t’), 7)

wheren (x,t) the probability of reaching at exactly the timé. Then,

t
W(xt) = /0 NGt Wt —t)dt, 8)

is the probability to be atat the timet, which is different fronm (x, t).
In addition,

Pit)=1- /OtW(t’)dt’, (9)

is the probability that the particle does not move up.to

With all this definitions in mind it is possible to obtain theopa-
bility density p(x,t) in the reciprocal spaces of the variableandt
by Fourier and Laplace transforming it, respectively:

1-w(u)  po(k)

k,u) = .
p( ,U) u 1—w(k,U)

Here,w(u) can be approximated @ = 1— (ur)?. This approxima-

tion is possible by assuming that the distribution of wagtirmes has

the asymptotic fornw(t) = (1)”“. For the jumps a gaussian distri-

t
bution is considered, hendgk) = 1— g?k?. Then,

(10)

W(k,u) =1—(ur)¥ — o?k?, (11)
and
~ po(k)/u
Pl W = 757 Fak e (12)

with Kgjpha = f—,f By taking the inverse Fourier transform of the latter
equation the following equation is get
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up(x,u) — po = Kqut=%p" (x, u). (13)

The term on the left hand side can be identified as the Laptaos-t
form of the temporal derivative gb(x,t) and the term on the right
hand side with the second derivative with respect tf the Laplace
transform of the fractional integral @f(x,t). Explicitly,

d 02
x( pf?f’t)) —Keoo Z [DFOpt], (14)

where. stands for the Laplace transform. Eq. (14) can be written in
equivalent ways as

ap(x,t) 9°p(x,t)
ot oxe -

This equation represent a fractional diffusion equationtdking the
Fourier transform of eq. (15),

dp(kt)

=0 D{ "Kq (15)

S =0 DI K k?p(k,t). (16)
Taking into account the definition of the fractional intdgra
1t
D% f(t :—/ t—u)V~1f(u)du, 17
oDE O = 5 fy G0 17)

eg. (16) can be expressed as

2
(k) —p(e0) = s [t-u Zplkudu (9

For more details about anomalous diffusion from a fractiolyaam-
ical approach see [8].

3 Anomalous diffusion in the phase space and the entropy
growth rate

With the fundamentals of the preceding section it is posdibtackle
the problem of anomalous diffusion of representative @ointthe
phase space of an arbitrary system. It is worth saying thaé ifvant
to calculate the entropy in terms of the phase space voluotease
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we must notice that fine-grained quantities do not vary withet
since, by Liouville’s Theorem, the volume of phase spaceipiec
by the system during its evolution is constant. Insteadeucdarse-
graining; i.e., smearing or smoothing of the probability distribution
in phase space, the volume occupied keeps increasing.

The simplest way to produce a coarse-graining is to dividetiase
space in cells such that the sum of their volumes equals thkvial-
ume of the available phase space. Then, we consider thegsrofe
diffusion as random walkers successively occupying dffiercells,
so that the initial configuration smears out and the entropyeiases
[6, 12]. By knowing the time variation of the mentioned psinnore
specifically the time dependence of the volume associatddtivbse
points, it is possible to determine the entropy growth ratshort, the
time dependence of those points can be determined by nyurhigpeq.
(18) by a fixed phase space volume,

N(t) — N(0) :Cakz/ot(t—u)“_zN(u)du, (19)

whereC, = m andKy = r“’ with o the jumps variance and
the characteristic waiting time. The solution of this equrats [9]

N(t) = N(0)Eqa,1(Cat)”, (20)
where
z]k
Baa(2 r(ak+1)’ (21)

is the well-known Mittag-Leffler functlon. The time depemde of
the phase space volume can be computed readily by assurairtheh
number of states and volume are connected by a poweN [aw 9.
Explicitly,

I (t) = [o[Eq(cat)]Y. (22)

Finally, it is well known that when the number of states do giaw
linearly with I, the entropy adopts the mathematical expresSien

Inglm = rllfgl [10]. Therefore,
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() = 1o [Fo[Eal(ct) ) F* 1] (23

According to this equation, in principle, entropy can désph plethora
of time variations, depending on the values tand o adopt. For
instance, if the diffusion process is normal- 1) and the relationship
between the number of states and the phase space volumeas lin
(N(t) ~ ), then

r(t)

—~2 —E(ct) =€, (24)
lo
and the entropy growth rate will be constant,
ds
i C, (25)

or, in other words, of the Kolmogorov-Sinai type. Anothesgibility

is to have a typical phase space volurde=(1) and allow superdif-
fusion (@ > 1) and subdiffusiond < 1). Under these conditions the
entropy is determined directly by the Mittag-Leffler furostj

S(t) = Eal(cat)?], (26)

which can give a positive, negative, large or small growtk.rdhis
possible behavior of entropy coincides with the first stageog-
nized by Latora and colleagues [6]. Another possibilities a frac-
talized phase spacd ¢ 1) with normal diffusion processes (= 1)
or both a fractalized phase spade4 1) and anomalous diffusion pro-
cessesd # 1). All these scenarios could help to understand the phase
space characteristics and possibly the physics behind gamplex
phenomena. For instance, the entropy growth rate of magmiagni
presents the typical growth rate for chaotic systems asagéhe satu-
ration region for systems in equilibrium [11]. However, §brort times
and in between the linear and saturation regions the timerdmce
of entropy could be adjusted to some of the mentioned sasari

4 Conclusions

In summary, a close expression for the entropy growth rate aia
tained. This expression is derived by assuming that the eurab
states in the phase space undergoes an anomalous diffusicesp
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and that its dependence with respect to the phase spacea/gduar

from linear. Depending on the dimensional characteristitke phase
space volume and the peculiarities of the diffusion proegdenty of

possible scenarios for the entropy growth rate could takeeplThis
work is the first approach to understand the time dependeines-o
tropy beyond the typical linear and saturation behaviard, its rela-

tion with the characteristics of the corresponding phaseesg-urther
work in specific systems is needed in order to unveil conqrbtese
spaces and at the end the physics behind them.
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A catastrophe theory approach to cognitive
decline: the tools of Condensed Matter Physics
in animated condensed matter

Oscar Sotolongo-Costa, O. Sotolongo-Grau

Abstract

The prevalence of dementia in old age, primarily resultirarf
Alzheimer’s disease, doubles every five years after the 8§8.d'he
natural history of dementia in the elderly usually beginsirty the
phase of age associated memory impairment, preceding taseph
where individuals complain of memory loss (but without albijee
evidence), then to the prodromal stage of mild cognitiveaimmpent
(MCI) prior to the onset of clinical dementia. We proposet ttee
deterioration of cognitive and neural functions followsaxderly pat-
tern that can be modeled with a simple mathematical expesgve
describe here such a model of cognitive decline based ostogphe
theory that not only accounts for the worsening of the cihiman-
ifestations of the brain dysfunction, but how such dysfigrcimay
become irreversible. This is the first approach to this mwhlremi-
niscent of the concepts of phase transitions in statigpicgsics.

1 Introduction

The number of individuals living past the age of 60 is risiagd by
the year 2050 this age group will represent more than 20% ef th
world population [1]. This will put a substantial strain oedith care

(OSC) Centro de Investigaciones en Ciencia-(IICBA), Ursisad Autnoma del Estado de More-
los, Av. Universidad 1001, 62209 Cuernavaca, Morelos, BIX©SG) Alzheimer Research Center
and Memory Clinic, Fundacié ACE, Institut Catala de Neauocies Aplicades, Barcelona, Spain.
e-mail: osotolongo@uaem.mx
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resources and families due to the increased prevalencesafetated
medical conditions. Not the least of these wile be the righérpreva-
lence of age-related cognitive disorders [2].

Clinical dementia syndromes like those seen in Alzheimbis
ease (AD) typically involve the decline or loss of cognitieeecu-
tive functions and episodic memory, and are accompaniecpgir-
ments in language, spatial information processing, andmnfoinc-
tion (among others). The alterations in brain function theftect
these clinical syndromes can be quantified with measuregt#holic
activity, typically fluoridated glucose positron emissimmography
scans (FDG-PET) [3, 4], or indirectly with single photon egidon
computed tomography, or functional magnetic resonancgiimgaAl-
though the relationship between metabolic activity and dlgcal
syndrome is complex, once a clinical dementia is presentedses in
metabolism as a consequence of a loss of neurons and lossay-sy
tic connections is common. In addition to the changes in hudia
activity, there are parallel alterations in regional ceatblood flow,
reflecting the changing demand for oxygen secondary to taegihg
metabolic rate [5]. the loss of synapses, which can occuyrearly in
the pathological cascade [6], is likely one source of theaglea in the
pattern of functional activity — even among individuals wieave not
yet met the criteria for clinical dementia. Indeed, the siéy®f de-
mentia correlates with the extent of synaptic loss [7]. €ntistudies
of functional connectivity tied to synaptic loss demongtréne pro-
gressive alterations in brain networks from a state of nbomgnition
through to clinical dementia [8, 9].

It is clear that in any discussion of brain disease it is @aitito
make the distinction between the pathophysiological peses that
result in synaptic loss, the formation of amyloid plaqués, devel-
opment of neurofibrillary tangles, and the clinical levelasfalysis.
For this purpose of the present discussion, when we arestisuuthe
former, we will explicitly use the term Alzheimer’s diseggd), and
when we are discussing the latter, we will use the term dement
the Alzheimer’s type (DAT). The distinction is critical kegese there
is a significant latent period during which AD is present, &symp-
tomatic [10]. And, it is equally important to be able to délserthe
dynamics of the system that results in a sufficient loss ohitivg
functions such that an individual can be said to have DAT.
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In an effort to describe the processes involved in the nhhisa
tory of DAT, the range of variables that could be included uicls a
conceptual framework is vast. This not only makes it diffi¢alde-
velop a useful model that describes the natural history of, [t it
makes the interpretation of any such model difficult. One wegope
with this level of complexity is to start with a pre-defined ded, and
use it al a heuristic device to explain existing or known datarder
to provide a framework for testing the relationships amdre\tari-
ables. The advantage of this approach is that if the modedagui) it
opens new possibilities for understanding the pathophygyoof AD,
as well as potential novel treatment and management inteoves. If
the heuristic cannot be supported, then it can be easiladisd and
replaced with another conceptual framework.

In this paper we describe a methodology, derived from Pdggyo
and Physics of Complex Systems that starts with the preinédettis
possible to describe the behavior of a system - in this cageition -
with only a few variables (in our case, two). These quantifialdies
could potentially represent individual biomarkers, or suany vari-
ables derived from latent variable analysis techniques.pidint is to
reduce a large set of information to something more mandgeab

What we propose here, uniquely, is that the behavior of @dalts
— defined as performance on cognitive tests represented@adialc
ous variable —is a function of two "control parameters” amglitinter-
actions. We propose that the behavior of the cognitive syssdows
the characteristic of what is referred to as a "cusp catpsgomodel
[11]. Catastrophe theory provides a useful heuristic detacexplain
the behavior of cognitive systems in the context of the lgaal pro-
cesses of AD. Of particular importance is that by invokingasrophe
theory we can show that once an individual has crossed ietcatinge
of dementia, they cannot recover to their previous leveliotfional
capacity, and furthermore, we have a way of representingnpeact
of "cognitive reserve” on the natural history of DAT.

This use of the catastrophe model as a heuristic device mitthe|
summary of the relevant data. Mathematical formulationrof pro-
cess or phenomenon, like AD, is a powerful tool to improvehe t
precision of the description of the breakdown of the infatiorapro-
cessing networks, and then to predict the behavior of theesydt
is important to emphasize that any mathematical model ofhitiog
functional decline must provide a description of the breakal in



12 Oscar Sotolongo Costa, O. Sotolongo-Grau

terms of measurable, or as least identifiable variables.ate, dhere
have been no attempts, that we are aware of, to invoke sudiemat
matical modelling in the study of DAT.

Our goal is to propose a simple mathematical descriptiorhef t
process of cognitive decline from normalcy through to detiae@ur
underlying premise is that the process of creating such aemnait-
ical description using variables defined based on brairvigctand
connectivity could be a useful heuristic to generate hypsdls to de-
scribe the underlying functional abnormalities in the bratlearly,
there are countless variables that could potentially aitegnition
and behavior at any single moment in time, and the numberitand
deed the specific variables) likely change over time (el@])[ If it
were possible to reduce the number of such predictor vasaibito
a set of one or two, and then to put these into a simple matheahat
structure, it would be possible to derive a mathematicadl (@m@aph-
ical) representation of the phenomenon under study, in ase,cthe
natural history of AD. In the sections below, we describederfally
the ideas behind catastrophe theory, and it particularusp model.
We then demonstrate how this model can be applied in the xtooite
biomarkers of AD, and how this may help us conceptualizesckiffit
aspects of the clinical syndrome.

Catastrophe theory (CT) was developed in the 1960s and ity
the pioneering work of Thom and Zeeman [13] and is closelyteel
with bifurcation theory and the description of phase trimss. For
our purposes, we assume that the brain normally operatestateaof
static equilibrium that depends on a variety of paramefére.normal
functioning state is stable as it is relatively unaffectgdsinall per-
turbations in any of its parameters. CT provides us a way pba@x
how such a stable equilibrium can suddenly change statetstha
transition from normal cognition to dementia.

We propose that while the normal state of brain structurefanct
tion, and by extension cognition, can accommodate a rangétenf
ations in the system, once aatastrophicchange has occurred, the
system not only deteriorates but cannot recover to its pusvevel of
function regardless or any interventions. By modeling saislystem,
we generate a heuristic that can be used to advance our tartnsg
of the breakdown in cognition that occurs in dementia, ardctbn-
straints that restrict full recovery of function with phaaoological
and non-pharmacological therapies.
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The three critical factors th our model are: 1) a construetee to
cognition 2) a construct related tmetabolic activity and 3) a con-
struct related to the extent sfnaptic connectivityThis last factor is
important in that the relationship between metabolic @gtant cog-
nition appears to be associated with tho level of synaptimeotivity
reflected in the energy associated with activity ad the symdgvel
[14].

2 A bird’s-eye view of the mathematical tool

Any theoretical approach to a given phenomenon or systenmaue

the property that it unambiguously defines the factors tlegt plead-
ing role in the phenomenon. Such a theoretical approach atsist
establish their mutual inter-relationships and be ableredipt the

behavior os the system if one or more of the factors changjee ffre-

dictive factors and the system output can be defined quawiyg and

we can describe the relationships among these variableg osthe-
matical terms, then it can be said that we have a mathematioadé|

to describe the system.

