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Notes on symmetrically localized sets and their associated manifalds

Clandio M. Zicovich-Wilson
Prpertimento dv Ohimeca (FM, Uneeersiid i Torine, Vie P Quore 7, 10ES Fotins, Haly'

I. INTRODUCTION

Substitation operators are nseful theorctical tools in
cantun wechanios, in terme of which every wany-Lody
OpErator can be written in s neat ad compact orp
whenewer o siilable one-body basis s is given. In the
coutext of the electronic structure caleulations, the Boru-
Oppenheimer efectronie Hamillonian ean be writhen
terns of such operators according to

A= 3wl + Y ponbrél (1)

ayicle

wlicre oporator £2 substitutes an occupied otbital « Ly
a virtual one 4, and the matrixc elements g, and B0
correspotid to i monoge and Di-clectromic integrals, e
spectively. The choice of the one-eloctron basis set in this
cape is often guwidod by the critevion of reducing as possi-
ble the number of numerically relevant terms in Eq. (1)
{in principle oc),' allowing approximate methods to dis-
play both, good computational perfonmances and acew-
rate enougl nmmericat results.

To this respect it has been shown that such conditions
are well fulfilled in the so—called Local Correlation ap-
proaches, where the vne-clectron Lasis sets wsed to build
the approsimate Hamiltoman is chosen s as to bring
ahoul a Sker determinamt bl sadisiy the Harlree-Fock
cowdlitions, ediibiting at time gond spatial ocalization
properties. [1-4] Such characteristics permit 1o sneessfully
truneabe the serics of one- and twieeloctron terms in
Eqp. {17, giving rise (o venarkalle Gmprovensae in e
putational performnance wich vegligible loss in accuracy.
These Lechniquos Liave Leet show to he suilable for large
systemns and they have been ecently adapted to por-
[orm calenlations of the clectronic straeture in crystalline
systoms. [4]

As concerns the latter, the concept that numwrically
relevant particle-hole sibstitntions in electron correlation
efferrs mminly involve states Bhat are localied i close
spatial regions, is not encugh to conyert the infinite peri-
weliv probleni it s Huite vne. Sucha goad is only vemchie?
whe the symmetry properties of the systetn, that gives
¥ist: ho eoulivalences Detween the o it e (1), are
additionally exploited.  In the mnost siinple case, when
Just translational equivalences in the one-eloctron basis

"F-Mail.elaudie@sarvm, o, unem mx; O sabbatical isave from Fac-

ultad de Cliencias, Universidad Autonoma del Estado de Morelos,

Cuernavaca, México

1 Wiheh means Lo also reduce the hyniber of degrees of freedoin of
the many-electron Schridinger Equation

setare considerod, the resnulting symmetry-adapted lo-
calized wave-functions are the so-callsd Localized Wan-
nier Funclions (LWF)[6-9 A tnch wore efficient per-
formance call bo attaived if thoe fll syrwetoy of the
system {including botk, iranslational and pomnt opera-
tors) is exploited, talding advantage of that most coystals
are highly symmedrie objeees, [10-13]In soels a e
basis sot of symimctry-adapted LWFs (SALWE) s om-
ployedd, e the correspooding snbstitution opeeaors ane
the so-called symmetry-adapted local substiturion oper-
ators (SALSO).

Another context. where the nse of SALSOs can provide
practical computational Lenefts is in the iinplementa-
tion of variational methods for perodic systems, Tn these
kind of prolleins one is interested in cortuting a st of
orthonormal LWF that optiimzes a given functional, In
thir procedures considersd to compute spatially localized
wave-functions starting foom aset that span the ocewpicd
mmaitifold, for instence, the functiona to be oprimized res
turns a conventional weasnre of the spagial speeal of a
set of arthonovinal fanctions. On the other fraed, tak-
itg advantage of the vaiational fheorem of the total on-
ergy in quanturn mechanics, stationary states can be ap-
proached by minindzing snitable cnorgy fanctionals as
for HF, K5 (also perturbed by external clectyic fickls).
MO BCF moethods, swony others, I all coases, Lhe op-
timization processes can be interpreted as evolving over
manifnlds constitide? by notlary transformations applied
on some pivet starting bosis sots of orthonormunl wave
funrtiong,

These wotes are intended to provide a theovetical
framewark (or the wuplemetiation of variational peoce
dures within orthononnal basis sets of wave-fungtions
that display both, syinmetry aud spatin] localizacion
properties. This general development, of course. incheles
the very important case of the obtentun of SALWFEs i
crystalline systems. whiose computation o grsors s to e
one of the s of the present work,

The 1main ea 15 to keep sylnmetry corstraints along
the functional oprimizarion processcs, by using, SALSOs
to build the unitary transtorations thot perform thee
motinis aleng the variational manifold. The transtonn-
tinns oblained in this moaner keep syumelry oedation-
ships togethor with the lovalization properties leaneed
by the cotuponens of e original basis sel,

The symmetry adaption scheme must be cotnpratible
wilh localizalion and, as shown in the works of Smirnov,
Evarestov, et al,[11. 14] this goal is fensible when con-
sidering n busis sets of the representations indweed fron
the nireducible representations (IRRED) of a subpronp
Gy of the symmictry gronp G The basis sets synnetry-
wlapted according to this schewe, feature symmetry
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equuivalences {wniler the actlon of the cosct representa-
tives) between subsets and are also basis of the IRRET's
of Gy,

Brielly: ghven a manifold invariant noder a syimmelry
group, o coset decomposition should be found that im-
poses syYImetry constraints masimally eompadible with
the required localization properties and, according to
it, one LEies to symmetry-adapt both. a starting basis
set, and the corresponding SALSOs that gencrates the
wnitary trmsfonnations between all possible synnnetoy-
adapted busis sets with the same structure of coset de-
compositions and IRREDPs. The optimization procedure
can then be pecfirmed within the symmetry-ndapted
sub-mapifold spanncd by the SALS0s and the resulling
basis set is therefore ensured to featitre the roruired sym-
metry and localization propertics at a given stationary
point,

This i pacticwlacly inieresting for the aim to compaire
& Dawis set i terms of which the matrix elements of one-
il twooleciron operators eonld be restricted to a re
dueed set of mumerically relevant compenents. thanks to
the loealization, thatl at time {orm an even mote cotn-
pact set of asymmetric components thanks to symmetry
opivalences. The success of such & strategy is based on
the possibility of performing efficient syuumetry-adaptesd
aplimizalions of & suitable spanal spread fanctional (in
these notes the Foster-Boys one have been chosen).

Lat ut no least, it appears that auy Hermitian totally
symmetrie operator can be spanned in tevms of the same
suhstitubion opernfors as adoped for the generation of
the symumetry-adapted unitary transformations.  Given
the Hermitinu bofally symmetrie operator in this form.
it is casily shown that its matiix elements in terms of
the symrmetry-ndapled basis set feature several interesi-
ing connections between thean, including very surprising,
kind af selection mles. This suggests that there may be
1ot ovident relationships or vanishing of matvix clements
that would altow to improve the efficiciey of the compu-
tation of the two-clectron operators, tor instahice in the
sose ol local eareclation methods for solids. The study of
thesa equivalences reguires considering two-clectron sub-
stitution operators in addition to the oneclectron vhies
considered in the preseut notes and will be the subject of
further works.

Owing to the connection between the algebra ol the
substitution operators and the lormalism of wost of
methods based on the configuration interaction scheme,
employed to coerect. the electronic stonetura by eleetton
correlation effects, the symmetry-sdaption stralegy pre-
senterd hore could be uselu! ko compuate cxcited states
wt solids with well definerd space and spin/perznutational
symumetty in the framework of the Local Correlation ap-
proach. In this strategy, one takes at the sane time
advantage of the spusity and localized character of the
matrix form of the Hamiltonian together with symmetry
correspondences, This makes the total energy to depend
on a guite restricted 1mmber of integrals for & given hu-
werical seearacy.
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In the following sections the general issues concerning
the symumetry adspted localized sets and manifolds are
shown in & rather straightforward way, while the most
hard wathemstical proofs are developed in the Appen-
ices.