The development of high throughput computer platforms Has a
lowed for a dramatic increase in the range of problems to lvimath-
ematical models have been applied. Of particular relevédmece is
that more complex problems such as nonlinear interacteisstial
mechanics, differential equations, and the like that hadtsarnly re-
sisted mathematical analysis were now tractable (with theeldorce
power of large scale computer grids). With the support of potars
it is now possible to address these "rebel” problems wheserdly-
ularly used hypothesis of continuity, differentiabilitpdilinearity of
equations are frequently inapplicable. This is the cash thi¢ prob-
lem that we address here. Only with the ability to create agmatpn-
ally efficient models (on rapid processing platforms) candescribe
mathematically DAT.

From these developing mathematical tools, bifurcationmp§l5],
and its close relative CT emerged. CT is basetbpology a branch
of mathematics dealing with the properties of surfaces. €dlsiwith
surfaces and the systems that can be described by a poinhgnovi
on a smooth ‘surface of equilibrium”. When the equilibriumeaks
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down, a "catastrophe” occurs — defined as a sudden changee of th
system state. Thom demonstrated that there are a limitedeuaof
surfaces able to describe what is known as "elementarytoaphes”
[16]. Here, we are interested only in one of them, the cuspstaiphe
[11].

2.1 A simple example of Catastrophe: The hydraulic model

To illustrate what we consider to be a catastrophe, let ugimesathat
a lake has been formed in a small basin in a mountain. Itsroligg in
the occurrence of rainfall — that fills the basin — and striattdefor-
mations around the lake — that empty the basin. The behakibio
small lake (i.e., the amount of water) can be described bal heari-
ables (rainfall, wind, topography, etc.) that in principén be replaced
by a few parameters that can be used as independent varisHéas
mining its global behavior. Thus, a heavy rainy season coalgse the
lake to fill, whereas a loss of hillside could cause it to emptgny
of the events that can affect the amount of water to the basm, (
erosion, deposition) occur very slowly. However, at sommfpthe
hillside is no longer able to support the basin, and theresmgle
catastrophic event that empties the lake (consider alsiled and
avalanches as catastrophes on a shorter time scale). Tinsdsntext
of AD —small biological changes over a relatively long tincale that
result in a single, catastrophic change in mental status.

2.2 Rage and fear

Another scenario models aggression and is a good illustrati the
strengths and weaknesses of CT [13] Figure 1 is modified freex Z
man [17] and illustrates the model in which rage and fear igsdcat
be indicated by the degree to which teeth are bared (rageJlaten-
ing back of the ears (fear). This simplified model assumesdbg’s
behavior is controlled by rage and fear, which are plotteaxas on a
horizontal plane: the “control surface”. The behavior @resented on
a vertical axis. For any combination of rage and fear, icg.ahy point
in the control surface, there is at least ore likely behawidicated in
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the upper (behavior) surface. In most cases there is onlypouiea-
ble outcome (i.e., rage-attack, fear-retreat), but whge emd fear are
roughly equal there are two modes: that is, a dog both angtyesan-
ful may attackor retreat. So, in the middle of the graph there are two
sheets representing likely behavior, and these are cagthbygta third
sheet to make a continuous pleated surface. The third siy@etsents
the least likely behavior, neutrality (i.e., doing nothinfiowards the
origin (of the graph) the pleat becomes narrower and evénten-
ishes. The line in the control surface representing theeptigns of
the edges of the pleat is a cusp-shaped surface, which isie/inet
havior is called a "cusp catastrophe”.

(1) fight

avoiding

Fig. 1 Representation of the dog’s behavior in the behavior serfacresponding to the rage and
fear model [13, 17].

Indeed, when a point moves on the behavior surface it maynfall
a zone near the sheets, where sudden jumps to the "attack”aopn
conversely, to the "retreat” zone, may occur, that is, ¢etpbes in
behavior. This process is considered divergent becausaladrange
in the stimuli can produce a large change in behavior.



16 Oscar Sotolongo Costa, O. Sotolongo-Grau

2.3 A criticise and perspective view

These two examples give the reader a bird’s-eye view of théh-me
ods used by CT to analyze systems that are difficult to modefus
more traditional methods such as differential equatioriaraction fit-
ting. the simplicity of the method and the accessibilitylo toncepts
make this approach appealing, and gives rigor to conceqgnti-
nuity, equilibrium, and jump. At the conceptual level, Ctuees the
structure of a complex phenomenon to the motion of a singlet po
a surface, making for more transparent visualization ofdibserved
behaviors of the system.

However, this generality and apparent power is also annsitri
weakness, namely a lack of a precise definition of the paenmgtige
and fear in our example) and a plausible relation (i.e., fagttight)
between them. The model is too vague to expect concretesgesal
great insights can be expected from models of "rage and fe@~
spective of its virtues.

But, CTis a useful heuristic; it can handtpialitativelythe evolu-
tion of phenomena that are not tractagleantitatively.By using CT
we may be able to mathematically derive the shape of a “pialesutr-
face”. The shape of the surface, and the points on the swibeee
catastrophic changes occur, can provide visually guidsidlits into
the problem, and offer testable hypotheses about how tonbetiie
system. In this way, we can imagine that the graphical reptesion
of such a catastrophe model could serve as an "instrumengdéson-
ing about quantitative information and as the most effectiray to
describe, explore, and summarize a set of numbers [18]"uls,she
graphical representation can induce the viewer/readdrind about
the substance of the data that are represented, and toiptyethink
about them in new ways [18].

In summary, if the concepts and parameters included in theeemo
are measurable and unambiguously defined, and the relainosg
the variables can be made explicit, then the results defraed CT
are precise, reliable, and can be trusted.
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3 Catastrophe Model of Cognition

Cognition involves language, memory, learning, perceptand the
higher integrative functions of the brain (e.g., [19]). inthe conse-
guence of the interactions among networks of neurons, ifumaot
in a coordinated fashion, with associated energy exchabaggnition
involves different classes of long range correlated preeggmong
brain regions (supported at the neuronal level) resultmdifferent
manifestations of cerebral activit@ognitive capacityas directly re-
lated to metabolic activity and synaptic connectivity -dbg@rocesses
are closely linked in that an increase in connectivity, idéld ar an
increase in the effective size of a neuronal network, wslutein an
increase in metabolic activity. If metabolic activity f&ltor reasons
unrelated to cognitive demands (and network connectiwvéty)n AD,
this will result in degradation of the existing neuronalvmetks.

In an ideal neuronal network supporting cognitive funcsioall of
the energy utilized by all of the interconnections withie tihetwork
is converted into useful cognitive processes. In this idealvork the
degree of metabolic activity is proportional to the volunie¢he net-
work determined by the correlation length,of the network. This is
shown in Fig. 2a (green line) — greater usage of cognitivegsses is
supported by greater metabolic activity.

By contrast, in a non-ideal network, some of the energy used b
the system isiot converted into useful cognitive processes. A certain
amount is dissipated or lost in the connections among theonstso
that a minimum amount of energyy, is required to produce a mea-
surable degree of cognition (shown as the rightward shittheffunc-
tion in Figure 2a). In other wordsy, represents the energy dissipated,
or lost between neuronal connections within the non-ideadark.

There is a trade-off between this metabolic "cost” of thenmek
and the network complexity [20]. Those networks with a mane-r
dom topology are more efficient, but this comes with a venhlag-
ergy cost. Between the random and efficient, and the latticeia
efficient networks are those referred to as "complex”. Indbmplex
network the organization is more random than lattice-lé&ed hence
more efficient), but the energy cost is lower. In other wothe,cog-
nitive output of a network is increased gy over the corresponding
lattice network with the same metabolic cost (see Figure 2b)
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Fig. 2 Cognition model as function of metabolic activity and syiapverlap and effect of each
term on the model. a) the energy dissipated through the mktwakes that cognition do not appear
until a threshold level of metabolic activityy, b) the organization of the cognitive network makes
that the network improves its output and produce higher itiognat a lesser value of metabolic
activity, ¢) the synaptic overlapping not only improve theguition but also the energy use and d)
a new point of unrecoverable fall appears in the model dugriagtic overlapping.

However, this is not the only way energy can be optimized @lon
the network. Each cognitive function is not instantiatedtsnown
isolated network, and the cognitive network is shared betwsome
cognitive functions resulting in connectivity hubs [21hat is, part
of a cognitive network (responsible for a given cognitivadtion)
overlaps with other cognitive networks. When several dsifé cog-
nitive processes share the same network, they may do sowigho
proportional increase in metabolic demand. For examplgyafcog-
nitive processes, operating in parallel, share a givenmelof this
shared network, then some portion of the volume does not toeleel
additionally energized. Since these connectivity hubslmafocated
in the cerebral cortex [22], the synaptic overlap could baratter-
ized by the mean cortical shared areg,which is energized by other
cognitive processes along the network’s correlation lendhis char-
acteristic network overlap is well known and often refertedas a
network of networks [23]. We thus propose that the metalasiiergy
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needed for a particular cognitive function is the resulteftnetabolic
cost of the networkrfy) adjusted for the correlation length of the net-
work (y —Yo) and the shared cortical area with other related networks
(x?). We use the coefficients andb to convert the geometric char-
acterization of the network into energy units, and this ltssa the
mathematical representation of the energetic balanceioh#iwork

as:

m=mp+a(y—yo)> — bxy (1)

Cognition

Synaptic

overlap Metabolic activity

Fig. 3 Cognitive capacity as function of both, metabolic actiatyd synaptic overlap.

We must also model the relationship between cognitive [msing
and metabolic activity as a monotonically increasing fiorctThat is,
an increasing level of cognitive processing must be accoiegay
increasing amount of metabolic activity. In other words thange
in metabolic activity as a function of the change in cogmitactivity
must be greater than zero, i.%‘ > 0, which leads to,

3a(y—yo)2 > b¥, (2)

This equation describes the “motion” of the system in thecepa
determined by metabolic energy, synaptic overlap, anditiogn
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Fig. 4 Predicted stages of cognition as function of metabolic/égtat synaptic overlap level ?2C?
(from Figure 3). Note that the represented borders betweatiHy, impairment and dementia are
arbitrary. The dashed lines are only drawn in order to pmwadbetter understanding of model
behavior.

4 Results

Equation (1) describes changes in cognition when both roétadic-
tivity and synaptic overlap change during the course of aalegical
disease. Figure 3 shows the shape of the behavior surfagedi&om
this equation created using Gnuplot (http://www.gnuhéo).

When both metabolic activity and synaptic overlap of theirbra
are high (upper right-hand corner of the graph), then chaungei-
ther variable result in smooth changes in cognition. Howewben
metabolic activity declines (moving from right to left onetlcurve)
there are some threshold values when this behavior suddeahges
and a small change in either metabolic activity or synapteriap
brings about a catastrophic collapse cognition (line AB).

The model predicts that for any given value of synaptic aed
healthy state of cognition exists for high values of metabacttiv-
ity. We can display all on the values of cognition as a functod
metabolic activity at a single value of synaptic overlapa€ shown
in Figure 4. When the metabolic activity of the brain begiosle-
cline, cognition declines continuously until a criticalipbis reached.



A catastrophe theory approach to cognitive decline 21

At this critical value there is a quick irreversible fall ingnitive func-
tion (compare with Fig. 2d).

Cognition

____________________________

dementia

.Synaplic_Ov_e rI.1_p

Fig. 5 Cognitive capacity as function of synaptic overlap for sel/@alues of metabolic activ-
ity. The figure shows how the high value of metabolic activdguld protect the network from
irreversible falls, not only keeping the values of cognitia the impairment region but into the
healthy region.

This catastrophic fall (line AB) has several implicationsem ap-
plied to cognitive decline. First, if the disease is causgdbresults
in a decrease in metabolic activity, then a treatment thaipsmsates
for the metabolic change should reverse the cognitioneblit only
if this catastrophic fall has not occurred@hat is, full recovery of func-
tion would only be possible if the metabolic change was notad-
vanced, or the degree of synaptic overlap was such thatdhsition
from MCI to DAT had not occurred. Although some improvemeit o
cognition is possible within the DAT range (e.g., from B tn D)s not
possible, for recovery of normal cognition to occur (i.efdre reach-
ing point A) as this would violate eq. (2) The implication bfd aspect
of the model is that any intervention that increases metabotivity
of the brain must be applied as soon as possible after theakegof
the disease.

Second, as shown in Figure 3, increasing synaptic oversapiadl-
proves cognition. Most important, the critical point of therve is
reached at a lower level of metabolic activity, meaning thatim-
provement of synaptic overlap decays the cognitive dechuaether-
more, when the metabolic activity descends far enough, lamndriti-
cal point is reached, the cognitive fall is greater — dentjr@lmost to
the same level that it would do before the synaptic improvenihis
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behavior of the model is reminiscent of the predictions gidtheses
centered on the notion or "cognitive reserve”, and assediatipport-
ive data [24, 25, 26, 27]. Critically, for a given level of gotive im-
pairment in DAT patients, those with higher educationai@gtment
had lower levels of brain metabolism than those with lessation
[28]. To the extent that education serves as a proxy for "aleta-
serve”, then we would argue that the delay of critical disgasthe
higher education patients is a consequence of enhancedl meair
works, or an enhanced ability to use pre-existing networksth of
which would require alterations in synaptic overlap.

Unfortunately, treatments that center on the improvemesyaap-
tic overlap, or enhancement of neuronal networks, coulc Hhe
same problem as therapies that focus on improving metasadtiiaty.
As shown in Figure 5, once a critical low value of metabolitiaiy
is reached, almost no amount of synaptic overlap can preveoy-
nitive fall. The systems capable of recovering any loss of cognition
due to synaptic overlap dec#dyand only if the metabolic activity de-
ployed be the network is high enough to support it. If the esion
of synaptic overlap caused by such events does not reachiticalc
point or the metabolic activity is high enough, then the rawg of
the cognitive network [29] could be capable of reversingabgnitive
decline.

5 Discussion

Our model predicts that any brain process that results inss ¢
metabolic activity or synaptic overlap can result in anviersible fall
into dementia. However, it is important to emphasize thaaveenot
arguing that metabolic activity and synaptic overlap areessarily
the primary underlying cause of dementia. Rather, thesearpos-
ites, somewhat akin to latent variables, that represenbétavior
of a large number of biological variables — ranging from dene¢o
molecular, to systemic — that are the primary cause of demednt
addition, our model assumes that neurodegenerative disedsaf-
fect both variables al the same time (however, see belove dEigree
of change in each variable will depend on multiple factong]ud-



A catastrophe theory approach to cognitive decline 23

ing the region of the brain where the damaged node is locaieédts
degree of connectivity.

It seems clear that the metabolic activity of the brain deses with
advancing age, placing the neuronal network at risk. Howéivihis
metabolic activity decrease is moderate, and the valuegrapdic
overlap are high enough a catastrophic fall will be avoidedhat
might be considered normal aging. The inclusion of synaptarlap
in the model as a measure of the connectivity hubs exteniadit-
ferent effects. First, energy management becomes moregffigith
higher values of cognition reached with less metabolicvagt{see
Figure 2c¢). Second, if metabolic activity becomes low ergueggard-
less of the cause, cognition beiins an irreversible decihshown in
Figure 3 (a jump from point A to point B)(see also Figure 2d)isT
is a consequence of the fact that when metabolic activityiresto
the point where it reaches the "cusp” of the curve (point Aiig ),
cognition cannot follow the surface “backwards”, as thisuldovio-
late condition (2); the result is the “jump” from A to B. This the
farther consequence that if metabolic activity increabag)er levels
of cognitive function cannot be attained.