II. GENERAL SYMMETRY-ADAFPTED BASIS
SETS AND MANIFOLDS

Let 7 bn: a gronp and {G} a st of subgroups that
allow to make the fallowing left-coset decomnmitions:

G =Y siPG, {2)

L]

where Sf,”} are the corresponding coset Tepresentatives,

Lot us now assume that there is an orthoonormal basis
set of subspace 8, namely {lppi, gu)), adapted Lo the
symmetry in snch a way that

Slupi1a) = SPRE |upi. 1oy
- ‘QE[JP} Z D_[:,?:} { Rg’.’})l;:pi, 14"
s
= 3 DU R Hipr. g, {3

wt

where R = [S2)-15 € G, aud DUPHREY g a given
matrix form for the p-th IRREP of G, Multiplying
eq. (2] at the vight hand by & ';f')]‘l it Arises that any
§ed §= S]S_ff,"]]" has thus a vuigque decomposition
5 =5 R‘E}'}ISB'JFI which ghves vise o the [ollowing
transformation mile for any vector |upi, ¢'e):

& |pi, ey = S’S;’.'}h:pi, la) = Z Dﬂ,’f,[Rg’))Iﬂm, g’y
{4)

On the other hand, veetor [jupd, 11) belongs to the first
row of the j-IRREP of subgroup Gy, (the +-th time the
1#-1IRBEP appears in the set) ad

lupi, g} = SP i, La) = S PG i, 11}, (5)

where P = eV okeer, DYV (RY R is « shift opera-
tor in the p-th IRREP of ¢,.7 The set of all vectors
|spd, 11) in the basis set, will be heteafter called the asym-
mefric sel, ns il does not feature by itself any symmetry
property. but coutains all the necessary information to
build 1he Ml symmetry adapied basis set. A basis set
of this kind ean be obtained from the nsual symmetry

? 4 nacessaty condition i that the matrix fams of the IRREP,
tn he the same for any time i it appears in the hasis sex

P
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adapted vectors,” adopting projection techniques wuder
the theory of induced representations. [14] Given o sab-
group &, € G the full set {{upi, guh, Yga} is a basis
of the representation of & induced Ly the p-th [RREP
of G, what is denoted as TU>1%) The induced rep-
resientations will be hereattor Jdenoted by the acronym
INDREP.

In what concerns the symmetry properiies of the di-
rect progluct of these symmetry adapted vectors ang their
linsur crnbinations, they are analyzed sepacately i Ap-
pendic A,

In those cases where the symmetry adapred basis sers
arer stnployed to build sebs of objects that Jo ot form a
vector space atul, consequently, do uot obey equivalence
riles stmilar to B, (3], It is usetul to choose the cuset
ropresentatives and the basis for the IRREPs in such &
woy that the correspondence Letween rows of the pth
IRREF of &), is given by single slements of G aud mot
lincar combrinations of thew like in Eq. (5}, Although it
is not gnarantesd char such additional equvaleuces can
be found in all cases, in parcicular when the ohjects are
coustructed i terms of pairs of syminetry adapted vec-
tors, we show in Appomdix D that there is 4 systematic
way o, b lenst, mavimize Lhe equivalenoes within the
set of pairs of vectors by choosing suitable coset repre-
sentatives in Bq. (2), and basis vectors (or Lthe IRREPs
of the subgroups nvalved.

For the sake of fllustration of the symimoetry adaption
proeedure Bove proposed, let us constder the exanple of
the Wannier Functions (WF), already mentioned in the
Tebroduction. If the translational growp was the syt
try group of the systein, WFs ure obtained by means of
a roset decornposition in terms of the € group {maxi-
inimn order point sabgroup), giving vise to a flly eguiv-
alent set of wave-functions, connected o each other by
translational operations. [n the general case. the cosot
dlecomposition in terms of any point subgroup of a givea
spalial group brings abonl symetry-adapted fanctions
that are at the same time WFs and equivalent finvariant
neder ithe point operatoes,

For the present purposcs, cach asymmetric sot coin-
puted adopting a piven sytumetry-adaption scheme, may
e also considered a point in the manitold of all orthener-
mal symmetry-adapted basis sets that span subspace &,
that are basis of the INDREPs obtained by ineans of the
sawe coset decomposition as in Eqp. {2) and the same ma-
trix forins of the TRREPs as adojrted in Egs. (3} and {4).
This 15 what i the following we rofor fo ws the symanetry-
iestrip el sic-meeanafold.

Ths: present symipetry-adaption scheme of w basis set
a generalizalion of the asual symmetry-adaption Lo bases
uf the IRREPs of &, as the latter corresponds to the

* For instance in case one wants to obt ain symmetry-adapted Wan-
nier Punctions from a set of symmetry-adapted Blach Funetions
spanming the accupicd manifold

special case of G, = G Obvicusly, this scheme roqires
in general a choive for the the cosct partitions, although
the mumber of choices is finite for space gronps weler
somng reasotiable vestrictions.

. SYMMETRY ADAPTED FUNCTIONAL
OFTIMIZATIONS

The problem of the obtention of a basis set that simnl-
taneomsly satisfy good spakial localization properties aud
symnetty correspondences is part of the general prob-
lem of the optitization of any cobtinions and derivable
functicnal, namely £ over a sviuinelry adaplod siube
manifoldl,*

Given a sclietue [or symmetry-adaption and the (ue-
tional £2, w conple of questions arise:

1. is theee o symimetry-adapted basis set that also sar-
isty the optimum eonlitions for 227

2,40 thr answer Lo qucstion 1 is MO, chon: what is
the bost choice of the symunetry adaption schewne
(See. IT) that allows Lhe funetional o take 2 valwe
as close ay possible o the vptimon™®

The constraction of the generalors Lhat allow to wove
around the sub-manifold associated to a given symiretry-
adapted bhasis set is developed in Appendix B It
arises that any sywnetry-adapted substitntion operator,
namely £y s a I'!un.‘_ar {::Jll]ﬁhill!il"lf‘lll of the hasic substi-
tution aperaters XM < B B ke, writeen making
usge of the second gquantization formalist, that span the
full ruanitild,

Er=Y" Aubs {6)

where, for tle salie of cartty, the lubel o is wsed as
a shorteet notation of tho set of 10 indices that ile-
fine a given basic substitution operator in the syinmetry
adapted basis sct.

A mnitary  transformetion  generaced  hy  au
anti-hermitian  linear  cowbination ol substin.-
tion  operators’  that  span  the  subenanifold,
S DaEy = Sy PulT, Aasal, can be written as
U = exp[Ty DuBd, according to the theory briefly
exposed in App. C. Olwvicusly, similar esguations appear
if considering the basic substitution operators £, as

4 For instance, we are interested in the coset partitions tn terms of
point subgroups of the space group.

% A localized basis set will bo that st of orthornormal finctions
that sptimize & given £, taken as a spatiaf localization messure.

8 Qlrisusly this optimlzation is to be petforined over s swilalle
symmetry-adapted sub-manifold.

7 The unitary algebra is composed by Hermitian operators bt
the argument of the exponential fwnetional i actwally ante
hermitlan, dite to the factor ¢ present o the definition, Eq. (C2).

11
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generators, ¥ 0,&,. of the whole manifold u this
case. The vectors Dy or D, have correspondences to
the unitary teansformations and can be considered ss
displacements along pathes that counect points into the
maniteld,

The optims of @ v the full and restricted mani-
loldls st Mlftt the stationary conditlons .‘m‘ =0 and

j:’f?: = 0, respectively.® The number of conditions in
each case are not in peneral the same, satisfying N, < Ny
for the vestricted {r) and the fall (f) manifolds, vespec-
tively, If N, = Ny then guestion 1 has w positive answer,
at least tor stationary points, and it is possible to find o
symimnckry-adapied stationary poiut. Otherwizse. a nseful
eriterion to obtain 2 syminetry-adaption scheme that al-
lonws ool approxiiate valnes for the restiicted station-
ary point will e oo chonse the solwanm liat yields the
lowest Ny — N Olvionsly, this does not enswre that the
vestrivied and full solutions will coineide but peovides .
eriterion, just based on symmetry considerations, so as
o decide which should Le the best symmetry-adaption
seluane for a given systein and functionaod.