Our definition of synaptic overlap suggests that it coulddiated
to educational levels, social interplay, or other cogeithvdemanding
activity. If the model’s assumptions are true, the interagtions be-
tween different network branches are molded and supporitdé tine
brain is still maturing (c.e., into the 20s). This is not oslypported by
the relationship between higher educational levels arel tdmentia
onset [30], but for the effect that cognitive stimulatiorsioa delayed
symptom progression [31].

With older age, there is increasing activity over certaiaifmre-
gions for the same cognitive task [32, 33, 34, 35], and therede-
crease in functional segregation between networks [3@h wifur-
ther breakdown in the balance between integration and gatjpe as
individuals develop MCI [37]. Our model could explain this part
of the known compensation process tn neurodegeneratieashs
[38, 39, 40]. When neurons die and connectivity nodes arte hesv
ones can be recruited from other, existing networks. Inway, the
impact of neurodegeneration during its first stage coulcedeced or
even remain unnoticed by the cognitive network. Even witledass
of neurons over time, the increase in synaptic overlap cbaldnce
the process since the new neurons already belong to othaitiveg
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networks. However, if neuronal death continues, the bracomes
less capable of repeating this process and the drop of nietaue
tivity levels become perceptible. At this point, synaptiedap also
begins to decline. The relationship between the rate ofateaiu of
metabolic activity and synaptic overlap remains unknowailoe crit-
ical point could be reached before expected.

Although we propose a specific relationship among eventken t
development of DAT, we doot propose a specific time course. The
behaviors reflected in Figures 4 and 5 do not imply any temgoea
lution of the disease but only its dependence on the enedyp\ariap
of the network. The temporal behavior of the disease musalmeic
lated through the temporal behavior of these variablestaiamove-
ment over the surface shown in Figure 3.

It is important also to emphasize that we do not assume tha#AD
ists in the brain in isolation. That is, the neurodegenenatif AD oc-
curs in a pre-existing milieu determined by the lifetime xperiences
of the brain, both positive and negative. Not only are neevetbp-
mental factors critical, but also mid- and late-life disesare impor-
tant for determining the state of the system at the onset opatbol-
ogy. Thus, for example, metabolic syndrome and cerebrolasdis-
ease can alter the neurovascular unit [41, 42], affectiegattility to
respond to increasing metabolic demands (separate ant feqrar
any effect of AD). Cerebrovascular disease can also redetveoink
efficiency by damaging the connecting white matter [43, Z4lese
factors can influence the pre-disease state of metabolicyamaptic
activity, and alto influence the rate of change in the systaoeAD
begins.

Obviously, heuristic models are helpful to drive changeh@way
that we view or approach research questions, but they are aseful
if they can drive specific research studies. The ideal stoadyaluate
the relative merits of our CT model would include measuresaog-
nitive function, brain metabolism (e.g., FDG-PET), sym@finction
(e.g., EEG and/or MEG). Data such as these, gathered onpfeulti
occasions over a reasonable time frame (e.g., 4-5 year9)@ouy-
nitively normal individuals or those with MCI would providbe ev-
idence that could support the CT of cognition in AD. Many oimgo
research studies have two, but usually not all three of thesssures;
nevertheless, in the absence of ideal data it is possibledoygexist-
ing databases to determine the relative merits of our pedpber ex-
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ample, using data derived from EEG or MEG it is possible t@dbs
the architecture of the neural networks using Graph Theatrios
(e.g., [45]), and to determine the qualitative aspects efloimgitudi-
nal change. Alternatively, it is possible to study changesagnition
over time using group-based method [46, 47, 48]. We wouldipte
for example, the existence of two separate trajectories\pairment
(e.g., Fig. 7in [47]) and, as an individual begins their dexbn cog-
nition secondary to their AD pathology, at some point thely pvmp

from one trajectory to another.

6 Conclusions

This is an initial attempt to describe cognitive decline IATCfrom a
purely mathematical point of view, based on the methods of 1T,
and statistical physics,what allows the description of Di\Terms of
pase transitions.

Even though the model is very simple it predicts several kmow
facts about cognitive decline and dementia. The predictdthwior
of the system is derived solely from the application of baawes of
physics, as the law of conservation of energy, and does wojiiree
other mechanistic explanations. In this formulation detiaeis irre-
versible, not because of the destruction of the physicalow but
because of the involved energy and the loss of synapticaxerhis
implies that neurons can still be functional, but if the aegof linkage
between them is not sufficient, then the cognitive netwotiabes as
if the neurons were lost.

From a translational science perspective, any kind ofrimeat to
delay or reduce symptom progression must be applied as sodb a
is detected, i.e., prior to DAT onset, to avoid the criticain and sub-
sequent irreversible fall. Furthespmbinedireatment using cognitive
stimulation (to increase network overlap) and cerebravlasdreat-
ment/prevention (to reduce metabolic cost) should be densd in
the search of a dementia prevention therapy.
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Electron transmission in self-affine
graphene-based structures: Scaling at oblique
incidence and the angular distribution of the
transmittance
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O. Sotolongo-Costa and I. Rodriguez-Vargas

Abstract

Se presentan las propiedades de transmision de elecearss-
temas complejos basados en grafeno. Como sistema comelép s
considerado una sabana de grafeno colocada sobre untsusdta
eroestructurado de tal manera que se cuente con barreraseteipl
con un perfil auto-afin. En particular, las barreras atiteea se es-
calan en la coordenada energética siguiendo unas reglagddmen
el conjunto Cantor. Se empled el método de matriz de teaest
cia para determinar la probabilidad de transmision o trétascia.
Se determin0 el escalamiento entre curvas de transnisi@cteri-
zadas por diferentes parametros estructurales del sigtes como
la generacion y el alto de la barrera principal. Hasta d@sdea po-
dido constatar el escalamiento parece ser valido a incaetdicua
e igualmente para la distribucion angular de la transmisi”

The transmission properties of electrons in graphenecbesmplex
systems are presented. A graphene sheet on a heterosttlistub-
strate is considered as complex system. The potential @roffithe
system barriers is of self-affine type. In particular, thergy axis
of the self-affine barriers is scaled according to the Casgdrules.
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The transfer matrix method has been implemented to deterthim
transmission probability or transmittance. The scalingvieen trans-
mission curves, "characterized by different structurabpaeters such
as generation and height of the main barrier”, was detemnifs far
as it has been verified, scaling is valid for oblique incideas well as
for the angular distribution of the transmittance.

1 Introduction

Since the pioneering work of Merlin et. al. [1] in Fibonacca/&s—
AlAs heterostructures, a lot of research work has been madee-
riodic structures. The unique characteristics and prasedf these
structures have impacted science and technology alikeA2long
the most important properties it is possible to mentiontétity, self-
similarity and criticality [3]. Fractality, for exampleefers to the frac-
tal or multi-fractal dimension that the electron and phospectra
show in this kind of systems. In the case of self-similarityefers
to the resemblance between patterns of physical quanlikeshe
density of states. And criticality is a term used to indictitat the
wave function has self-similar characteristics. In theecat aperi-
odic dielectric structures the self-similar charactezgsbf the trans-
mission spectra have been confirmed experimentally [4]ewike,
structures for practical applications have been repoBgdine of the
fields that was hugely impacted by fractals was the sectonteimas
[6]. In fact, the so called fractal antennas have moved folweéire-
less telecommunications. With the discovery of new matepienty
of fundamental and technological possibilities arisehssdhe case
of graphene [7, 8]. In fact, graphene has been the vehicleweilu
unprecedented exotic phenomena [9]. In particular, thestddfer-
Butterfly (HB) [10], a set of highly degenerate Landau endeygls
with self-similar characteristics, has been experimgn@dnfirmed
in graphene [11, 12]. HB is considered as one of the few fladata
physics. This phenomenon arises in a two-dimensional sdatice
when a uniform magnetic field is applied perpendicularly. ki&l
been elusive for more than forty years due to the technidatulr
ties with the periodicity of the lattice and the strength loé imag-
netic field required to observe it. Graphene a two-dimeradiorate-
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rial allows for periodicities and magnetic-field strengtbizlly afford-

able from the experimental standpoint. The two-dimengioature of

graphene also allows the study of electron transport in ¢exmgiruc-

tures. In principle, the geometries that could be achievedsige from
Cantor-like structures to Sierpinski carpets. These &iras can be
obtained by nanopatterning or gating the graphene sheeenitg

we have shown that the electron transmission in self-siraita self-

affine graphene Cantor-like structures has well definedrggalles

[13, 14, 15]. These rules connect transmission patterrisdifterent

structural characteristics. So far, we have found rulewéen gener-
ations, heights of the main barrier of the system and thetleoithe

structure.

Here, we extend our previous study of the transmission ptiege
in self-affine structures [13] to the case of oblique incickeas well
as the angular distribution of the transmittance. A reistie descrip-
tion of electrons in graphene as well as the transfer matethod
have been used to compute the transmission properties. essu4
fully generalize the scaling at normal incidence to the cds#lique
incidence. We also found the scaling rules for the angukridution
of the transmittance, that is, the rules for the transmisprobability
as a function of the angle of incidence for a given energy.

2 Mathematical description

The system under study is shown in Fig. 1. It consists of algrap
sheet on a heterostructured substrate Fig. 1a. To obtaili-affeee
conduction band-edge profile, Fig. 1c, itis important thHecent re-
gions of the heterostructured substrate have differentegegf inter-
action with the graphene sheet. These interactions indadashdgap
as well as change the dispersion relation in graphene gngego a
distribution of Dirac cones and paraboloids like the oneicted in
Fig. 1b.

Under these conditions the system has two main regionse thos
for which the substrate does not have a significant influemcéhe
graphene properties and those for which the substrate ebahg
bandgap and the dispersion relation. In other words, theesyson-
sists of regions with massless and massive Dirac fermiopn<dB-
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Fig. 1 (Color online) Schematic of self-affine graphene-basadttires. (a) Cross-section of the
possible device. The device consists of a graphene sheesitlp over a heterostructured sub-
strate with regions of different degree of interaction with graphene sheet. The heterostructured
substrate is built such that the distribution of Dirac comed paraboloids (b) warranty a self-affine
conduction band-edge profile (c). In this figure the secomeeggion of the system is represented.
For more details about the construction of the self-affirstesy the reader can consult our previous
work [13].

sidering that electrons in graphene behave as Dirac fegni®that
we will adopt a relativistic description of the system. Thiw those
regions with considerable interaction with the substratassive re-
gions, the Hamiltonian that describes the system is given as

H=vVg(o-p)+t'oy, (1)

wherevg is the Fermi velocity of quasi-particles in graphene -of the
order of ¢/300-,t" = m{ is the mass termg = (dy,0y) are the
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Pauli matricesp = (py, py) is the momentum operator amg the z-
component of the Pauli matrix. This equation can be solvexgtit-
forwardly giving the following dispersion relation

E=/PA2q2 +12, (2)

hereq is the wave vector associated with a region of considerable
interaction with the graphene sheet, arids proportional to the
bandgapEg = 2t". In the case of the wavefunction we have,

1 o
ey = 5 () oy, @
with Mo (o )
Vi = VF(E?:;—qu), (4)

The Hamiltonian, wave functions and eigen-values for nesssie-
gions can be readily obtain by settitig= 0. Once the explicit form
of the dispersion relations and wavefunctions are obtdioethe dif-
ferent regions of our system, it is easy to compute the trésssom
properties by means of the transfer matrix formalism [16, $pecif-
ically, the transmission probability or transmittance esmas,

Ani1]? 1 (5)
Ao IM11/2

where the transmitted wave amplitudig, 1 can be calculated in terms
of the incident wave amplitudé&y via the transfer matrix,

Ao A
() (") ©

where the transfer matrix is given by,

T=

M =D,

N
D;P;D*| Do. (7)
floeer

with Dj andP; the dynamical and propagations matrices of the differ-
ent regions of the system [13, 14, 15].
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3 Results and discussion

Firstly, we will check if our previously reported scalinglesa [13]
work for oblique incidence. To be clear about this point wel wi
present the mentioned rules. The scaling between genesatmmes
as

To(E, 8,Vo) = Te:n(2VE, 6, Vo), (8)

whereG is the generation an is the difference between generations.
The scaling between heights of the main barrier is given as,

Y
Te(E.6.30) = ¢ (E.6,50). ©

here\j is the height of the main barrier aqthe factor that connects
the heights of the main barrier. By combining these equatibiis
possible to obtain a general scaling rule,

Vi
TeE. 6.0 = ¢ (2'E.6.50). (10)

So far, we have proven that these rules work pretty well anabmci-
dencef = 0. Now itis time to see if they work at oblique incidence as
well. Indeed, that’s the reason why we are including exgyi¢he an-
gular coordinate in all previous equations. In Fig. 2 thesraittance
as a function of the energy is shown for @)= 30° and (b)6 = 60°,
respectively. As it is possible to see the matching betwbkerrdfer-
ence curvés =5 and the scaled or@ =6 is quite well for both cases.
The transmission patterns can be connected by simply ryittgthe
argument of the transmittance that correspondS te 6 by a factor
of 2.

In Fig. 3 the results for the scaling between heights of thiioar-
rier are shown. The angles of incidence considered are the sa
in Fig. 2: (a)6 = 30° and (b)6 = 60°. The reference system corre-
sponds to a structure wilfy = 1.0 eV, while the system for which the
transmission properties will be scaled corresponds taugtstire with
Vp = 0.5 eV. The generation of the self-affine structure&is 6 and
the structural parameteds and| are the same as in Fig. 2. In this case
the transmittance fovy = 0.5 eV is rising to the power 4, dashed-red
curve. As we can see the result of this transformation agmbshe
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reference curve, solid-black line, in practically all theeegy range
considered.
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Fig. 2 Transmission patterns at oblique incidence. (a) Tranant# as a function of the energy
for 6 = 30°. The reference curve correspond€3te- 5 and the scaled one @= 6, solid-black and
dashed-red curves, respectively. The same as in (a) bét f8160°. The structural parameters of

tohe self-affine structure are: height of the Lnain bawviee 1.0 eV, width of the barrierslg = 1.85
A and the distance between barrieées 185A.