Whenever one considers the problem of what of the
possible gytmetry-adoapred bosis sets spanning & s the
best one for symmetry-adapred aptimization purposes,
the criterion of the lowest diffetence betwesn the num-
her of ndependent conditions required by the tull and
restrictod optimizations seems to be suitahle. This pro-
vides a clear criterion to o priori define the symmetry
eharacter of the hasis set and to pecforg the optimization
(localization) vestricted into the resuleing sub-manifold,

AL s stage. I is warth to provide a general con-
sitlerntion about the prescot critgrion for the symmnetry-
wrdaption of the erilieal poinis of a given ncetional. In
a similar way ws the symmetiy-adaption scheme given
in sec. 1, is o generalization of the wsoul adaprion to
irrelueiblo bosis sets, the criterion of miniwizing the dif-
ference Wy - My 5o as to oblain » suitable symmeboe-
adaption schome provides a general form of the so-called
Wipner theorem, that stabes all cigenvectors of a given
totally symnnetric Hermitian operator st belong to ir-
rediteilble basis sets of the syimetry group. As & matter
of et the disgoualization of a given Hermitian opora-
tor Locan be regarded in tenns of the variation theory as
an aptitnization of the fnctional 4., = {(#|L ¢}, under
the nontnalization constraint {&)d) = 1. Wigner theoren,
becores A corolary of o wealest synunetey cowdition:
M= Neo= 1 by considering tle minindzation of Dy,

Given o general snbspace into whicle » suitable SABS
is to b consereted, it wsnally happens that the nnber
of ehioices that fmlfill the condition of minimizing &, — &,
is large and, thereforn, there is in general the problem
tey fined an o priors criterion to choose one and only onc

Taller FES en la UAEM: Minicurso

symmetry adaption scheme. A switalle way to defing
the best symmetry-adapion schemne from those thae fl-
fill the previous condition, at least for comnputational-
wietledological purposes, arises when considering the
concept of naximal equivalence between the basis com-
potietits, Maxitnal equivalence ieats that the asyintoet-
ric set {{ppi, 113}, as defined in Sec. IL, fromn which the
whole set ts penerated through Eg. (5], slould Le as sinall
as possible between all possible choices. In other words,
the information of the basis set is, therefore, contained
in the lowest number of components. One of the practi-
cal consequences of the adoption of radmally equivalent
basis sets is that the momber of inteprals 3; .6 atd g,
in Eq. {1) to be computed and stored in memory will
I very small if the maximal equivalence is combined
wiath maximal localization. Examnples of this computa-
tional eflivieney obiained by the exploitalion of eqiv-
alences together with spatial localization of rhe basis
etions aee the strategios of the CRYSTAL[15-18] and
CRYSCOR(3, 11)] codes.

IV, THE EXAMPLE OF THE FOSTER-BOYS
(FB) FUNCTIONAL

The FB functional hus a short foom given in tonns
of the inntrix elements of the dipole ooment. in the
symmetry-adapted basts set this reads

§8="3"{ppi. galc|ppi,gue) - e, galelppiogup, (7

where the sutn is performed over all indices.

A wnilary  leausformation  penerated by a her-
witian linear combination of substimtion operators
S D3 AuaE,), where d is a gerernal index and A,q
iz an_expansion coefficient, can be written as =
cexpi[¥ g DalY, Auabla)]. Considering the expunential
form given in Sec. 11 the vector Dy, defines the trans-
formation and can be considered as » displacement. aver
the manifold. Acvordingly, the geadient component aloug
aqch direction can be writien as
ad_‘gf‘ =2 Z(ﬂ'qn‘s 9’1”(; AudEu): 1']|.U,Tﬂ'-. )

- {ppt, galrlpp, ga} — 9, (¥

which miwst. vanish at any stationay point {including op-
tikma).

[ case the set of non syimetry-adapted subseitution
operators [£4300 ] is considered as a hasis of the genera-
tors algebra, and assuming reality for vectors {ijm, g}
and IRREPs, Eq. (8) reduces to
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* They mre necessary but not suffictent canditions. As a matter of
fact they only can ensuce that the point is a critical {stationary)

a0
e D IR L
AD, L}{b] Z

= 2{pupn, gai|rfiay, fob -

=0

In order to characterize an optimun, Eqs (9) mst be
cownpleniented by another set of couditions that depends
om the second derivatives of the functional, for the Foster-
Buvs schetne these conditions are given by

70

D TiL

= (upi, garrivgy, hb)*

- E (L, ee|e|jpd, pad — (e i, hble v g hh}]‘z
< 0. (10}

The derivatives with l'P'\pnr‘t ton Lhe syimnetry-acagmed

snibstitution nperators W are given as a linear

cotlination of those i Eq. (9] according to Eqs. (B11}
Al (B13). As discussed in see. 111, I optimizing over the

S{ppi. gulr|vqi, by —

g’a" [Emu Jper

g, deb

point, but not an optimum.

ErR

] | gt (e ey gy

et gale|epe, ga} — (i, M |vgg, i)

whole manifold, the conditions = U mnst e

fuifilled &t the: optimnn, while if the Symmenry- aslapen]
sub-manifold s considered, the restricted optimum re-

quires the (gencrally weaker) mndiuom e “‘;‘ N—_— ]

Lat us consider the symmetry relations betwmu the
stationary conditions in terms of the symmetry-adapted
basis set in the full wanifold. given i cq. (9). Let

3 ot ¢ gafpe] = PN TN -
5= sWRETIEWY = SO RPN

. i ah )
heing RI;." Y and R!;.“ l univocally defined. the erats-
formed gemeral makrix eletent of e dipole tnoment e
triv reads

S ¢ Slony, b}
; b“'] R!P! sl B SRl . Gled ﬁ[*ﬂl"l.‘ Squ) Ve, Tt
(me--yfr-! RS e SR ST g )

= 3 DUP(RI ) DI (R M) g g o el W) (13)

uth

where S ix the mateix formn of § € & i the cartesian

J

coovdinate space, By taking imto acconnt that

(epd, gesle|ea s, by - ({pepi, gelelaps, gu) — (g, hblefeyy, b}) =

I

= [S{upi, gale|vas, hbY -

amd tlien considerimg eq {11), 00 arises that, exeept
for those particular cases where the matrix forms of
the IRREPs D{""](R"'" ) and D{""'J{J‘}‘.I!c}";l My have only
ol o=t} alemern in eolimns o and BLooespeetiely,

= [B{upi. golrivgi, &b - (S ({upi, golelppi, ga) — Logj, hbizlegg, ki)
(8{upi, golr|upi, ga)

— S{rgj, hblefegi, i),
(12)

there arc e synmetry cguivilonces betwectt B station-
ary conditions.  Let us split the problen in owo dif-
forent cases: the simplest one correspond to the sitaa-
tions where the representations TE# and TW aee o




dimetsional, theo we shall consider the gencral case.

A. One dimensional [ and T IRREPs

A given Boys gradient component transforms aceord-
Ltig ko
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fupt. allelrgd, BLY - ((upe gllelppa, 1) — (g, hllefvaf ALY} =
= [Stpp. g1le|vgs, 213 - [S ({ppi, gliv|epd, g1) = S{pqj, hl|r|vqd, h1}]]
= plupi. g 1[rleyy, M1} - (i, gL |ipi, g'1) — {ves, ML elved, A1),

whore ¢ — x“""]{R!.I.'”J"l]‘x"‘"”(Rll;;"'q‘l] and Egs. {11)
and {12) have been considered. It turms out that the
asymmetric ronditions have a one-to-one correspondenes
with the synmnetry adapted orthogonal gencrators, which
tneans that there are stationary solutions with the same
symimetry features as the basis set, Nonctheless the mum-
ber of independent conditions is not in general equal to
the mimber of degrees of freedotn becanse it might occur
the Dipole Moment matriz eletnent {upd, gl{e|egs 21} to
vanish due te symenry if the corresponding direct prod-
uct tepresctation does not contain the totally synimet-
vie IRREP. In such a case u so-ualled nfinite degencrucy
holils, which wneans that there are infinits solutions cor-
responding to the same value of the functional that are
eonnectel to cach other by the unconstrained arthogonal
trausforinations.

As all cliodees of symonetry adaption of this kind give
rise Lo stariowary sohnlions of the funelional optimization,
the criterion we shall make use to decide which of them s
Ehe bvesit. Lesalized will be based on i stability conditions
given by Eq. (10).

Let s consider two possible choices for symanetcy
adapted basis sets: & general oue that belong to IN-
DREP [T apd a sel of trivial symnetry adapteail
vectors bhat are basis of the IRREPs (resuicted to the
particular case where they are also one—dimensional} thal
All the smne subspace as the original INDREP. namely
{lrp).gt) = |gihe and {a), 11 = od}a, vespectively.
Fou the sake of simplicity, the second notation will be
usedd i what follows.

In aceordance with Smitnov and Evarestov (Ref. 14:
o [2.3.57) p. 26 the following relation holds

{gle) = X1 (8,0 {1 {14)

This gives the foll inatrix (oo of the unitary transforma-
tion connecting hoth orthonormal basis set. The columu
{1]ev) has an explicit, form in terms of the [RREPs of &
and (7, but it is irrelevant for the present scopes. The
voctors i} can therefore be written ie terts of the basis

{13)

—
of the IRREPs,
lgh = > xS, ML) ok (15)

Makiug use of Eqg. {15) vne can write the matric ole-
ments of the Dipole Moment, in terms of the INDREP
basis sob

{glrlgy = 3 {gla} (1o} {alrla’}
= Y S S L) (1]a") (el )

an’

B. General case

In Appendix I we shall study how, given n symmetry-
adapted Lasis set, onle can obtain a maxinmimn wulser
of equivalences by suitably choosing the matrix torms of
i representalions,

Om the other hand, sowe gradient cotnponcnts mast
vanish due to their symmetey propertics i i the 3 inte-
grals involved in cq. (%) there are no IRREPs of Gy,
in eommon.