In Fig. 4, eq. (10) is tested at oblique incidence @a3 30° and
(b) 6 = 60°. The reference system (solid-black curves) corresponds
to G =4 andVp = 1.0 eV and the system for which the transmission
curves are scaled (dashed-red curves) correspor@st6 andVy =
0.25 eV. The width of barriers and the distance between therthare
same as in Figs. 2 and 3. As we can notice the matching between t
reference and the scaled curve is quite well no matter if tigheaof
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incidence is small or large. In this cases it was necessargéahe
transmittance oG = 6 to the power 16 and to multiply the argument
(energy) of it by a factor of 4. So, as far as we have corroledrat
the scaling rules for self-affine systems previously founhd@mal
incidence are valid at oblique incidence too.

Transmittance
o
o

H

0.6
0.5 0 —TE VY
30 - TXE, 05 V)
04005 01 015 02
Energy (eV)
(b)*

o
Jos)

Transmittance
o
~

0.6
Y
0.5 o —TEV)
- 6=60 - TYE, 05 V)
L | L | L
0% 0.05 0.1 0.15 02 0.25
Energy (eV)

Fig. 3 Scaling between heights of the main barrier at oblique ewi@. (a) Transmittance as
a function of the energy fof = 30°. The reference curve correspondsvip= 1.0 eV and the
scaled one t& = 0.5 eV, solid-black and dashed-red curves, respectively.séinge as in (a) but
for 6 = 60°. The structural parameters of the self-affine structuregeseratiorG = 6, width of
barriersdg = 1.85 A and distance between barridrs: 185A.

In second place, we are going to figure out if there are scalileg
for the angular distribution of the transmittance, thaifisy fixing the
energy of incident electrons the transmission patternsasction of
the angle of incidence for different generations and heighthe main
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barrier could be connected via well defined rules. In Fig. Ssivew
the angular distribution of the transmittance @& 4 andG = 5.
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Fig. 4 General scaling at oblique incidence: @a= 30° and (b)6 = 60°. Here, eq (10) is tested
by considering two self-affine systems with different geien as well as different height of the
main barrier. The reference system correspon@te 4 andVy = 1.0 eV, while the system for

which the transmission is scaled correspond&te 6 andVy = 0.25. The width of barriers and
the distance between them ake= 1.85A and| = 185A, respectively.

The height of the barrier, the width of barriers and the diséabe-
tween them ar¥ = 1.0 eV, dg = 1.85A and| = 185A, respectively.

In this case the transmission patterns can be connectedviayndj

the energy of the incident electroB;(= 0.4 eV) by a factor of 2 for

G = 6. As we can notice that the matching is quite good, compare
the solid-black and dashed-red curves. Even more, the ctonde-
tween transmission patterns not necessarily is restrioteansecutive
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generations. In fact, the expression that connects trassonipatterns
for generations comes as

2_N’
whereE; represents the energy of incident electrdass the gener-
ation number and\ is the difference between generations. We have
included explicitly the angular coordinate because in thise we are

taking about the angular distribution of the transmittazice it is also
imnortant to mention that contrarv to ea. (8) it is not neaesshat

E.
TG(Ei7 97V0) = TG+N ( : 97V0> 5 (11)
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Fig. 5 Scaling between generations for the angular distributf@éhetransmittance. The transmis-
sion patterns fofc = 4 andG = 5 are connected by applying eq. (11). In this case the coiomect
between patterns is reached by simply dividing by 2 the gnef¢he incident electrons @& = 5.
The structural parameters avg = 1.0 eV, dg = 1.85 A and| = 185A. Here it is important to
highlight that the angular coordinate does not require any kf transformation to obtain the
scaling.

0.4

A similar scaling can be obtained for self-affine systems wiit-
ferent height of the main barrier. In fact, the scaling cannpigten
as
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To(Ei, 8,Vo) = TaP (Ei,e,\zir’)), (12)
where p represent the factor that connects the heights of the main
barrier as well as the factor at which the transmittance edad to
be risen to get the scaling. In Fig. 6 we can see the resultiofus
eq. (12). Specifically, the transmission patterns of skt systems
with Vo = 1.0 eV andVp = 0.5 eV can be connected by rising to the
power 4 the transmittance of the system with= 0.5 eV. The struc-
tural parameters considered wé&e= 4, dg = 1.85A and| = 185A,
and the energy of incident electrons vas= 0.4 eV. As in the other
cases the scaling works pretty well, notice the little ddfeces be-
tween the solid-black (reference svstem) and the dashkéoaled
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Fig. 6 Scaling between heights of the main barrier for the angugribution of the transmittance.
The transmission patterns fofy = 1.0 eV andVy = 0.5 eV are connected by applying eq. (12).
The structural parameters a@e= 4 eV,dg = 1.85A and| = 185A.

We can also combine the previous mathematical expresoais t
tain a general equation that describes the scaling betwesegemera-
tions as well as any heights of the main barrier,
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E; Y/
To(Ei. 0.V0) = Tl (Z—Nez—g) . (13)
In Fig. 7 we show the result of applying eq. (13). In this figure
the transmission patterns f@& = 4 andVp = 1.0 eV andG = 6 and
Vo = 0.25 eV are connected by implementing the mentioned rule.
Specifically, the transmittance f@ = 6 andVy = 0.25 eV (dashed-
red curve) is rising to the power 16 and the energy of the emid
electrons is dividina bv a factor of 4. In aeneral the matatietween

o
©
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Transmittance
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Fig. 7 General scaling for the angular distribution of the traritsamice. Here the transmission pat-

tern forG = 6 andVp = 0.25 eV is scaled by applying eq. (13). The reference systenesponds
to G =4 and\p = 1.0 eV. The other structural parameters dge= 1.85A and| = 185A.

As a final comment we want to remark that even when self-simila
structures are a particular case of self-affine ones therbigrdiffer-
ences in the scaling rules for the transmittance betweese thestems.

It is also important to stress that the scaling for the angdikstribu-
tion of the transmittance could have important consequefarethe
transport properties because, for instance, the condueiarthe av-
erage of all transmission channels (all angles of incidgforea given
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Fermi energy. In fact, as far as we know for self-similar stwes the
transport properties can also have scaling rules [18].

4 Conclusions

In summary, the transmission properties of self-affine lyeae-based
structures have been studied. A relativistic descriptiot the trans-
fer matrix method were adopted in order to unveil the tragsion
properties. It is found that previous scaling rules [13]jdalt normal
incidence work also at oblique incidence. The scaling riibeshe
angular distribution of the transmittance were determimegartic-
ular, rules between generations and heights of the maitebavere
found. Possible implications for the transport propergaperimental
verification, were discussed.
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Efectos arbmalos en el transporte cantico
de huecos

S. Zapata-Marin, G. Fernandez-Anaya, A. Mendahsrez,
L. Diago-Cisneros

Resumen

En este capitulo se presenta un estudio de trasnportéicuae
huecos ligeros y huecos pesados en heteroestructurasoselonie
toras, discutiendo con detalle los llamados casos an@malmo el
llamado efecto Hartman y las oscilaciones de Ramsauer-Sanh
Se hace especial énfasis en las particularidades dehigatto mate-
matico, basado en el método de la matriz de transferencia.

We present a study of the quantum transport of light and hbaigs

in semiconductor heterostructures. Detailed discussipravided for
the so-called anomalous cases such as the Hartman effedhand
Ramsauer-Townsend oscillations. Particular emphasisadenn the
peculiarities of the mathematical procedure, which is base the
transfer matrix method.

1 Introduccion

La motivacion de este trabajo es encontrar expresiondisieaspara
las magnitudes de transporte en el fenbmeno de transp@n¢ico de

Departamento de Fisica y Matematicas. Universidad dyaesicana, México e-mail: alejan-
dro.mendoza@ibero.mx. Departamento de Fisica Aplicedaultad de Fisica. Universidad de
La Habana, Cuba. e-mail: leovildo.diago@ibero.mx
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huecos a través de heteroestructuras con el propositoddes pplicar-
las en el modelo de una celda solar de tipo MQWilgiple Quantum
Well).

Para hacer esto seguimos los pasos de Pedro Pereyra [9, 10, 12
13] quién obtuvo expresiones analiticas de las magrstdeetrans-
mision basadas en polinomios de Chebyshev y polinomioscizes
para el caso de electrones y huecos desacoplados. Esto fuoniel
poder analizar desde otra perspectiva fenbmenos comeabdfiart-
man y los aln polémicos valores negativos del tiempo de fas

Las bases sobre las que obtenemos las magnitudes de dispersi
es a partir de la MSA (Aproximacion Dispersiva Multicompaoie),
por lo que las expresiones que derivamos pueden considaraes
extension de este método.

La MSA se basa en el formalismo de la matriz de transferencia
(TM) y en la teoria de la matriz de dispersion (SM). En essmos
interesan las matrices de transferencia de vectores degtze per-
miten transferir los coeficientes que acompafan a un vdetestado
de un punto a otro en una region de dispersion. En partj@ddusca
obtener expresiones para el tiempo de fase en el caso maltica
multibanda cuando el nUmero de celaas> «, dentro del marco de
la MSA y ademas obtener expresiones similares a las refasfaor
Pereyra [12] para el tiempo de travesia.

En los Gltimos afios han aparecido numerosas investigesiela-
cionadas con el tiempo de fase, como es el caso del artiohlcpdo
por De Leo y Leonardi [4], los cuales encontraron una relaciél
tiempo de fase con el ancho de la barrera para paquetes dewala
limite superior de distribucibn de momento es cercanoaitiaa de
la barrera.

Otro ejemplo parecido es el trabajo publicado por H. Sintanju
tak y P. Pereyra [13] donde emplean una expresion polingrara
el tiempo de fase que depende del ancho del pozo con el pi@pos
de demostrar que el efecto Hartman generalizado es unanpiésu
erronea en dicho caso.

El estudio de sistemas de baja dimensionalidad ha ayudado al
avance de la tecnologia dadno origen a diversas aplicagiqminci-
palmente en el desarrollo de dispositivos electronicasacdiodos de
tunelamiento resonante, los SESirfgle Electron Transistdylaseres
de pozo cuantico, transistores de tunelamiento resoramire otras.
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La presente investigacion esta también enfocada sélestiedio
de pozos cuanticos multiples (MQWI]ultiple Quantum WeJly su
aplicacion para la elaboracion de celdas solares. Losgpozanticos
(QW, Quantum We)l son nanoestructuras cuasi-bidimensionales. P
Se fabrican colocando capas de semiconductores con una pemnd
hibida pequeha encerradas entre semiconductores coranda pro-
hibida comparablemente mas alta. El nUmero de electrohescos
confinados esta determinado por el espesor del semicamdisztdo.
Para la elaboracion de celdas solares se utilizan hetaroesas a
capas en la forma de MQWs.

Las expresiones cerradas para el estudio de fendbmenosak®
tales como los valores negativos del tiempo de fase nos femmi
estudiar de forma analitica el problema cuando el nUmeroetdas
crece.

La estructura de trabajo se muestra en la Figura 1. Consisie e
sistema de barreras y pozos con cuatro canales: dos de mesass
dos fh), con proyeccion de momento angulaB/2, y dos de huecos
ligeros (h) con proyeccion det1/2. La eleccion de la celda en la
literatura depende de cada autor y para nuestros fines la etdd
mentalse define como la estructura que va desdezs y se repite
periodicamente. Dentro de este esquema hay tres escenamidas
regionesL y R de la Figura 1: Presencia de modos propagantes, que
pueden mezclarse, dentro de la barreegyér A); presencia de canales
directos (linea horizontal) o cruzados (linea diagoeal delLayer
A) -si hay interferencia o no entre las rutas de transici@ntioa de
los huecos- y, en la region del pozaager B presencia de estados
discretos que entran en resonancia constructiva o des&reon los
modos propagantes incidentes en el lad@uando se habla del caso
desacoplado quiere decir que no hay ningun fenomeno delapes
decir que etuasimomenturparalelo a las intercaras~ 0. Por ejem-
plo, si entra un hueco pesado con proyeccion de momentdangu
+3/2, entonces permanecera asi mientras se mueve a tralsessle
tructura. Por otro lado cuando hay mezadka+A 0) hay propiedades
del hueco que no se conservan durante el transporte.

El trabajo se dividira de la siguiente manera:

e Definicion de la matriz de transferencia y los polinomicsadares
(matriciales) para el caso de huecos desacoplados (aosplad
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Fig. 1 Esquema de transporte cuanticohdtey Ih a través de una heteroestructura.

dispersion:

— Probabilidades de Dispersion
— Tiempo de fase

— Probabilidades de Transmision
— Tiempo de fase
— Efecto Hartman

Aplicacion en MQW.
Conclusiones

2 Matriz de transferencia y polinomios

2.1 Introduccibn

Presentacion de los resultados numéricos para:

~— h'h+3f2

"""-\__/“*\.__, ghr
T {}!
~—~~ hh

—1y2
Y Jo
=3/

Desarrollo de las expresiones polinomiales y las magrstutte

En el presente capitulo analizamos la relacion que egidte la Ma-
triz de Transferencia (TM) de segundo tipo yMa, (el subindicesv
representa: vector de estado por su acronimo en ingléslpsqoli-
nomios de Chebyshev para el caso de huecos desacoplados.
Como de mencion6 arriba, este acercamiento ya fue logrado a
teriormente por Pedro Pereyra y Edith Castillo [11, 12], denm
era generalizada aplicable a particulas desacopladasiyaies. El
analisis a profundidad Unicamente se hizo para eledrdbe este
capitulo seguimos los pasos de los trabajos anteriorrpeesentados
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por Pereyra 'y comprobamos que en el réegimen de huecos gésaco
dos (sin interacciones entre modos propagantes) podeaiastada
canal por separado y obtener expresiones validas paragsitudes
de dispersion en funcion de los polinomios de ChebysheelEaso
acoplado, los polinomios de Chebyshev no son aplicables pase
cumplen las condiciones necesarias para poder aplic&tosu lu-
gar deben generarse polinomios matriciales ortogonalesgtisfa-
gan adecuadamente las condiciones de contorno.

La ruta de trabajo empleada es la siguinete: Primero, pastda la
matriz de vectores de estado, pareeldas en funcion de Isls, para
una celday los polinomios de Chebyshev. Posteriormentemiecsu
relacion con la matriz de dispersion, se obtienen expnesi cerradas
para las magnitudes de dispersion relevantes, que pemmitacer un
analisis mas profundo acerca de fenomenos como el dffsctman.

El método que aqui se sigue se diferencia de los encasterdla
literatura ya que éstos en su mayoria derivan de la ajicae! teo-
rema de Bloch en el marco de la solucion de sistemas de ec@sci
diferenciales con términos cruzados finitos para el casbaielas
acopladas. Para solucionar este tipo de problemas se usarellf
ismo de la TM, pero las situaciones limite suelen genemllpmas
numericos graves para sistemas multicapas en presencrezida
de bandas (por ejemplo el llamado proble@ad). En el presente
enfoque no aparecen implicitamente las dificultades nicagmen-
cionadas anteriormente, por lo que se espera lograr un rakpgrce
de la MSA.

2.2 Caso de huecos desacoplados

Para empezar consideramos un problema fisico como el gas-se
guematiza en la Figura 1, donde los flujoshdey |h desacoplados,
atraviesan un sistema de barreras (pozos) rectangulaadtsice(pro-
fundidad) finita. Para tal sistema, intentaremos deriv@resiones
cerradas de las magnitudes de dispersion, siguiendo ekesgde
la Figura 1.

Partiendo de la TM de vectores de estdig, y usando la definicion
general para ésta dada por [2]:
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ma—(95). )

siendoa, 3,yy & matrices complejas dé&(x N) con informacion de
las amplitudes de transmision y reflexion.

De ahora en adelante se suprimira el subindigeara aligerar la
nomenclatura.

Si se trata com celdas, la TM de todo el sistema seria el producto
sucesiva de la TM de una sola celda. Por propiedades mciipias
[9] se puede generalizar que pareeldas se tiene una multiplicacion
sucesiva, definida por

- (- (8)

dondeM, y M" denotan una matriz elevada a la potencia
Usando la relacion de recurrencia

Mn = MMp_1,

dondeM es la matriz de una sola celda, Is sustitucion de (2) en la
relacion de recurrencia da lugar a

_(a B\ (an-1Bn1) _ (0nBy
Mn = <V 5) (anl 5”—1) a <Vn 5”). (3)

Luego de la multiplicacion se llega a las siguientes relaes

an=0a0dn 1+BY, 1 (4)
Bn=0aB 1+Bd0n 1 (5)
Yn=VY0n_1+0Vy_1 (6)
On=YBn_1+00n-1. (7)

Cuando n=0, es decir, no hay barrera (vea Figura 1) se tiene que
0g=00=INY By = Yy=On, dondely es la matriz identidad @y
la matriz nula de dimensiom(x N )[12].

Ahora establecemos por conveniencia los siguientes polos
definidos segln Pereyra [9] como

P 1= B B ®8)

)
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Pam1=Y Vi ()

es facil ver quen,—1 =0y pno = IN.

Con algunos desarrollos algebraicos llegamos a una ekpreguiv-
alente con (8), quedando todos los términos de la TM en &unde
los polinomios, y encontramos la expresion que Pereyrpd@2om-
ina Non-Commutative Polynomial Recurrence Relation (NCPRR)

Phn—GPRn 1+ MiPn2=0 n>1 i=12 (10)

donde

L=BtaB+o
L=y y+a
n=0op ‘aB—yB
n.=ay 1dy—By.

SiN =1, es decir, el caso de un canal, las matrices conmutan, en-
tonces({ se convierte et + & = Tr{M} , dondeTr es la traza de
la matriz, yn se convierte emd — By = det{ M}. Estas relaciones
estan relacionadas con la conservacion de flujo y algugequiades
electronicas. Cabe destacar que esto es independienseldladice
de { o n. Lo anterior nos lleva a la relacion de recurrencia de los
polinomios de Chebyshev.

A continuacion establecemos una relacion entre los polios y
los elementos de la TM pareceldas:an y dn, ya que parf, y y, ya
estan definidos los polinomios.

Para hacer esto se despeja 1 de (6)

an-1= V71<Vn - 5yn71)7
y se efectlan las multiplicaciones
Un-1=Y VoY "OVn 1.

Usando el polinomio de la ecuacion (9) y repitiendo el psocge
multiplicar poryy—! en el segundo término, se pueden introducir los
polinomios y obtener
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an1=p?, -y toypl?,,

. Ahora se recorren los indicas- 1 — ny se obtiene
an=p{ —y toyp?;. (11)

Se sigue un proceso similar para los demas componenteS ik la
paran celdas. Se desarrolla

Sn1=B H(Bn— 0By 1),

, Se introducen los polinomios y en el segundo término detaaha
se multiplicaBB*1 por la derechay se llega a:

5nfl - pgl,)]_ - B_laB pg];)za
y finalmente se recorren los indices

on=py — B tappl,. (12)

3 Caso de huecos acoplados

El tratamiento analitico del caso de huecos acopladosn@fasial

caso de huecos desacoplados. De hecho el proceso esad@atta la
definicion de la NCPRR en la ecuacion (10), peroNan 1 por lo que
a,B,yy é permanecen como matrices no conmutables. En las nuevas
condiciones, no podemos reduciry n ya que resultan vinculables
alaTr{M} y det{M} respectivamente. Por lo anterior, no es posible
obtener la relacion de recurrencia de los polinomios deb@teev
directamente.

3.1 Relacdn con la matriz de disperén

3.1.1 Caso desacoplado

El caso denhy Ih desacoplados, es formalmemeveces el de elec-
trones en la banda de conduccion, por lo tanto puede teatarso
el caso simpléctico de simetria general [9]. Tomando emtzulo an-
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terior, la relacion de la TM de vectores de estado con laimde
dispersion queda definida de la siguiente manera

v (@B _( )t re)?
“\yo)  \(-thkr i)t )
Aqui,t y r son las amplitudes de transmision y reflexion incidentes

por laizquierda yt’ y r’ las incidentes por la derecha.
Entonces para celdas se tiene

an B (tT>71 n(t'n)~t
Mp = nl= n : 13
" <Vn 5n) <—(t/n)_1rn (th) (13)
Tomando en cuenta la matriz (13) y las ecuaciones (8), (9)y1
(12) se dan las siguientes relaciones:

an=(th = p? —y Loypl?, (14)
Bn="n(t'n) L =Bp; (15)
Vo= (—t'n) trn= vp,(i)l (16)

On=(tn) L =pi — B appl’,, (17)

obteniendo las amplitudes de transmision y reflexion anitin de los
polinomios. Asi, se pueden llegar a expresar otras matgsttisicas
relevantes en funcion de los polinomios, como son el tiedgpftase,
la probabilidad de transmision, etc.

Si se despeji, de la segunda igualacion de la ecuacion (14) resulta
que

tn = (pi2 — p@, (y Loy)H) L. (18)

La ecuacion (18) fue escrita de acuerdo a lo que obtuvo Rejgly
por lo que se deduce que los polinomios son reales. A cormiibae
despeja’y de la ecuacion (17):

thh= (pgl) — (B tap) pgml—)l)fla (19)

se sustituye (19) en la ecuacion (15) y se obtiene

Bo=r'n(p — (B ap)p) = BpY,.



52 S. Zapata-Mariret al.

Despejanda’,, de la ecuacion anterior se tiene

r'n=Bp, (pY — (B taB)pY )L (20)

Y si ahora despejamasg de la ecuacion (16)y sustituimdsg lleg-
amos a

rn= —(pgl) ~B taB pg121>_1yp§\221- (21)

Estos resultados permiten la obtencion de expresionadaprob-
abilidad de transmision y el tiempo de fase en el caso dpato.

3.1.2 Caso acoplado

Ya que en el caso de huecos acoplados existe una interaatitn
modos propagantes, surgen algunas dificultades en loglasique
acabamos de presentar al querer aplicarlos a esta situ&dbejem-
plo, sik # 0 las matrices con las que ahora tratamos no son diagonales
y por lo mismo no podemos separar el problema en 4 casos imdepe
dientes, como se hizo anteriormente.

Otra de las diferencias es que el problema de huecos acsplado
pertenece al caso de simetria general ortogonal [9], y ladrvha la

forma
M_ (9B _ t—r'(t) " tre/(t) 1Y |
- y o) (_t/)—lr (t/)—l )
siendot y r las amplitudes de transmision y reflexion incidentes por
la izquierda yt’ y r’ incidentes por la derecha.

Siguiendo el procedimiento para el caso desacoplado, ouand
emosn celdas se verifica que

an B t—r't") 1), r’n(t’)l)
Mp = N = T, 22

: (Vn 5n) ( (=t'n)"trn ()5t (22)
y de manera similar obtenemos las siguientes ecuaciones:

an=(t+ r’(—t’)_lr)n = p§,2> — y_léypgl (23)
B ="rn(t'n) "t =Bp, (24)

Vo= (—t'n) Trn=yp?, (25)
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dn=(tn)t=pi — g tappl”,. (26)

Podemos ver que las expresiones anteriores son igualesacae p
el caso desacoplado a excepcion de (23). Esta es la primoealie
cacion que nos encontramos en el calculo del régimenasdoppues
ya que se trata de matrices, resulta dificil poder despegamo lo
hicimos en el caso desacoplado para de esa forma obteneatgs m
nitudes de dispersion relevantes en funcion de los palios, que
en este caso son polinomios matriciales. Ademas existeplaza-
ciones adicionales por las que no podemos asegurar queeedra
polinomios de Chebyshev.

Es por ello que tenemos dos vias posibles para soluciopaoled
lema anterior:

e Descomposidin de Jordan: Si usamos la descomposicion de Jor-
dan podremos expresar la ecuacion (23) como

exp(ninA) = A",
siendoA la matriz, que corresponde a
A=t+r'(—t) .

La funcién logaritmo debe estar definida sobre el espect g

la funcibn exponencial sobre el espectro del logaritm@dé].

De esta manera podremos escribir la amplitud de transmesio
funcion deap y de esa manera seguir un procedimiento parecido
al del caso acoplado, teniendo en cuenta que los polinoruies g
resulten deberan de cumplir con las condiciones de borde.

e Funcion generadora de polinomios matricialesadicional a lo
anterior pudiera buscarse una funcion generadora degpoios
matriciales que se ajusten al problema y cumplan con lasi-cond
ciones del mismo.
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4 Expresiones polinomiales de magnitudes de dispeosi
4.1 Introduccibn

Presentaremos aqui el procedimiento seguido para odeenexpre-
siones polinomiales para el tiempo de fase y la probabili#attans-
mision a partir de la expresion para la amplitud de trasgmipre-
sentada en la seccibn anterior.

4.2 Probabilidades de dispetsi

4.2.1 Caso de huecos desacoplados

La probabilidad de transmision se define como [B)j =| tn;j |2
siendotyij la amplitud de transmision desde el canal de entrada j-
ésimo al de salida i-esimo. a travésrleeldas, y puede reescribirse
de la siguiente manera (solo para el caso en que la TM segooidb
[9]): Las matrices que diagonalizan el Hamiltoniano sonpd@tticas

y se demuestra que= 8"y d = a*, lo cual implica invarianza ante
reversion temporal e independencia del spin. En este aa&sglesion
(18) seria [14]

1 1
Pr—Pno1(B ta*B)T pn—pnoa(BaBHT

donde el indicd denota la transpuesta de la matriz y T su transconju-
gada, de aqui en adelante para simplificar la notacionE@nsa el
sub-indicdj.

En ausencia de mezcla, el hamiltoniano y las TM involucradas
diagonales por definicion, dado que los términos fueradidgonal
principal que llevan la informacion del acoplamiento, ajesecen.
Considerando lo anterior se obtiene

1
Pn— Pn10T
A continuacion, se multiplican el numerador y el denomaorgabr

la transpuesta conjugada de la amplitud de transmisioa pad " =
1(a*)T=1/aT,

tn:

tn:
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tT

pnt" — pn_1’

Para el caso dbl = 1 (un canal), se tiene que los polinomios re-
sultan ser polinomios de Chebyshev de segundo tipo, queata ah
adelante se designaran cotdg. Ppor lo que se vera mas adelante,
estos polinomios estan evaluados en la parte rea dear+iqj,
siendo definidos comd,(aRr). Ademasa ya no es una matriz y por
lo tanto no tiene transpuesta'y— t* = 1/a,de modo que la ecuacion
(27) se convierten en

th (27)

t*
- t*Un - Un_]_ '
Ya conocida la amplitud de transmision se puede obtenaolzap

bilidad de transmisibn como la norma al cuadrado de la dotptie
transmision

t* ¥ t*
Th=[tn]? = 29
n | n| <t*Un—Un_1) (t*Un—Un_l) ) ( )

gue, dadas las definiciones anteriores para la amplitucdsrision,
equivaldria a

= (g o) (wao o) ©

Si se efecttia la multiplicacion se obtiene

1/a*(1/a)

th (28)

"= (@ Un—Up (@Un—Up g OV
simplificando
T T
" (1/a*)(1/a)U2 - (1/a)UUn 1 — (1/a*)UgUn_1 +U2Z

.
T TUZ—UnUn1[(L/a) + (1/a*)] +UZ

haciendo la suma de fracciones dedasn el denominador, se obtiene
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T = ! - .
n— * - 2 _ * 2
TUr% —UnUn-1 . +CY(Z Ur%fl TU; TUnUn*l[a +a ] T Un*1
(32)
TUZ = TUnlUn-1[20r] +Ug y TUn(Un—20RUn-1) +U7 4
(33)

A continuacion se hace uso de las conocidas relacioneslggara
polinomios de Chebyshev [1]:

UlUno=U2 ;-1 (34)
Un - 2XUn_]_ - Un_z. (35)
En la ecuacion (35) la es el parametro del cual dependen los poli-
nomios (en nuestro caso, es la parte realjleSi se despeja (35) en

funcibn deU,_» y se usa la dependencia dg ya mencionada, se
tiene

Un—20rUn_1 = —Up_». (36)
Sustituyendo (36) en (33) facilmente se puede ver que
T ! 37)

T UZ,—TUUn
y usando la relacion (34) se obtiene

T

T, = ,
T THU2 (1-T)

(38)

que es la misma expresion obtenida por Pereyra [10].

4.3 Tiempo de fase

4.3.1 Caso de huecos desacoplados

Partiendo de la definicion de la fase en funcion de las dutds de
transmision para un sistema deeldas [2]:
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Im(tnij) }
6,i; = arctan , 39
o {R e (39)
y del tiempo de fase
0]
Tnij =N 3E (40)

definimos el tiempo de fase mediante

0 a1Un—1
— h—arct Bt L S
Tn ﬁdEarc an{un_un_laR}
1 7] aUp_1 )
=h — (], 41
1+< aUnp_1 )ZaE <Un_Un—1aR ( )
Un—Un10r

El desarrollo de esta expresion es algebraicamente ccexpliy
noslimitamos a dar el resultado [14]

- h dogr .da|
n= (Un— GRUn,1)2+(C¥|Un,1)2 (Ar dE A dE) ’ (42)
siendo
A =Up_1(Un—Up_10R), (43)
A= (1 “'az) [(@RUn 1+ 1Un 2)Un— (n+0BUZ4].  (44)
—0aR

5 Resultados nun&ricos

En esta seccion analizaremos los resultados relaciomadosl com-
portamiento del tiempo de tunelamiento para n=2,4,8,10nensu-
perred dgAlAs/AlxGa;_xAs/AlAs)" (dondex es la concentracion de
Al en la barrera), usando las expresiones (42) y (38) pradastan-
teriormente.