V. CONCLUSIONS

In these notes a general symmetry-adaption scliome
that can be applied to any sct and allows equivalences be-
tween their components together with spatial localization
properties is prescited. When applying this scheme to
hasi schs of veclors spaces, it is shown that a manifold of
unitary tremsformations that keeps the symmetry prop-
crtics of the set can be construeted which can be used ro
optimize any functional depending on one-electron states.
This i= particalarly usctul in the solid state context, as
the optimization scheme in terms of localized-equivalent
Liasis sets allow to convert the itfinitely sized variational
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problemn of the Schrodinger equation of a crystal into a,
not only finite, but also rather small computational prol-
Loz,
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APPENDICES

Appendix A: SYMMETRY EQUIVALENCES
BETWEEN DIRECT PRODUCTS OF VECTORS

Given any pair of vectars thar belong to clases g and b
of lett-vuset Juecorapwsitions of &, sccording to By, (2]
terms of subgroups &y, and G, vespectively, one would
tike to know whetlier there s a § € G that converts
the starting paiv of vectors to another oue that belany
to clases ¢ and A of the sane coset decompositions, re-
spactively

In accordance with cy. {4), 2 nocessary condition for
this to oceur is that
§=SPRIEI T = SWRISL Ry € G Ra e Gy

(AL)
It is worth o be noted that, given i and g, the set of
cosets representarives under subgronps G, and G and
SeG N, o, R ad Ry become anivecally determined
by cqg. (AL}

In order to abtain the indices §° and &7 Cthat [liills
Eq. {Al) tor & given 5, lot ns rowrite e (2) A

¢ = Y SWG,Is =3 g, s
L W

3 SIS G = 3 SEUSIN TG A

he '

whete Gy = TGS and G = 5@, |5,
are subgronps of G isolwovplne with &, and Gy, 1espec
tively. Ou the other hand, the secomd row in eq. (A2)
indivates tlat. given (¢, 4] and § that Ml Fo. (A1),
the set {$° = SX,¥X € Gy} where G, is the
waximuin connnon sabgroup of Gy, and G, satisfy the
same condition with the swne indices (97, &),

It is worth to carry ont another left-coset partition
of ¢ under subgronp Guy o, 6 = T, SEG, o
ungd define functions 4 = Aim} awld ¢ = §{m) whore
(', ) satisfy condition cq. (A1) for § € SPF™a, .
Considering oq. (A1), we definc

S0 = 1D RSO = P RIS, (A%)

o an FLim

]

where R!;,':.‘: Tand Rgff‘:'..j are the cxplicit notations for Ay

and Ay, respectively, in the present case. Acenrding to

15
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Eq. (A3) all pairs that can be generated from (g, L) fovn
an equivalence class {meluding (i, h) itselt) whose cardi-
nal is |G|/ |Gy, qn . the wimber of cosets upon partition
by subgroup Ggqn-

In cutie the pairs of vectors are associated to the sub-
stitution operators as povided i App. B, it is ogefu]
to compite the munber of sytnetry adapted genera-
tors that can be generated from a given one, uamely
Er'tmguﬁw,,__p.:.. upon the symunetrization performed in
eq. (B3], As ir is stated in foornote 10, the sywmetry
arlapted generator belong to the tokally syomnetric TR-
RET and, therefore, the number of degrees of freedom
associated to A given sabstitwtion operator is the mun-
ber of times the totally symmetric IRREP appests in
the dirert produet of the represclutations of cach vector
Tiwt il oy plet? TU)

A partieular situaivn arises when both wctors belong
to the sane IRREP. In such a case there is an additional
syinmetry operation that involve the pernmitation of the
vectors that in eq. (B3) implies the exchange betweon
the labels of the anihilation and crcation operators. The
resulting symmnetry adapted generators shonld be either
syimnetric or antisymmetric, uniler such a permutation,
As it iy discussed at the end of App. B, cq. (B13) and
foutnts: 11, the generators ane forder sutiberntized so
as to generate an orthogotal transformation and irts spe-
cial undtary poertner, which s veeful when dealing with
renl basis sots, This antihermitization imvolves i fact
the [anti metrizabion with vespect to the exchange
of the indices of the anililation/ereation parts of the
goncrator. This means that, by decomposing the diveck
sare of the represontation vo which both vectors belong
into syrnetric and atisyimnettic pacts, by looking at

. . T TR R T e e 0
the cliaracters according to ¥ 4 (& =
%[,\(r[""”m}[b'}z £ 2PNl soeking bow
many times the totaly symmetric IRRED s contained
in eacli of these parts, it is possible to know which num-
ber of symmetry adapted orthogonal or special unitary
generators holds.

Appendix B: SYMMETRY ADAPTED
SUBSTITUTION OPERATORS

Ewh hasts wector defined in sec. I has a pair of mo-
tually conjupated creation-anibilation operators associ-
ated, natnely [5},I1i'g,‘,fi,,,,;l.,”], The substitution opera-
tors, which also are the generators of the unitary Lrans-
forations into the full manifold (see bolow), are written
in ternes ol creation-anihilation operatots according o
E‘{":;'I',i‘;_' = B}lﬂ"-y" f;,,.u,hb- Thi sction of these matlemati-
cal objeels on A given Skaker deloominant, [opog - ovpgd.
where A is the number of electenns and w; is a shortent
wolation [or the indices used to tabal the basis vectors, is
prinvidied according o

Taller FES en la UAEM: Minicurso

It is worthwhile noting that the second quantization form
of the substitution operator, 7, is mdupendent of the
wumber of electrons M. The mons-sabsticution opera-
tors form a complete bosis of the space of one-cluctron
Hermitian operators, therefore any of the latter can be
expressed as a linear combination of the tonuer aceording
e

B=Y Bua 3. (B2)

T

where B, = (n:|Bla,} are the one-electron matrix el-
ements of operator B.¥ The powerfuless of the secand
quantization formalistn is that the operators have the
same notation itespective of the munber of clectrons.
Thiz is a very appealing feature, for instanen when seok-
g by vepresent operabors thial act on o a Bilbert space
afl wave-functions of infinite clovtrons, as it often ocomes
it the solid state context,

In accordunce with the discussion provided n Ap-
pendix C and the fact that the substitation opers-
tors span the subspaee of one-clectron Hermitian opera-
tors, they {or more exactly their Hermitian components:
[TAFS .f.],"? and + (f.‘ — £3/2) provide a basis for the gmer-
ators of all one-particle Unitary fransformations, accord-
ing to Eqy. (C2).

Frown the geometeical point of view, those operators
provide divections iu the manifold, in tenns of which the
gradient vectors of any funcrional can be exprossed [see
sec, 11 wud app. C). Adopting the syronetty-adaptod
sib-manifold ws & restriction to the full inanifold so as
to perforia fune tional optinizations, a set of symonetyy-
adapted geucrators can be constracted in the form

apiga _ L n ; - .
Fﬁr{;‘,}ﬁ = |_GT z & ""Lﬂé,grjbvﬂl;"" & I’ (B‘i)

Sedt

whose components are by construction totally syinmetric
as they commute with all § € G Any linear combi-
nafion of symmetrized substitution oporators commutes
with 8 € G and, as shown in App C [Eq- (C3)), the
associnted Unibary Tvarsforination also does.