A modo de comparacion usamos el tiempo de recorrido libme (e
ausencia de la barrera) definido como:

nlcme

Tfree = W, (45)
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dondel. es el tamafio de la celday, es la masa del electronky =
2myE
2

. En esta expresiomy;, es la masa efectiva que depende de los

parametros de Litinger y tiene la forrrrﬁh(lh) = mex 0.414(0.108),
para huecos pesados y huecos ligeros respectivamente.n@Gabe
cionar que en realida#; son los autovalores que se obtienen de
resolver un problema cuadratico de valores propios algiente
derivado de Kohn-Luttinger [5] pero en este caso por sicigdid us-
amos una aproximacion que sobredimensiona el valor eipdek;.
Para los resultados que se mostraran a continuacionlizé uina
altura de barrerd}, = 0.23eV, un espesoLy = 304 y un ancho de
pozolL, = 150, En las Figuras 4.2, 4.3 y 4.8 se muestra el compor-
tamiento del tiempo de fagg, el tiempo de tunelamiento libme ee y
la probabilidad de transmision en funcion de la enemggalente para
n=2,4,8 celdas en el régimen desacoplado para una concentracion
de 30% deAl en la barrera.

5.1 Probabilidades de transmi@n

En la Figura 3 los dos paneles muestran el comportamient@dgbo
de tunelamiento de ldshy Ih respectivamente, asi como las curvas
para el tiempo de fase (linea continua azul en ambos casdahuo la
energia incidente desded8eV hasta 04eV en el caso de = 2 celdas
-también llamado doble barrera resonante (DBRT por sona@io en
inglés)- junto con la probabilidad de transmision. Sedeuapreciar
el comportamiento resonante que tiene como cota infegigcurva
punteada azul) en la region de las brechas [10, 3]. Notaseeq
todo el rango de estudio las resonancias del tiempo detrfagdas
de la probabilidad de transmisidp coinciden, lo que significa que
el tiempo de fase reproduce correctamente la existenciaveées
cuasi-estacionarios en el pozo intermedioAdgGa; yAs Podemos
ver que estos resultados son compatibles con las curvagamiente
obtenidas para electrones [10] y para huecos usando o&tmlos
[2]. Las diferencias que podrian notarse se atribuyen dféaeticia
de los materiales usados pues en el caso de [2] se utilizéup®ared
de(AlAs/GaAg/AlAs)" con una concentracion dé al 30%. También
se puede apreciar que para energias menores a la alturbaledesa
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Vb, Tfree €S Mayor que, en losmini-gapsque corresponden con las
regiones prohibidas, es por ello qligse anula. Por otra parte en las
regiones del cuasi-continug, deberia de ser mayor quee, pero
en este caso eso no ocurre y lo atribuimos a la sobre-estimdek;
gue mencionamos anteriormente. El comportamiento exjuisag-
iere la existencia de mecanismos en las regiones que conesp a
la barrera que provocan que el hueco se propague muchcapids r’
a través de ella que por una regibn en donde no existe harrer

Si observamos el segundo panel podemos notar que las regman
paralh son mas anchas que pdmalo que quiere decir que Idsh se
encuentran mas confinados en el pozo embebido qué.l¢or ello
podemos inferir que los tiempos de ldsen esos estados del pozo
cuantico seran mayores que parahbs

La simbologia que usamos para la Figura 3 es la misma que para
las Figuras 4 y 5 por lo que no seran nuevamente descritas.

Probabilidad de transmisién hh para n=2 Probabilidad de transmisién lh para n=2
.4

—T,h
— 1
-~ T1hh

-

.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 .05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
E [eV] E [eV]

Fig. 2 Tiempo de tunelamiento de recorrido litrgee, tiempo de fase; para una celda, tiempo de
tunelamientar, y probabilidad de transmisi6h, paran = 2 celdas como funciones de la energia
incidente para =~ 0, \, = 0.23¢V, barreras y pozos de espedqy= 304y L,, = 150A. Para
esta figura se us6 una concentracion en la barrera de 30% &@ (a) se muestra la transicion
hh.3/; — hh.3/, y en (b) la transiciomh,.; , — Iy )o.

Cabe resaltar que en ambas figurassigue siendo la cota infe-
rior en las regiones prohibidas paramismo comportamiento que no
habia lograrse con los calculos anteriores [3].

Ademas hemos podido llegar a un nUmero de aproximadamente
n = 500 sin encontrar ninguna inconsistencia con la probaiullide
transmision, evitando de esta manera un problema que kalgido
en traajos anteriores en [2, 3]. Justo a modo de ilustraamdias fig-
uras a continuacion se presentan los resultados obtesnd@s.
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Probabilidad de transmisién lh para n=4

.4
1.2] .
1.0] .
08 — T,hh 0. — Tah
=] o —th - B — 1,k
B mhh M . Tyhh
0.4 .
c.2J .
) A
LD.OS 0.10 0.15 0.20 0.25 0.30 0.35 0.40 b.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
E [eV] E [eV]
Fig. 3 Igual que en la figura 3 pero en este caso para un sistema-cdeceldas.
Probabilidad de transmisién hh para n=8 Probabilidad de transmisién lh para n=8
.4
1.2 .
1.0 .
08 — Ta,hh w0 — Talh
.2:06 — h &0' — 5
» nhh P - 7hh
0.4 0.
0.2] 0.
d
b.05 0.10 0.1 0.20 0.25 0.30 0.35 0.40 .05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
E [eV] E [eV]

Fig. 4 Igual que en la figura 3 pero en este caso para un sistema-celdas.

T =023 7

n=1%

0.0 4=

i

Fig. 5 Tiempo de tunelamiento de recorrido litrgee, tiempo de fase; para una celda, tiempo de
tunelamientary, y probabilidad de transmisioR, paran = 2 celdas como funciones de la energia
incidente parak ~ 0, V, = 0.23eV, barreras y pozos de espedgy= 304 y L,, = 150A. Para
esta figura se us6 una concentracion en la barrera de 3086 E@a (a) se muestra la transicion
hh, 3/, — hh.3/, y en (b) la transiciorh, 1, — I, (resultados antiguos). [2, 3]

5.2 Tiempo de fase

En esta subseccion presentaremos los resultados oldepdda la
clase eventos anomalos que presenta el tiempo de fase &sr
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1 0z

(a) {b)

Fig. 6 Igual que en la figura 6 pero en este caso para un sistema-deceldas. [2, 3]

aow =02 S

l“'l 2 u',s []I.-l

(a) (b)

Fig. 7 Igual que en la figura 6 pero en este caso para un sistema-deceldas. [2, 3]

tos se encuentran el efecto Hartman y las oscilaciones desdemn
Townsend. Se analizara el comportamiento del tiempo derfaara
huecos pesados y huecos ligeros en funcion del espesobderdsia
Ly y el nUmero de celdas

Los parametros que consideramos son los mismos que en-la sub
seccibn anterior a excepcion de la concentracioidgue en este
caso se supone del 65% para que la altura de la barrera alcance
Vp, = 0.498eV. El rango de energia incidente entonces se tomara entre
valores por debajo de la altura de la baritera 0.475eV y superiores
a la altura de la barrefa = 0.551eV.
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Todos los resultados que se presentaran a continuaaipesa el
caso de huecos desacoplados, es desir0.

5.2.1 Efecto Hartman

El efecto Hartman fue descubierto en 1962 por Thomas E. Hartm
[7]. Este efecto establece la autonomia del tiempo de @umehto
de las componentes de un haz propagante de ondas eleasr@mic
dependencia del espesor de la barrera a partir de ciertodaleste
espesor.

Tal efecto ha sido ampliamente tratado en la literatura posa
junto con el efecto Hartman generalizado en el que se vhgiacho
del pozo y que también ha sido estudiado por Pereyra [13Lioan
formula similar a (42).

En la Figura 9 se muestra el comportamiento del tiempo de fase
para la transicion directah, 3/, — hh.3/, en el casm = 1 para en-
ergias menores (circulos rojos) y mayores (circulotesya la altura
de la barrerd/}, = 0.498eV cuandon = 1. Se puede notar de la grafica
gue para energias incidentes menores a la altura de ladarse
vuelve independiente del espesor de la barrera segun éoaekppor
el efecto Hartman esto ocurre para un valot.gez 2nm Ademas, se
aprecia que para valores de energia mayores a la alturabderéaa
el tiempo de fase oscila y aumenta con el espesor de la misma.

2.0f n=1
| hhsgi2 > hhygo

7(10™"ps)
P
T

- Ei=0.551 eV
- Ei=0.475eV

0.51

0 5.x107° 1.x1078 1.5%x1078 2.x1078
Lb (m)

Fig. 8 Tiempo de fase para= 1 correspondiente a la transicion diretta. s, — hh.z/, en
funcion del espesor de la barrdrg, para energias incidentes menores y mayores a la altuea de |
barrerav, = 0.498eV, ak ~0
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5.2.2 Oscilaciones de Ramsauer-Townsend

En las Figuras 10 y 11 se muestran las curvas del tiempo dpdase
energias mayores a la altura de la barrera y se puede obseriaro
comportamiento oscilante. Este tipo de oscilaciones eecé) nom-
bre de oscilaciones de Ramsauer-Townsend [5] y son resuliadh
interferencia de la onda reflejada con los estados del aantin

4t n=2 ) ._ . 200 N2
3
—g ] E 15 .
g2 FRTS T 1 - E=0.551eV 2 10 il | . E=0551eV
e RN | . E=0.475eV = o5 it . E=0.475eV

0 0.0k

0 5.x10° 1.x108 1.5x108 2.x107® 0 5x10° 1.x10® 1.5x10° 2.x10®
Lb (m) Lb (m)
(@ (b)

Fig. 9 Tiempo de fase en funcion al ancho de la barrera correspoteda la transisiciohh,.s/, —
hh, 3/, en el panel (a) yh.1/» — hl.4/, en el panel (b) con energia incideie= 0.551eV, mayor
que la altura de la barrekg = 0.489€eV ak ~ 0. La concentracion d&l es del 65%. Resultados
paran = 2 celdas.

n=4 | 1 8 n=4
8 [ I
6
Qe . o 7 ; .
Fg 4 T . E=0.551 eV é 4l . . E=0.551 eV
- Pt . E=0475eV - T _ . E=0.475eV

" Il o
0 5.x107° 1.x10°® 1.5x10°% 2.x107® 0

Lb (m) Lb (m)

(@ (b)

Fig. 10 Igual a la figura 10 para = 4 celdas.

6 Conclusiones

Se ha conseguido derivar una expresion analitica paranbmi-
tudes de dispersion y el tiempo de fase en los casos de hpeeos
sados y huecos livianos -en régimen desacoplado- en betaro-
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turas de barreras rectangulares, empleando como pro&tgistema
GaAs/AlGaAs. De esta forma:

e Encontramos expresiones polinomiales para la probabildel
tiempo de fase para el caso desacoplado y pudimos obtertes den
de los resultados numéricos graficas contundentes caredot
tados anteriormente reportados para huecos y electroaeslais
otros métodos.

e Dentro de los resultados numéricos pudimos lograr graftar
tiempo de fase y la probabilidad de transmision para unaném
de celdasn = 200 con menor esfuerzo computacional. Lo ante-
rior implica la disminucion del problem@d en el caso de huecos
desacoplados que surge al aumentar las dimensiones @ehaist

e Aungue no pudimos desarrollar explicitamente las expnes
polinomiales para el caso acoplado, fue posible hallas pera
su solucion.

7 Apéndices
7.1 Apendice I. Polinomios de Chebyshev

Caso N=1

A continuacion se dara una breve justificacion de poreueéel caso

N = 1 se trata con polinomios de Chebyshev. En este caso la NCPRR
se reduce considerablemente ya que Tr[M] y n; = Det[M]. En-
tonces podemos reescribir la NCPRR de manera que tenemos:

pyn—TrIMJp{) , +Det/M]p}), ,=0. n>1 i=12 (46)

Aqui se puede distinguir facilmente el polinomio cardsté&co de
una matriz de (% 2), pero esto resulta valido para el caée= 1 en
virtud de quea, 3, yy 8 son numeros complejos, no matrices.

En el caso de que se exija que haya una conservacion de flujo, e
Det[M] = 1y se tiene

p(li,)n —Tr[M] p(li,)nfl + p(li,)n72 =0, n=>1 i=12 (47)

Que se simplifica de la siguiente manera
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Py h+ 0P ) 4+ p(li,)an =0, n

siendog; = —TrM
A continuacion se hara un pequefo recordatorio de laaqmiios

caracteristicos para poder explicar como se llega a Itisgmios de

Chebyshev.

Recordando que un polinomio caracteristico es aquel gleeasmcia

a una matriz cuadrada y cuyas raices son los valores prdpids

formalmente se define como:

WV

1 i=12  (48)

pa(x) = Det(A—xI).

Para una matriz de:2 2, que es nuestro caso, el polinomio carac-
teristico seria:

pM<x>=Det<<c;§) ”(38)) :Det«%) - (33))’

y desarrollando se obtiene

P =Det<(a;x5[ix)) = X2+ (a+ &)X+ (ad — By),

de la ecuacion anterior es facil ver que el polinomio darastico se
reduce a
pm(X) = X2 — Tr[M]x+ Det[M]. (49)
Como se dijo anteriormente los valores propios son raieekatho
polinomio asi que tenemos que la siguiente igualdad se leump
pm(A) = A2 —Tr[M]A + Det[M] = 0. (50)

Si se resuelve esta ecuacion cuadratica (con la chiaremap se
obtiene que:

_ Tr[M]+/(Tr[M]) — 4Det[M]

A
1 2 ’
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Tr[M] — /(Tr[M])2— 4Det[M]
Ay = 5 .

De estas ecuaciones se puede ver facilmente que las segirela-
ciones se cumplen

A1+A2=Tr[M], (51)
A1A2 = Det[M]. (52)
Se proponen como soluciones
A = (53)
A2 = e '99Det[M] (54)

De esta relacion y asumiendo gDetM] = €€ [?], se obtiene la
siguiente ecuacion de valores propios:

-i0/2
cos(qd—%) _© > Tr[M],

ya que
A+ Ao = €99 4 g i9petM] = 99 4 99 = Tr[M].

Tomando y manipulando algrebraicamente la Gltima iguhlda

g0 g i(00-0)  Tr[M] e 19/2(gil | g i(00-0)) g iO/2T ]

2 2 2 B 2

d(@d-0/2) 4 o-i(qd-0/2) P2 e 19/2Tr[M]
=coslqd——= | =————.
2 ( 2) 2
En el caso de que la fag del determinante se desvanezca (esto
sucede en la ecuacion simple de Schroedinger para el moeelna
banda P]), la ecuacion anterior nos lleva a

cosqd) = 7 Tr[M] (55)

Det/M] =€’ = 1. (56)
Si sustituimos, segln el teorema de Cayley-Hamilton tersesuie

T2 1T +1=0, (57)
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Tr[T]

Dondet = 5 y esta relacion lleva a:
Uo(T)=1
Ui(t)=21

U (1) =Ui_1(T) = Uy 2(1).