These Unitary Transformations keop invariant all symn-
metry properties of the symmetry-sdaptod basis sot.
This wweans that, provided

U =exp [Z (P D ._f;o]

Ly f Y i hE

* Equation (B2} allows to obtain the matrix elements of T in
any basis of Slater detrminants, by automatically satlsfyig whe
Slater rules by virtue of the well known auti-commulalion rules
of creation-anibilation operators

The zymmetrized operators are artually prajected onkto the to-
tally swmmsetric snbspace of oneelectron Harmitian pperatons

L

Etiiog on ey goa) = Bl oy ﬂ‘hE‘B L;-YM')- and 14|13 § [ | &' can he regarded as the superoperator
1

e ef Lhe projection
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and if Slpeprgal = P g0’} then SU|jpiga) =
U)e'p't', g'a’}y, for all |pepi, go}, which 1= a consequence
of the commnitation with the spmetcy group operators.
According to the discussion given in App. C. the set of
these symmetry-adapted anitary transformations allows
to cAITY vt auy motion over the ssminetry-adapted sub-
manifold, as each of them keeps invariant the sytumneclbey
relationships that define the symmetry-adapled basis sets
{soe discussion o sec. ),

Om Lhe other hand, following Eq. (B2}, the onc-electron
operator FAPHS can be expressed in tonns of the substi-
tution operators using its matrix clements in the one-
clectron represeul ation a3 cocficicnts of the cxpansion,

g it i

F:.\;,bb = Zbﬂ’p’i',g’u’ burgy mey
{H'p' 7 o' | BERRE ), (B4)
where in the second equality the primed sam is intended

to run over all primed indices, o
Locking at the matrix elements of FLE0 in Bo. (B4)
together with the strict defimtion of the oporator given
by Eq. {B33), it hnmediately avises that, if the theee fesi.
{primed} indices of the vecrors do not match those of the

1

anibilation operator. the integral does vamish, The sane
condition must be simultancously futfillsd by the adjeing
vectors and the creation operators, giving rise to

AL L L
qug,hi- =

1 L s
— Al
e E B eae o By ke

2 WIS B b §TWGT N

Red
1 . :
“ G i, bk

o gat W

S {upi g |8 B b §7 e, V). (BS)

el

In wliat coneerns the tertns witlin the sum in Eg. (B5),
they must vanish il §— o). bW } loes ok lve any com-
pouent in the direction of |eyg, i), as it sl jovolve
the anihilaiion of an absent state, and similarily o whai
conterns their adjoints.

Aceording to the previows statement, ) sdopting the
notation defined in Eq. (A3} with § = 29y x ¢
ot Eg. (BS) is rewritten ax

e api Y I i P Slarrrh) Wi F sl - .
Farll YO S NPT AR S SO SN SR g LD e AN TR CC oD o R T Y 1

gl bt M g .

= Z Z thin[m;‘srt’:i[m] Z E'L-px.__q’o' E"w.‘a.h”r’ Z
bt

ME T g gt 877

mog'ht
DY RS pepi, ga| X

g

By X ™o, BB DR (R Ty

o

: : " o’ |y pylema ey i W' e A .
= Zzamlim}‘gy'ﬂ{w}Zb;sz gD oty Z Z Dit:'}'(RlpJ.ﬂ‘l)Dfl,{rT}[-\ )D,l,f,,f!(er,{:.',’) D},ﬁ: }[X’)

™otk '

= Y 3TN SukgmPratmiBl gracbons e
{

e ogtht b

Ky g a8

S DU RN DR REDY Y DRSO DR (XY (BS)

it XNEGpu gt

whore  DIPNXY = {upngalXlepige’) =
(oph, 1el) S9N X8 gn, 107, Wi, the ekl cquad-
"y dtjriw.:s fromn Ry, (51 and the last one, from the fact
that o, anlingg, e, 0 = g |00,

Equation {B6) provides a wore compact forin of
Eiq. (B3). Howewver, in principle other syrmnet ry-adapted
subsrilution operators can be obtained for the same a])-
paritions 4, § of the ji- ancl w-IRREPs of subroups ), and
Gy, respectively, that depend on what indices g, b 4,

have boen considered for the generaring substitution op-
crator. The resulting aperators do not forr in geteral a
Unearly indepeludene sct.

For instanee, other conations related to (BG) could T
tound by making a one-terone comespondenee with other
partitions of & under subgroups isomorphic with G, an,
sturdied in Appendix A, Using these rexnlts onc is able to
write a given symnetry-adapred substitution vperator,

REITN 5 . of 4 =)
Fpveig, i tenns of the set {FJT 0,
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F:r::,flf:b = z Z Z By h{m}a'} ) h,qu ot vru Lk Z Dy

wmoa'ht At W
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ez RIGmI)D{(’fq) RIh,l- ) Z ij,',‘;”"(,\")D,Efijﬁ’“)(X']‘

et v

XIEC i uhy

- Z z z ‘shfJ'..[m)59’5{m}a:.;a.:,yn'ar’uj.h‘b‘ Z Di"p (RLJL:'_‘J ]REJun])Dtv-n}(RLhﬁr IRIh 1:nl)‘

[T e

ST Dl s x s Rl D

K ey i

- ZZZ% - 9[““burﬂ pnt vw.h ¥ Z

w gtht ol e

(1) Rp..m.[

By T

{Wll([Run Ml]- 1 [Sf.TI”X&

T

Pl plaa' D“"ﬂ (Rl

et

W

DTN () DL (RAP DY (X) DY (R

1

at i X E G0 iy
wpi e’ e e mlovenly pivdt e plaoe) =
- E: FVr” bt Du""‘q[np,m )Da.ma.{R,[;,ln"]} N

e

whore e, (B6) have been cousidered.  Equation (B7)
tells s thad iL is enough Lo have sy st {F;:’;“""‘}ub 0
as bo generate a family of linearly dependent symmetry-
adapted sibstitution operators whose indices (g, A,) be-
lontg, ro the equivalence class generated by (o, fio).

Another way to reduee the linear depentencies of the
set of symmetry-ndapted substitution operators berwecn
subspaces [pipig| and |vqihd, is by adapting the gener-
ators to the IRREPs of Gpyqn- This is accomplished
by cousidering an auxiliary basis set for cach subspace,
{1, gk} and {lwgy. Matul}} | that consists of vee-
tors that are, ot tine, bases of the IRREDs of Gy o with
the additional conditions:

(g, glak)| K. glok'e)) = S DED(X)

(B7)

(vt Blotn)| X |ogi blolv)} = 8 DYD(X), (BS)

¥X ¢ Gpgqn: where triplets of the form {oka) denotes
the taw « of the f-th appearance of the o-IRRED of

Gpy.qh-

Let  the  transformation  between  both  basis
scts of subspace |ppig) be pgiven by {uprogal -
Yo T, l":,::! (upri, y{oka):, the last sum in Eq. (B&)
el be rewrithons as

ey vy} T | gy weay phi eeepy e T 3
S Xy Dt S ST gl gl gl St % pIx)olLx)

XEF g un ﬂkuu" T

Ahuu' Thawe™

XEh,

- [ £
S X am, g, e Ceals g,

et bt

|('P9 'I'* Tliw!-al Tli-!rul Tlv-uf- TIWUM (B

T,
akbien® i

where the o thogonality theorem of the TRREDPs of Gpy g
L been used in the sccond equality.
A Tinearly indupwnndent set of genorators is obtained by

Bl ak

L Y oty bl 0

applying the provious resnlt to rhe last sum of Eq. (BS)
and eartying out the transformation on indices o and b,

Z {api. g’ﬂ‘ |SI (Z ’.'I:Eﬂtﬂl?vl{"h;r:u._;u“’w;j hb Tu rrp.l ¢ ) 5! sty h”)’}l -
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e {Rlag')

et

Z Z Z‘iu'-ﬁ[m}ﬁw,ﬁ(".]

ab Lot o

. Doahlplupal  pluwia) plewh] *oplowhl

” atakat ok b alen Vbl
kil °

Z Z ‘sr:‘:ﬂ'{'")dhf Eim)

N,

Loy
Z Z‘srr‘ gin) By By Duﬁf”

arit e

nlre)

(RN

( R[g!ﬂ ) Df_f}ff? T

L

(Rsly Dy

where the unitary properiies of transfomistions T have
Lieans exploited.

) DiRI(R

ey

T Dy an | lug, Jogih *
(R.]._m 3w au‘l"‘sf‘r’—“f ZTH—.’,,*.’“"TN:‘”,"» .
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fhi)e

X

rlurial apligghl =

arktu b
|Gy, .rah]TEiawer gleairl *

a* akart L a b

Sorrdoredhedip o i
Tl
orh-fuar

(B1o}

att

Making wie of Ens. (133, (B5) and (G10], e syinie
try adaped generators voad

2 {rkl) |7 J| PO N . 3
i - i vy rrp] el R 1) ¢l () ¢ pliet[o=
(i) ™" = Gomatl 5 oy S S bt T ¢ Ty g DERELD) DR
U W ath ”
2. [,4#1”'9 O gt {B11}
= wjfr] rat ey EHBIE n
e At gt il
I
where a further anti-hermitization!! is required piving rise to
trhi) Gyt . W
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we the wsual vot synnnetry adapted povetators of the (B13)
wmitary geonp of transformations over the bl manifold,
Plat in pritciple ingludes all operations, even those that
destruy the symumetry properties of the basis set. On the
other hand, oporators given by Eg. (B11) geterate alt . L i .
\ pre epe _ i@ terpd bebe | T St _
transformations of the symmetry adapted sub-nanifold Wh(::re. i Vrn'-{ﬂl] _‘”J" 2{‘€v*ri-f‘f1 + 5»11*'-9«)' [gvru-hb -
tliat, s diseussad provionsly, is a restriction of the %(Sﬂ:ﬂ: —E,T:E.';,KJ-

il mawifodd. in the semse that transformations arc
etfectively applied just on the represcotatives nf tho
sytnmetry adapied basis set by keoping unchanged all
their symmetvy propertics as provided by Egs. (2] and

(3).