Ahora todas las expresiones anteriores se utilizan asdmigue
las expresiones que son validas para la matriz asociadardgdren-
ciaT son validas también paM. Y de esta manera se demuestra que
para el caso N=1 los polinomios caracteristico$/dson polinomios
de Chebyshev.

Para mostrar una relacion con los polinomios que nos llel@ a
ecuacion (10), y siguiendo el procedimiento de Pereyrd apéndice
E [11], hacemos una funcion generadorae) = (1+giA +goA2) 1
de la siguiente manera

1
C1+01A +g2A?

g(A) = Qo+ A + QA%+ ... (58)

No se sigue todo el procedimiento pues esta en el apéndisd E
articulo del ICTP de Pereyra, pero se llega a

On+2+ 010041+ 920h=0 n>=0 (59)

Mediante un paso adicional en el apéndice E se llega aggue
pn Y que son los polinomios de Chebyshev de segundo tipo en su
representacion de autovalores.

CasoN > 1

Pereyra analiza también el caso multicanal y propone uslosomios
gue no son los de Chebyshev pero solo son aplicables paaacetie-
sacoplado. A continuacion se demostrara el por qué. Bif)(Pereyra
define la MRR como

PN.n = —XPN.n—1 — NIN.n—2, (60)
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donde,x = —(B~taB + ). Después considera la siguiente funcion
generadora:

|N 2
A)= = A A+,
Q(A) 1502 + GoA + GoA N ON,0 T ON,2A +0n2A S+
(61)
los coeficientes|y j cumplen las siguientes condiciones:
ano = IN, (62)
ON,1+ 910n,0 = O, (63)
ON,2 + 910N,1 + 920n,0 = O. (64)
Mas adelante llega a una relacion paragade la forma
2N 5 2N+n-1
h=> I
&1 M52 (AiAg)

con esta relacion es facil ver que todas las relacioneg geson ma-
trices diagonales, por lo que el polinomio matricial de lacion gen-
eradora Unicamente genera polinomios matriciales degerpor lo
gue no nos sera til para el caso acoplado, al final del preseporte
se presentan las alternativas a seguir.

7.2 Apendice Il. Scattering

A continuacion se muestra un procesosgatteringo dispersion en
un potencial arbitrario V(x)

= V) W,

Fig. 11 Diagrama de dispersion

conk =1i,syj=i,d.
¢kj representa las funciones de onda; para i(s): incidentetragque
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i(d) representa izquierda (derecha). El potencial digpéréx) mod-
ifica las amplitudes de las funciones incidenpgs/ ¢iq; y determina

las amplitudes de las funciones de onda saliepdgy ¢si

Lateoria de dispersion permite expresar las funcionesida salientes
como productos de las amplitudes complejas de transnti@iory re-
flexionr(r’) ; sila onda propagante incide por la izquierda (derecha),
respectivamente. Esto es:

bsd = tdii +1' dig (65)

bsi = rdii +t'dig (66)
Si escribimos (65) y (66) en forma matricial tenemos.

(62) = (7) (8) =s(&)

Los vectores de onda, también se relacionan a través dett&rde
transferencia de vectores de estado, en la forma.

(42)=(8) (%)

En ausencia de potencial dispersor V(x)=0, las relacionesriares
Psd = adii + Bosi Y dig = yoii + d¢si se modifican. Es decir, como
V(x) = 0 no habra dispersioft =t = 1,r = r’ = 0); entoncepsq =
¢ii; lo cual implica que para el caso matricial:

a=1—a=Iy

B=0—B=0n

7.3 Aendice I

Nota 1.

En rigor, para el caso N=1, los elementos matricialeMdgson es-
calares. Por lo anterior , resulta trivial que esos elensemiairiciales
conmutan. Se cumpla ademas directamenteTqyéls,} = a + 9.

En el casd\ > 2; los elementos matriciales d&, son matrices. La
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propiedad conmutativa, no es universal para estos objetrsotro
lado, en generaltr {Ms\} # a + d.

Nota 2.

Por lo explicado arriba, en general para el chisp 2: det{Ms,} #

ad — yB . Solo en el casdl = 1, la expresion anterior se transforma

en una identidad, dado el caracter escalar de sus elemestase

det{Ms} = ad — yB.

En el caso particular que, 3,y,d sean diagonales, élet{Ms,} #
a11011 — Y11B11 0

ad—yp= < 0 022022 — Vo232
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Problema de Sturm-Liouville: Propiedades
generales para el estudio de sistemas a capas.
Dos ejemplos ilustrativos

R. PérezAIvarez, R. Pernas-Salomoén

Abstract

Recently, the authors demonstrated the ubiquitous clearatthe
Sturm-Liouville matrix problem in multilayered structsteln this
work two important cases are exemplified: the equation ofandbr
the elastic modes and the corresponding to electromagostida-
tions in bianisotropic media. For these examples, exmigiiressions
for the matrices of the Sturm-Liouville differential operaare given.
A simplified form of the Green’s function regular at infinitiof the
homogeneous Sturm-Liouville matrix operator) is identifier each
case according to an established classification. Througgetbxam-
ples, general properties of the Sturm-Liouville’s probldrat are rel-
evant to the study of layered systems are also analyzed.

Recientemente los autores demostraron la ubicuidad delgma
de Sturm-Lioville matricial en la Fisica de los sistemaspas. En
el presente trabajo se ejemplifican dos casos importardes) son
los modos elasticos y las oscilaciones electromagregcamedios
bianisotropicos. Para estos casos se dan las expresikplastas de
las matrices del operador de Sturm-Liouville y se clasifiearcorre-
spondencia con la forma que adopta la funcion de Greenaegnlel
infinito de estos operadores. A través de estos ejemplanaean

(RPS) Instituto de Fisica, Benemérita Universidad Aotba de Puebla -Calle 18 Sur y San Clau-
dio, Edif. 110-A, Ciudad Universitaria, C.P. 72570, PueMaxico. (RPA) Universidad Autbnoma
del Estado de Morelos. Facultad de Ciencias. Ave. UnivadsitD01, Cuernavaca, Morelos, Mex-
ico. e-mail: rpernass@gmail.com-mail: rpa@uaem.mx.

71



72 PérezAIvarez, Pernas-Salomoén

también las propiedades generales del problema de Stiouville
gue son relevantes para el estudio de los sistemas de capas.

1 Introduccion

La Fisica de los sistemas a capas plano paralelas es deajuati-a
dad y se estudia un numero importante de excitaciones etalas
muy diversas: estados electronicos, modos elasticodpsnde o0s-
cilacion opticos, estados superconductores, modog@feagnéticos
y un largo etcétera [1-7].

LlamemoskF,(r,t) a una arreglo d& componentes representativo
del campo que estudiamos (funciones de onda, elongacipoies)-
ciales electromagnéticos, etc.). Recientemente [8] Bgrupuesto la
siguiente densidad lagrangiana para describir de una dex testas
situaciones

10F oF 10F 1
2ot Par taa X FTRRYF
- dF
+§DF:)\:DF+F-H:DF+DF:X~E. (1)

No es dificil comprobar que esta densidad tiene como caaes p
ticulares las que usualmente encontramos en los librosvpsies de
estas excitaciones.

Suele suceder que los parametros (masas efectivas, msstie-
lectricas, potenciales, constantes elasticas, eto.fsaiones de la
coordenada perpendicular a las intercaras, digamosz. girdonces la
simetria respecto a las traslaciones en estos planostperssoger el
campo en cuestioR, (r,t) como

Fo(r,t)=F, (2Pt 2)

donde
p=(Xy), 3)
K= (KX7 Ky) . (4)
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Si escribimos las ecuaciones de Euler-Lagrange correspued
llegaremos al siguiente problema para el campo:

d dF(2)

dF(2)
dz B(2)- dz

dz

+P(2)-F(2)|+Y(2)-

+W(2)-F(z) = 0(5)

donde las matricedl x N B(z),P(2),Y(z) y W(z) se expresan en
términos de los parametros que entranZrcomo sigue:

Bva - E(ASVSG +A303v) (6)
12, .
Puoa = > Z i Ki (Agvia +Aiaav) + Hasv — 10 X3va (7)
|
12 .
Yva = > Z Kk (Akvaa +Azaky) — Hvza — 1w X3av (8)
1 2 2
Woq = 5 IZ KiKi (Akvia + Aiaky)
2

2
+i ZKkﬂakv —I sz Hyja
J

1 1
—éwz(pva + Pav) — E(Vva + Yav)

2 2
1.
+wz Ki Xiav + w; Kk Xkva + §|w(Qav —Qua). (9)
|

(5) no es otra cosa que una ecuacion de Sturm-Lioville malriSi
pedimos que el operador de esta ecuacion sea formalmentéibe
tendremos quB y W son matrices hermiticas y qite= —P'. [6, 9]

La forma lineal

+P(2)-F(2) (20)
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es muy importante en la teoria y practica de estos estubibse todo
porque se puede demostrar bajo condiciones bastante psmgua es
una funcion continua para todo valor zi¢6]

El objetivo del presente trabajo es estudiar como se eapres-
tos resultados generales en dos problemas concretos dersisoen-
dencia. En la seccion 2 analizaremos el caso muy conocidasde
excitaciones o modos elasticos mientras que en la se8@étudiare-
mos el caso menos visto de los modos electromagnéticostemsis
cuyas capas estan construidas con materiales biarmpsmisd Esto nos
permitira deducir la forma o estructura de su funcion dee@rregu-
lar en el infinito [10]. Como acabamos de decir, los modostieias
son muy conocidos (ver, por ejemplo, [3] y las referencias @li se
dan), pero no deja de ser ilustrativo constatar como sefiestain las
propiedades generales. Por otra parte, los materialesbigrpicos
constituyen una clase muy amplia y los modos electromamrsaén
sistemas a capas de estos materiales estan siendo mup@ssior
sus multiples aplicaciones [11-27].

2 Excitaciones ehsticas en sistemas a capas

Como se conoce, las ecuaciones de la Elasticidad son trasieces
acopladas, pero en el caso isotropo, escogiendo & pgpendic-
ular a las intercaras y tomando= (0,K) estas tres ecuaciones se
desacoplan en una correspondiente a los modos TH (Traate®rs
Horizontales) y en otro sistema, ahora de dos ecuacionadqsalla-
mados modos sagitales [3]. Estas tltimas son las que astodiaqui.
Para un medio homogéneo

<Hc?_£+rqg> iK(dl;—ﬁUdgz _<Uy):<8) (11)
(=)L (rﬁﬂuﬁ) =

donde
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r=A+2u (12)
2
qL = <2) —K2 ;v = C (13)

or = — K2 Vr = \/7 (14)

Estas son las ecuaciones (1.75) y (1.76) deA3].u son los coefi-
cientes de Laméy es la frecuencia yr/v, es la velocidad de las on-
das transversales/longitudinales. En nuestro formatmlatd se tiene
que

F:(t‘g) (15)
uo

B:(Or) (16)

P—i ( 0 ”K> (17)
Ak O

Y =i ([JOK AOK ) (18)

_(rat 0)
W_< 0 ugZ )" (19)

Estas son las ecuaciones (3.49), pagina 68 de [3]. Notasgque
cumplen las condiciones de hermiticidad formal=¢ BT, Y = —PT,
W = W), y que éste es uno de esos casos enRjne es nula ni
hermitica.P aparece por el movimiento transversal; notar que se an-
ula cuandx = 0.

En la forma lineal es ineludible considerar los dos término
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Vale la pena notar los siguientes aspectos:

1. De (11) no se derivan estas formasRlg Y. Para llegar a ellas
hay que discutir la forma de las ecuaciones del movimienta pa
un medio no homogéneo, o lo que es lo mismo, analizar quéfor
lineal es continua a lo largo del sistema.

2. En [3], ecuaciones (3.49), pagina 68Pao tiene el prefactor.
Esto parece ser un gazapo de este libro.

3. La condicion del saltof ¥ — &7~ = —1,) debe ser cumplida en
todo momento por (20). En un medio homogéneo esto impliea qu

-1
P AT
A'G = (orl)

Ecuacion (1.78) de [3]. Esta forma simple del salto tambiéurre
en todo punto donde los parametros de Lamé sean contirmuios y
gue el termind?- G toma el mismo valor a la derecha e izquierda
del punto en cuestion. Si analizamos incidencia normak )
tampoco este término aporta nada al analisis, aupgu# tomen
valores distintos a derecha e izquierda, ples 0,. Pero en una
intercara, y & # 0, el segundo término de (20) cuenta paeg
U pueden tomar valores diferentes a ambos lados de la irdercar
Seria peligroso olvidar este detalle. Para hallar la fumde Green
de un medio homogéneo no es importante pero al hacer enpalme
es imprescindible tener en cuenta queen saltaes la proyeccion
de la Forma Diferencial Lined\(z Z) dada en (20); n&4(z).

4. ComoP+Y ## 0, la funcién de Green regular en el infinito adopta
la segunda forma discutida en [10], o sea que contiene ladiunc
signz— Z) en ciertos elementos matriciales.

3 Modos electromagiticos en sistemas a capas de materiales
bianisotropicos

3.1 Consideraciones generales

Los medios bianisotropico se caracterizan por las sigeserela-
ciones constitutivas:
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D=¢E+& H (21)
B=C-E+{-H, (22)

> O

donde intervienen los vectores: intensidad del campar&écE), in-
tensidad del campo magnétigd), densidad de flujo magnéti¢B) y
el desplazamiento eléctri¢®). En este cass, &, { y [I son matrices
de orden 3« 3. A la matriz€ se le conoce como tensor permitividad y
a1 como tensor permeabilidad.y { se le conocen como tensores
de acoplamiento cruzado magnetoeléctrico. En generatristales
son descritos con tensorey [iI simétricos.