I order to employ the substitution operators as gener-
ators of the set of oue-electron anitay bransforations,

"1 Exploiting the fact that opetator s Le anti-hermatien provided
2 is hermitian, and vice-tersa, the formulstion of the Unltary
Tiansformations as exponential functionals of anti-hermitian op-
#rators is equiivalent to that given in app. ©. However, the iormi-
lation in terms of anti-hermitian operatord is usefi for reatricting
the sub-manifold to veal {orthogonal) transformations
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Appendix C: HERMITIAN OPERATOR
ALGEBRA AND THE GROUP OF THE
UNITARY TRANSFORMATIONS

The vector space of one-particle Hermitian operators
together with the usuad commmtation operarion. whick
plays tie role of the antisynnnetric intermal produact, give
rise tir a Lie algebra {the Unitary Algebra) that is asso-
ciated to the group of all Unitary transformations jnko
the Hilbert spuce of many-particle wave-fonctions (the
Unitary Groupd.  The connection between the algelira
operaters and the group of transformations is provide:d
theongh the definition of the exponential of au operator,

expl = Z‘—:![f_-]", {C1)

Henee, the operator fonin of the naitary dransformation
associated to a Heomitian operator, namely 2, is given
by

Uz = oxpliZ], (<)

where the Hermiticity of Z ensuees that I } = [}(_ 7 =
U75' aecordmy to the definition of the exponential of op-
coators [Eq. (C1)]. Let T to be a given operator that
comante with Z. it appears that it will also commure
with the associated Unitary transtorination, as

2,7 = 0
2T = T2
7-lzf = %

Wi [T'IZT] — oprd
v [{‘X[J'EE]T = ex};ué
T0T - g — |z, Pl -0, (C3)

where Eq. {€17 has been considered in the formnlation
of the Rtele equality.

The set of Unitary Transtortnations, tooning a Lie
Gronp, Is alse a tanifold for which generalized deriva-
tives ave always well defined.  In actordance with
Eq. {C2), a path along the manifold may be given by
L‘QT = expicT where ¢ is a scalar parameter, and T a
Hermitian operator. Lok o given operator Z to trans-
forme along the path as

Zie) - U204
cxp|—ieT) 2 expliz T
Z+i[2, T+ o, {Cd)

where £ = 2(0) and in the last cqnality Eq. [C1) is
used. It arises from B, (C4), that the Arst directional
thaivative along the path is given by 4Z()/del =0 -
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Appendix D: MAXIMIZING EQUIVALENCES
BETWEEN THE SET OF PAIRS OF
EYMMETRY-ADAPTED VECTORS

Tn the symmetry adaption scheine disoussed in Sec. 1T
the coset representatives adopted i the partition of G
by a subgroup Gy, perform equivalences between basis
veetors thal belong to the same row of an IRREP p of
G, while the connection betweon voctors that belong to
different rows is performed by shift operators that are
constructed as linear combinations of symanetry opera-
tors. This kind of equivalence have & general formal ex-
pression in Bg. (5), and is here referred to as coset eguin-
alenee. The cosct cguivalenen can e straight forwardly
extended to objects that form vector spaces spanned by
divect products of the symmetry adapted basis set as it
is shown in App. A,

Nevertheless. the schieme s not applicable to sots of
general objects Nke, for instance, finctionals of voctors,
Tr the latber, the action of a sytinetry operatot on any
functional £({|w,}}] that depends sinmltaneonsly on the
set {fusd} of vectors gives rise to another funcrional ac-
cording to

$Fl{lu}] - FIS

wi)}] {D1)

A general set of objects of these kind way not be closed
under the tull set of synnelry operations § ¢ &, a fact
that makes the coset equivalence scheme not to be coough
50 as to establish symmetry cornespoudences within the
set, For instance, if one constructs b set of objects defined
by oxpressions that involve paits of symmetry adapeed
vectors, bs i the case of the stationary conditions of
the: Toys Functional {sec Sec. [V) i arises that thae the
symmnerry correspondences of the husis sot provieed by
Fap. (50 do not fully give tise to symmtry egnivalsnoes
between the conditions.

T several cases it is however possible to extemd the
synnnetry adaption scheme, in sich a wiw that also basis
vectors belonging o ditferout vows of an [RRET of the
snbgroup to display syminetry equivalences, Le. to be
comnected to each other thivough synunmetry operations.
These are the so-called vow equiralences which make pos-
sible to establish corrcspomdences botween non-linear ob-
jects, ws it Is shown in what ollows,

Accordingly, a particular ¢hoice of the voset represen-
tatives and rows of the IRREPs of (7, that is in principle

Y2 This allows to connect the algebia of the operalors Lhat gener
atas the Unitary Graup, and the algebra of observables under the
Poisson brackets that generates the cenonical transformations,
in the Divac and Hamilvon formalisms of Classical and Quantm
Meachanles, respectivaly, providing a nsebil and elegant matem-
atical tool to derive the correspondence principle of Quantum
Mechanics.

g b i A AT 1
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irrelevant for tho coset equivalence, will male s maximum
numirxer of vector components of the INDREDR basis sct
to be equivadent to ench other by ot least one synunetry
operation. More explicitly, given two vectors of ditferent
row indices {the last vne in our notation} |p, lu) and
[, Lar) thove shiould be at least one R € & for whicls
the llowing condition 1s o be satisfied,

Rlppi. L) = DU R api, L) = slupi, 1and,  (D2)

what mears that e matrix forin of i the p-IRREDP
of &, displays zeros in column e, except for the o-th
raw whoere it tabes o oon-tall value, £ (always a voot of
the nuity). Olbwiously, the produet of such an operation
with the coset representatives 5, 8577, allows tu obtain
veetor [, ¢y} trom g, gad.

T oneher to ewtoned Bl provions schetue to paits of voe-
tors (which Is actually whar is ueeded wlien sorking for
colivalences betweon cotnplex objects like the Fuster-
Boys cowtlivions) one shionl] take vare that the choices
o the coser vepresentatives o [RRED rows to be por-
formed so as the sane symmetry oporation gives rise to
cortespondences inall INDREPs or, at lesst, in the st
as possible of thew.

This kind of pair equivalence is trivially fulfilled when
thw yi-th and e~th IRREPs of subgronps G, anid Gy, re-
spectively. of a given paiv of symwetey adapred vectors
are oie=dunensioual, Symnietcy ouivalences inoeg, (12]
are thus completely dmninated by coset partition corre-
spordences,

Otherwise, we can in principle impose a stronger condi-
tion Lo 1he Dasis sel. of a giveny INDREP, which is baset
om additional coset decompositions of subgroup &, in
ters of Hs subygronps Gy, © G, € Gy, where e rep-
resentation subduced by the je-th IRREP of G, onte &y,
A= PEBelbed st he o onedimensional IRREP of the
latter and the partition G, =3, RL”’JG,,, must display
A b of cosets less than the dimension of IRREP .
Undler such conditions. a vector |y, g1} belonging to the
H-th IRRET of {7, envisages equivalences In the manner
of eq. {D2) for all operations R € Gy, provided that

Blapigt) = % DI (R)|upi., b}
11

IF

37 DRI X Yap, gh), (X € Gy,)
b

= 3 DYPRENDED (X pepi, o)

(5

= ¥UP X )ippi, gr), (D3)

where PP XY by B0 (X ) and PEFREDY 5,

Keeping the previons considerations in wind and given
a pair of sytanetyy adapted vectors, namely [pd, 115 and
|44, 110, that belony to different INDREDs and have
Leett chiosen sooas to Lolong to TRREPs @ awd 5 of sul-
groups G, aud G, respectively, they teausforin under
an arbitrary operation § € G according to

Blapi, 113 S‘g"-‘&i’.""l,{qnﬁ, 11}, (Rg” e )

= B ppi gt}
= AP B pi g1y
G, =3 R, B e G,)

m
- [Rg']]s.;u. }X:p(.', 145,y }{X‘E;m] )i, g,
(RYY = [REV i x 1)
= SR X P Y 1)
(D4)
Slogj 11}, = S RP|Im )y teal b X Ny 1),
(D3}

where for the sale of clazity we use a shorthand notarion
as e depends on e dwdce of 8, anel Fago (DS) results
froan s develop equivalent to that showu for Bg. (D4).
Making use of the relative fraedian i the clice of the
CORNL TRpPeseItalivis, e can pesel Si{,"} - b'y[R.EJ"}] il
s Su[ RS learding to the llowing cxpressions for
the pait equivalence

Slizpi, 1) = XU B O g, )
Slogg, 1) = ylrtiattied (XD pgd ). (D)

Thomgh for a given pair thore ave soversl ehoices of the
coset represeutatives that give rise to By (TG), this is
ot in genernl so it cotsidering afl possible pairs of vooe
tors of & given symumnectry adepred basis set, a5 o given
choice of the representative suitable o wake cqmivalonce
Lctwnnnn Ewe panies sy daot b apropriake whon iclaling
u third one. This is becanse it is ot in general possible to
ke o ote-to-otie eortespoidence between fhe cosets of
different INDREPs as the munbor of partitions depouds
on the dhiotee of the sabgroup i eaelr case. Tomost cases
a suitable way to build o symmetry adapted basis set
with a nroaimim musnber of rmw eguivalences would be
to adopt a tree schotne in which the coset represenratives
of a given TNDREP are choson so as to correspond to
the choics performesd i the INDREDPy paneratod by sub-
groups of higher dimension.  Accordingly, ohe can start
[eonn the INDREDR with the subgroup of highest dimen-
sion (being che wnber of coset wmal o |GG setting
awrbibrarily 1he cosot ropreserd adves, te remneining bisis
of the INDREPs can be constrncted in the order of de-
erensing the .\‘uhgmllp dimension so as 1o be consisten
with the choives of the previons INDREPs.

Tl is not in pgeneral giaranteed thial one can B eoquiv-
alewces between all basis set mciubers. Nevertheless the
passibilities are quite lmited when dealing with space
groups and comstraining the subgroup cioice iuto the ser
ol point subgronps. In thal case. the dimension of (he
IREEF: of thuste sabgronps wmst be less of equal chan
throe,

Let us now aualyze what kind of equivalences could
e obtained within the INDRED basis st when the TR-
RET of subpronp G, is two dinensional. According to
Fuy. (D2), it ix enogh to fid the apevators of (7, that
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potlorn rransforimations between the comiponents of the
IRRET basis set. The symmetry clements of the op-
erators able to perform this snhstitution can be easily
obtained Ly considering 2 uendel of the euclidean two-
dimension space, wecordingly they are: a plane perpen-
divelar to that contaiting the two basis set weetors fhat
Lisects the angle bitworn them, & O3 axis on the plane
containing the vectors ad bie the sane position as the
previously described plane and a €4 (and also 84) axis
poeependicular to the plane containing the vectors. The
other possible operations either provides o mixture of ba-
sis voctors upon operation over a siven component, or
leave invariant & given set of vectors,

In three-dimensional IRREFs the set of possible sym-
metry operations il work as in Eg. {D2) contalns all the
ones described for the two-dimensional case, with the ad-
ditian of these related to three-loll wxes along the largest
diggonals of a cube whose ediges are parallel to the three
bagis set componsnls. and oue of its angles coineides with
the origio.

Clalio Zicovieh Wilson
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Dynamics and Thermodynamics of Nanoclusters

Karo Michaelian'" and Ivén Santamaria-Holek'”’
(1) Instituto de Fisica, Universidad Nacionod Autdnoma de México, Apdo. Post. 20-364, Meéxico D.F., 01000
México. Email: karo@fisica.unam.mx
(2)Departamento de Fisica, Facultad de Ciencias, Universidad Nacional Auténoma de México, México D.F,
04510 México.

The dynamics and thermodynamic properties of nanoclusters are studied in two different environments; the
canonical and microcanonical ensembles. Comparison is made to thermodynamic properties of the bulk. It is
shown that consistent and reproducible results on nanoclusters can only be obtained in the canonical
ensemble. Nanoclusters in the microcanonical ensembie are trapped systems and inconsistencies will be found
in the formalism if thermodynamics is applied. An analytical model is given for the energy dependence of the
phase space volume of nanoclusters which allows the prediction of dynamical and thermodynamical
properties.

Los propiedades dindmicas y termodinamicas de nanocumulos estan estudiados en dos ambientes
diferentes; en el ensamble canonico y el microcanonico. Se hacen comparicion con las propiedades
termodinamicas del bulto. Es mostrado que resultados consistentes y reproducibles en nanocumulos solo
puedan ser obtenidos en el ensamble canonico. Nanocumulos en el ensamble microcanonico son sistemas
atrapados y si el formalismo de termodindmica de equilibrie esta aplicado, inconsistencias resultaran. Un
modelo analitico esta presentado para la dependencia en energia del volumen en espacio fase de los

nanocumulos que permite predecir propiedades dindmicas y termodindmicas.

PACS numbers: 36.40.Ei, 36.40.Mr, 36.40.-c

L. Introduction

Nanoclusters are small finite systems consisting of
from several atoms to several thousands of atoms.
These systems are interesting because their physical
characteristics are strongly size dependent. Ofien
changing the size by only one atom can alter
significantly the physical properties of the system.
Many new periodic tables can thus be envisioned in
which different sized clusters become the new
elemnts. Potential applications are enormous,
ranging from devices in nanc-clectronics and nano-
optics {Andres et al, 1996) to applications in
medicine and materials. A revolution in technology
based on nanoclustets is at the point of fruition,
predicted to be on a scale as large, or larger, than the
industrial or digital revolutions. However, before the
engingering designs can be contemplated, complete
physical characterization of nanoclusters is needed.
Of particular importance is the understanding of the
dynamic and thermodynamic behavior of these
systems in different environments.

The present article studies the dynamics and
thermodynamics of nanoclusters in two different
environments, the microcanonical and canonical
ensembles. It will become clear that the choice of
the environment, or ensemble, in which the
thermodynamic properties of the nanocluster are to
be determined is crucial since they generally lead to
different results. This is because in the
microcanonical ensemble, nanoclusters inevitably

become trapped at low energy in only a sub-region
of the encrgetically available phase space and so the
system never arrives at a true thermodynamic
equilibrivm. Consistent  thermodynamic  results
cannot be expected and any results so obtained will
depend omr initial conditions or subsequent
perturbation. However, under some circumstances,
and under the premige that the initial conditions can
be ascertained, dynamical information obtained in
the microcanonical ensemble may be useful in
describing the behavior of nanoclusters in a given
practical application.

The canonical ensemble is more suited to
obtaining reproducible thermodynamic information
which is independent of initial condition or
subsequent perturbation. This is because in the
canonical emsemble, the nanoclusters environment
is a thermal reserviot which allows exchange of
energy, permitting the cluster to pass energy barriers
and thereby visit all of available phase space.
However, even in the canonical ensemble caution
must be exercised before assuming thermodynamic
equilibrium. Energy barriers between different
isomeric forms (between solid —solid, or between
solid and mixed solid-liquid) of the nanocluster can
be very high but must be frequently surmounted if
the system is fo reach true thermodynamic
equilibrium.  Equilibration  times may  be
impractically large for many experimental or
simulation situations.
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Applying equilibrium thermodynamic formalism to
a system trapped out of equilibrium will lead to
inconsistencies and paradoxes in the formalism
{Callen, 1985). This has been the history of
nanocluster research since its beginnings. Principle
among these inconsistencies in the formalism has
been the reporting of so called “negative heat
capacity” and the presumption of the
thermodynamic validity of the results obtained in the
microcanonical ensemble. This has led some to the
surprising implicit conclusion that there are two
thermodynamics for small systems (Lynden-Bell
and Lynden-Bell, 1977; Wales and Berry, 1994).
However, we have emphasized before that
nanoclusters in the microcanonical ensemble are pot
in equilibrium and therefore it is incorrect to apply
the equilibrium themodynamic formalism to such
systems (Michaelian and Santamaria-Holek, 2007).
An important conclusion of this work is that since
all macroscopic results obtained on systems trapped
out of equilibrium will depend on the initial
conditions {which for nanoclusters still cannot be
adequately controlled in the laboratory) or on
subsequent perturbation, aff published results on
nanoclusters showld be carefully re-examined.

The focus for our study of the thermodynamic
propetties of nanoclusters will be the caloric curve,
and thus we first describe the anatomy of this curve
in detail in section I1. In section III we emphasize
the differences to be expected in this curve between
that obtained on material in the bulk and that
obtained on nanoclusters. In section 1V we mention
the frequent errors and caveats normally entertained
by the unwary analyst of the thermodynamics of
nanoclusters. In section V we present a simple
model for obtaining the energy dependence of the
density of states of a nanocluster in thermodynamic
equilibrium. This density of states can only be
obtained in the canonical (or macrocanonical)
ensemble since trapping is inevitable (if energy
barriers between isomeric forms are non-zero) in the
microcanonical ensemble. In the same section we
consider a modification of our model that allows us
to include energy barriers and thus simulate what
would be expected in the microcanonical ensemble
for particular initial conditions. This allows initial
condition dependent dynamical information to be
obtained. Comparison is then made of our results
with caloric curves and heat capacities obtained
using molecular dynamics at constant energy (the
microcanonical ensemble). Section VI presents our
conclusions.