Las relaciones (21) y (22) pueden escribirse en la forma:

D=y-E+X-B; (23)
H=V-B+T-E, (24)
donde;:
b=p"h (25)
f=—0-; (26)
X=£&-v; (27)
y=¢+¢&-1 (28)

Se asume que la heteroestructura a estudiar tiene geampiatiar y
que los tensores, &, { y [1, solo dependeran de la coordenagteer-
pendicular a las intercaras de dicha heteroestructuras Egjnifica
gue los modos normales pueden expresarse como una expmnenci
dei(k1X+ K2y — wt) multiplicado por una funcion de la variabke
siendok Y K> las componentes del vector de onda en el plano de las
interfaces. Consideremos un medio conductor gobernadtapdey
de OhmJ. = G -E. Aligual que el resto de los tensoréglependera
solamente de la coordenara

En este trabajo presentamos un sistema de ecuaciones ael tip
Sturm-Liouville matricial (ESLM) para el medio bianisopico cuyas
incognitas son las componentes transversales del candgtried
Ei= Exy E, = EyI



78 PérezAIvarez, Pernas-Salomoén

d Byn di(z)"":’vn En(2)| + Yy di@+wvn En(2)=0

dz dz dz
y,n =1,2.(29)

Los pasos para obtener esta ecuacion son similares a lostoles
en [27] donde se reportd una ESLM que describe la propagalz”
ondas electromagnéticas en un medio anisotropico. Canmateral,
en el desarrollo para obtener la ecuacion (29) se debendpmeienta
las nuevas relaciones constitutivas: Eq. (23) y Eq. (24p Esplica
que al aplicar la ley de Ampere (ver Ref. [27]) debemos haser
también de la ley de Faradayx E = —%E para sustituir la derivada
temporal deB por las derivadas espaciales presentes en el rotr de

A continuacion aparecen expresadas las matBges P(z), Y (2)

y W(z) de orden % 2 que forman parte de (29). Es facil compro-
bar que estas matrices y la ESLM derivan en las correspaediah
caso anisotropico [27] cuando los tensoéeg ¢ son nulos. En los
calculos se consideraron no nulos los nueve elementoddeuces de

los tensores presentes en las relaciones (21) y (22) asi taomnbién

los elementos del tensor de conductividad eléctf@a Los tensores

g, [I y 6 fueron considerados simétricos. De esta forma, las expre-
siones obtenidas pueden ser utilizadas directamentegsesitad de
llevar los tensores a ejes principales previamente.

(C2+Conp) % — V22 U12+ (C2+Copp) Egﬁi—%ﬂg
B(z) = ; (30)

P12+ (C2 + Con) B2 228 (C3 +Cann) (G2 — In

i [K2\723 — W21~ (C2+Cann) Eg‘l‘i—&‘g;] —i [K1\723 + Wz -+ (Co + Cao) ) ]
P(z) =
—i [K2\713 — wf11+ (Ca+Caup) Eﬁji%;‘;i] [ [K1\713 + w12 — (C3 + Capp) %]
(31)
[ [K2\723 + wX12— (C2+Cap) ((Ccﬁcc‘tfb'ﬁ)] =i [K2\713 + wX11+ (C3+Cap) (&iccﬁ))]
Y(z) =

i [K1\723 — WX22+ (C2+Cap) ((Célfgf;f] [ [K1\713 — WX21— (C3+Cap) %ﬁ%f;f]

(32
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[(C7+Cm) — (Cat-Caon) 1258 ] — [(Co -+ Con) + (Ca+ Cann) (-2} |

W(z) =
— (G +Conw) + (Ca +Cav) 5| [(Ca+Cap) — (Co -+ Co) feey |

(33)

Los coeficiente€; aCg corresponden con el de un sistema anisotropico
y fueron reportados en [27]:

A

~ ~ ~ A . 033
C= K22V11— 2K1K2V12 + K%sz— 0)2 (833+|$) ;

Co = K1V22 — K2V12;
C3 = K2V11— K1V12;

~ ~ - . 613
Cs = K1K2V23 — K22V13— 0)2 (813-“?) ;
~ ~ A . 623
Cs = K1KaV13— KfUp3 — w? (8234-!?) :
. . .01
Co = K1KaV33+ w? (812+I?) ;
~ A . 611
G = K22V33— (Uz (E]_l—l—l—) ;
w
~ ~ . 522
Cg= K12V33— w’ <822—|—IE) . (34)
Notese que considerar la conductividad es equivalentestiisu el
tensor permitividad por la permitividad compleja que es un tensor

cuyos elementos s@am = &m+ i 2.

Los coeficiente€1, aCgp, Y Copp aCqhp S€ deben a la bianisotropia:
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A

Cip = —w?(& - T)33+ WK1 (K32 — T23) + WK2(T13— X31);

Cop = WX32;
Coph = —WT23;

Cap = —wX31;
Capb = WT13;
Cap = (f T)31— WK1 121+ WK2T11+ WK2X33;
Capp = — WP (& - T)13+ WK1 K12 — WK2K11 — WK T33; (35)
Csp = — (& - )30 — WK1 To2+ WKaT12 — WK1 K33;
Copp = — W (& - T)234 WK1 {22 — WK2K21 + WK1 T33;

Cop = w?(€ - T)124 WKaT32 + WK1 X13;
Copp = W2 (& - T)21 — WK {23 — WK1 T33; (36)

Crp = —w*(& - T)11+ WKa(X13— T31);

Cap = —w?(& - T) 22+ wK1(T32— X23). (37)

A partir de las expresiones anteriores se pueden detercondi-
ciones de simetria para los tensores presentes en laonela¢21) y
(22) que de cumplirse darian lugar a un operador Sturmwiliedor-
malmente hermitico es decir, se cumpliria §ue BT, W =WT)Y =
—PT. Las siguientes condiciones son suficientes:

e £y [irealesy simétricos = ¢ y 6 =0.

El simbolo t sobre la matrix significa su traspuesta corjag&i se
cumplen las condiciones de hermiticidad formal, entonossligen-
valores del operador Sturm-Liouville podran ser realepareceran
en pares del tip&k, y su complejo conjugado.

El calculo de las correspondientes componentes de la fdifma

dE "
encial linealA, = By, ’7( 2 4 Pyn En(2) presentes en la ecuacion
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(29) conduce &1(z) = —iwH2(2) y Ax(z) = iwH1(z). Este resul-
tado asocia directamente la propiedad de continuidad (@ con
la continuidad de las componentes transvershlig$l, del campo
magnético. El mismo resultado fue reportado en [27] pacasd del
medio anisotropico.

La busqueda de soluciones linealmente independientpdéLsis-
tema diferencial (29) en un dominio homogéneo conducezaaltph-
miento de un problema cuadratico de eigenvalores [28]. natiss
detallado de la solucion de este problema para la ESLM sdepere-
contrar en [10]. A continuacion solo se presentan alguieaentos
basicos que seran de utilidad para expresar una funei@relen para
los medios bianisotropicos que abordamos a modo de ejeempla
secciones siguientes.

Para un dominio homogéneo, las soluciones LI del sistefeeeti-
cial (29) pueden expresarse en forma de exponenciales:

E, = Eq € (38)

siendcE | = [Ey, E2]T el vector que involucra las componentes transver-
sales del campo eléctrico, en correspondencia con la Bj. (®s
eigenvalorek se obtienen a partir de los ceros del determinante de la
matriz secular:

Q(k) = —k?B+ik(P+Y) +W. (39)

Sila matrixB es regular tendremos un conjuite= {kj, j = 1,2, 3,4}
de cuatro eigenvalore®(k) resulta un polinomio de cuarto orden en
K).

En [10] se reportd una forma general y compacta para |ladaras
Green (G(z,Z)) regular en el infinito para el operador Sturm-Liouville
matricial homogéneo. La homogeneidad significa que logmatros
que involucrados en los coeficientes matriciaBsF, Y y W) no
dependen de la posicion. Esta forma generaGde Z) admite dos
simplificaciones importantes cuando los eigenval&jesgparecen por
pares del tipak;j, —kj), una para los problemas céh+Y =0y la
otra para los problemas cdt+ Y # 0. En las secciones siguientes
presentaremos ambas simplificaciones.
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3.2 Medios magnetoécttricos

Segun Kong [24] los materiales magnetoeléctricos fugmaichos
tedricamente por Dzyaloshinskii [12] y Landau y Lifshifizd] y ob-
servados experimentalmente en 1960 por Astrov [11] encoxiel
cromo antiferromagnético. Para estos medios Dzyalokihpr®puso
las siguientes relaciones constitutivas:

€00 00
D=|0e0 | -E4+|10&E0|-H (40)
00¢g 00&
¢00 uoo
B=(0&O0|-E+[OunoO|-H. (41)
00¢; 00y
En este caso las matricBsP y Y resultan:
-1y Ka? K1K2
u Hz(%i+5ﬁf+£zzg)2_(€+101)w2> “2(5}13+5l213+52z?2 (€Z+|oz)w2>
B =
K1K2 ,l+ Ko
A(FEF ) B
(42)
I e i ) e, (e o)
(5 () ) T ()
pP=
ey () )
H u(%z+5ﬁ3+fzi?2_(ez+%)aﬂ> “(%E‘*'%E‘*{Zifz—(fﬁ—%)aﬂ)

(43)
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2 2 2.2 u 2 2 2.2
K2 Kof | Wt ioz K12 KT | Gfwt i07') (52
u( TR T (sz+w)a>2> u( TR TR T (Eﬁm)w)

Y =

i fw N (Klfﬁ’ Klfzw) iKz(Kl‘fm— Klljzzw)
- 77 K1 22 174 wz ioz 2 - Klz K22 Ezzmz ioz
u(7+—+ NG (542 (e 1 ) o?

(44)

En tanto que los elementos @ son:

2

. K0, KEw

Ko* | E%a? ( m)z < w t m)
_w_
w

Ki? | kg2 522 ( |Uz> 2,
T + T + == T &+

(Klfw _ K1£Zw> (_Ksz n KzEzw)
_Kik2 H Hz U uz )

Wiz = Uz K12 | K22 Ezz 107 2 ,
TR (8z+ ) @
(Klfw _ K1£Zw> (_Ksz n KzEzw)
K1K2 [ e u Hz
Wor =~ Uz K2, K2 Hw? io;\ , 2"
TR (8z+ ) @
2
Ki§w  Ki&w
2,2 ; Kicw _ K16z
© o ( )
Wor = E <e+—)w2— 5 5 “52 e .
o @) b (61w
(45)
A modo ilustrativo se considero:
c00O0
6=|000 . (46)
0 00y

Como es de esperar, pava= 0 se cumplen las condiciones de her-
miticidad formal del operador Sturm-Liouville matricial:

B=B"
w=wT;
Y = —P". (47)
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Se puede verificar que en este caso el determinante de la& matri
secularQ(k) solo contiene potencias paresiddo que significa que
los eigenvalores también formaran pares del {lgo—k;). Para este
ejemplo tenemos quB + Y # 0 de modo que la funcion de Green
G(z,Z) admite la siguiente simplificacion [10]:

Cl(sgr(z—7) k)
T D)

G(zZ) =

kjeKy; J=1,2

dkilz=zl - (48)

dondeC,(k) es la matriz de cofactores de la matriz sec@ék) y
C! (k) es su traspuesta. Notese que esta matrix es evaludgiar-
tiplicado por la funcion signo sgn de argumemte Z. EI denomi-
nadorD’(k) es el polinomio erk que resulta de derivar el polinimio
secular DR (k)] con respecto & Los eigenvalorek; generalmente
son complejos, y el subconjunkg incluye los eigenvalores con parte
imaginaria positiva. Si alguna de las parefis —k;) fuera real, se
toma el eigenvalor positivo para evaluar (48).

3.3 Resonador de anillo partido

Un “Resonador de anillo partido” (Split-Ring Resonator,RGRes
una estructura producida artificialmente que consiste snaddlos
metalicos concéntricos abiertos en extremos opuestoglissefio fue
sugerido por Pendry et al. en 1999 [29] como un material ghéex
una permeabilidad magnétiga< 0 alrededor de la frecuencia de res-
onancia magnética. Los metamateriales cuyos bloqueasosagre-
sentan estas estructuras pueden exhibir respuesta®elagtiéticas
efectivas exoticas que incluyen pero no se limitan a s=lide re-
fracccion negativos o cercanos a cero [30, 31, 32]. El SRRIpser
modelado como un medio bianisotropico con las siguieriesiones
constitutivas [24, 33, 34]:

&0 0 000
D=|0g0]|-E+|0 0 O] H; (49)
0 0¢ 0-i&0
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00 0 g 0 0
B=|00+i& | E+| 0o | H (50)
00 0 0 0

En este caso las matricBsP, Y y W resultan:

K1 ifoo.) Kl ifow Kl ifow
1 (WW)(u_ﬁu_gz w (i 5) _
Hy K92 | K2 5 | §2w K02 K42 202
T Ty T80T T Hx %—k‘%y—ezwz—k Iy
B= :
Ky idpw
K2<l‘ly [,ly ) _i_i_ K22
2 k2 20,2 L 2 2
N I
(51)
P=0; (52)
Y =0; (53)
L KiK2
z Ex(0? e
W = : (54)
2
_Kikz  Ki©
e £y

Se puede verificar de forma simple y directa que en este castedo
hemos consideradm = 0, también se cumplen las condiciones de her-
miticidad formal del operador Sturm-Liouville matriciddbado que
P+Y = 0 queda claro que el determinante secular solo tendra po-
tencias pares di lo que significa que los eigenvalores también for-
maran pares del tiptkj, —kj). Para este problema donBet+ Y = 0
la funcion de Greefs(z Z) admite la siguiente simplificacion [10]:

T\
G(z7Z) = i%e‘kiz‘z . (55)
kjeKy; 1=1,2 ( J)

En este ejemplo las expresiones analiticas son maslssryiie en el
ejemplo anterior, y se tiene que:



86 PérezAIvarez, Pernas-Salomoén

G(Z Z,): i (—Bzzk%—l-Vsz Blzk%—W]_z )eikl|22,
’ ki (4DefBJk2 —2M) \ Ba1k§ —Wa1 —Biik +Wis

n i <—|322k§ +Wap Bioks —Wip ) dkelz7|
ko (4DefB]k3 —2M) \ B21ks —Wo1 —Bi1k5 +Wis ’

(56)
con:
o M /M2 —4DetB|DetfW]
1= 2DelB] /
o o M= /M2 — 4DetB|Det{W]
2= 2DelB] !
(57)

dondeM = BpoWi1 + B11Woo — Bo1Wh 2 — B1oWh1, involucra los cuatro
elementos matriciales d&@y W. Con De{B] denotamos el determi-
nante de la matriB y de igual forma paraV.

4 Conclusiones

Como dijimos en la Introduccion, hemos analizado dos agihes
elementales de la mayor importancia en sistemas a capas fpdan
alelas para concluir que se describen mediante sendosprablde
Sturm-Liouville matriciales. Estas son las oscilacionéasteas y los
modos electromagnéticos cuando los materiales que cangares-
tructura tienen bianisotropia.

Para cada uno de ellos hemos reportado explicitamentedas m
cesB,P,Y,W que entran en el problema de Sturm-Liouville y hemos
analizado bajo qué condiciones estas matrices hacen qperddor
sea formalmente hermitico. En los casos estudiados splesencia
de mecanismos de pérdida como la conductividad hacen qpeel
ador no tenga esta importante propiedad.

Las funciones de Green regulares en el infinito de estoserasd
solo pueden tener dos formas o estructuras. [10] Estasnvigeter-
minadas simplemente por el hecho de que la m&rzY sea o0 no
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sea nula. Para los dos casos estudiados hemos podido a&sbetan-
portante dato de sus funciones de Green regulares en elanfini
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