JI. The Anatomy of a Caloric Curve

The caloric curve is the graph of the temperature of
a system as a function of its internal enctgy. The
temperature is defined as the inverse of the partial
derivative of the entropy with respect to energy at

constant  particle  number and  constant

-1
volume; T = [?ﬁj . It is thus an inverse
YN

measure of how fast the entropy is increasing with
respect 10 the energy; if the entropy increases slowly
with energy, the temperature is high, and vice versa.
At the melting energy, the caloric curve
demonstrates an inflection which is due to the
sudden increase in the number of modes for storing
energy in the clusier as the cluster becomes liquid
(atoms in the liquid can carry translational kinetic
energy related to their diffusion within the volume).
Figure 1 shows a typical caloric curve for a
nanocluster demonstrating a phase transition at an
encrgy of 7.5 eV,
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Figure 1. Example of 2 calaric curve, for a nanocluster.

The heat capacity is the inverse slope of the caloric

(aT)" . ,
curve, Cp v = —| , and is thus an inverse
N \OE Jy

measure of how fast the temperature is changing
with energy; if the temperature increases slowly
with energy, the heat capacity is high, and vice
versa. The slope of the caloric curve before the
transition, when the cluster is solid, is given by the
Dulong-Petit law. For a cluster of N atoms which
is neither rotating nor translating (angular and linear
momentum fixed at zero), there are only3N -6
normal vibrational degrees of freedom. Each
vibrational degree of freedom contributes two
modes for storing encrgy; one in the kinetic energy
associated with vibration, and one in the potential
energy (these are the two quadratic terms that enter
the Hamiltonian for the solid). E ach of these
contributes 1/2kto the heat capacity (assuming

that the energy is high enough to excite all
vibrational modes). The heat capacity of the solid is
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thus (3N — 0}, the Dulong-Petit law, and the
stope before the transition (where the system is
solid) is therefore 1/(3N -6}k, . This siope
before the transition is the practically the same for
both the nanocluster and for the bulk. Note that the
slope of the caloric curve before the transition is also
the same for whatever symmetry the cluster or bulk
may be in. This is simply because there are always
only 3N — 6 vibrational degrees of freedom, The
energy intercept of the caloric curve can be different
however, depending on the binding energy of the
particular symmetry.

Approaching in energy from below the solid-to-
liquid transition, the slope of the caloric curve for a
nanocluster decreases (the heat capacity increases)
because new modes for storing energy come into
play. These modes are related to the fact that the
surface atoms are now relatively free to move over
the surface of the underlying solid structure and thus
can carry energy in their translation modes on the 2-
dimensional surface of the structure. The 3N — 6
vibrational degrees of freedom remain even though
they take on a lower frequency and become
anharmonic. Each of these new translational modes

contributes a further 1/2k; to the heat capacity
and thus the heat capacity increases
as(3N — 6+ i)k, where iis the number of atoms

in the liquid (the cluster may be mixed solid and
liquid).

The heat capacity can also be written in terms of the
entropy as the second partial derivative of the
entropy with respect to energy divided by the rate of
change of entropy with energy (at constant volume
and particle number),

8°s o5
Cyy(E)= — : 1
wo=25) N3, o

It is also possible o write the heat capacity in terms
of the phasc space volume {or density of states)

I'(£} using Eq. (1) and the Boltzmann equation,
S(E)y=k,InT(E). This gives,

C,_N(E){l_w]' '
. FI(E)Z

The heat capacity thus depends not only on the
phase space volumel”, but also on its first and
second derivatives with respect to energy,

"2 0T/ 0E jqT" =0T /OE (af  constant
Vand N).

@

From equation (2}, we note that for the heat capacity

2
1o go negative, it is required that T / re> l‘
Such a change in the phase space volume will be

referred to as “abrupt” in the following. Borrowing
from the language of cosmology, one could say that
the heat capacity goes negative when the phase

space inflation, defined as TT"/T'*, becomes
greater than unity. It can be ascertained that this will
happen onty if the phase space volume T increases
faster than exponentially with energy {Michaelian
and Santamatia-Holek, 2007),

II1. Bulk versus Nanocluster
Thermodynamics

The microstates contributing to the thermodynamics
of bulk material {containing over 10* atoms) are
overwhelmingly determined by the atoms of the
volume. Except for particular processes, such as, for
example, the initiation of melting, surface atoms
play very little part in the thermodynamics, simply
because there are too few surface atoms as
compared to the vast amount of atoms of the bulk.
Although a given bulk material may have a number
of possible symmeiries (eg. fce, bee, hep, etc.) these
symmetries are separated from one another in state
space by very large energy barriers that can only be
surmounted at the melting temperature (the phase
transition). At the energy of melting for the bulk, in
the microcanonical ensemble, all symmetries
become simultancously accessible and the phase
space increases instantaneously leading to a
singularity in the caloric curve which takes the form
of a delta function. This leads to a discrete increase
in the entropy and is the description of a first order
phase transition.

Below the iransition energy, all bulk materials
cannot be in true thermodynamic equilibrivm
because there exists other symmetries corresponding
to phase space regions that are never sampled.
However, for all practical purposes, before the
transition, the bulk can be considered as having
obtained thermodynamic equilibrium while existing
in only one particular symmetry. This is because
other symmetries, under normal circumstances, can
almost never be accessed because of the large
energy barriers between symmetries, and thus the
corresponding microstates can  be  effectively
neglected within the thermodynamic formalism,
After the melting singularity, all these bulk
symmetries and many more, come into play
simultancously. Different symmetries of the same
materizl are named differently {(eg. graphite and
diamond} and the caloric curve and other
thermodynamic results for a given symmetry are
always reproducible because the initial condition is
easily determined.
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The thermodynamics of nanoclusters is different
from that of the bulk precisely because the number
of surface atoms is greater than, or of the order of,
the number of volume atoms. The surface atoms
have lower coordination (fewer nearest neighbors)
and are thus less bound to the rest of the cluster by
the potential. This fact, coupled with the finite size
of the system, often implies that the different
symmetries available to the cluster are separated
from ¢ach other by barriers that ¢can be below the
melting energy. Solid te solid transitions are thus
allowed before the melting transition.

The finite size of the system also means that new,
additional, symmetries (for example, the icosahedra
and decahedral) are allowed for the nanocluster
while they are strictly forbidden for the bulk. Also,
because nmancclusters are very small  systems,
thermodynamic averages (macroscopic results)
imply that measurement must be made on an
ensemble of identical systems. It is currently
impossible experimentally to be able to conirol the
initial conditions and so the distributions of the
clusters among their many different allowed
symmeiries will depend very much on the non-
equilibrium process used to form them.

Since it is not possible to control initial conditions,
and furthermore since each member of the ensemble
can change symmetry even before the transition
energy, the only way to obtatn useful (reproducible}
information concerning the behavior of nanoclusters
is to assure that one has a truly thermodynamic
equilibrium distribution over all symmetries at ali
energies. This, because of trapping by barriers, can
only be obtained by employing a canonical
ensembie in which energy can be utilized from the
thermal reservoir to surmount the barriers.

Thus, for a nanocluster, the different symmetries
come into play at energies below the transition, and
this is due to the surface atoms being less tightly
bound. The phase space volume of a cluster thus
increases more gradually near the transition than
does that of the bulk and there exists no singularity
but rather an extended region in energy over which
the heat capacity gradually increases as the system
gains new modes for storing energy. These modes
for storing energy are related to the fact that the
atoms in the liquid are no longer constrained to
particular symmetries but are relatively free to pass
over barriers and so can carry Kinetic energy of
diffusion over the 2-dimensional swrface of the
underlying solid part of the cluster.

However, it is not always true that the cnergy
barriers between different symmetries are below the
solid to liquid transition energy. In figure 2 we show
that the energy barriers (blue or dashed lines)
between the icosahedral (red or dark grey) and

decahedral (green or light grey) isomers for the
nanocluster Naj,; are large and in fact reach up to
the energy (= 7.8 eV) of the transition region, Note,
however, that in a truly equilibrium distribution, the
microstales corresponding to the decahedral isomers
should be accounted for at an energy of = (.8eV,
which is well below the transition energy of = 7.8
eV.

o 1 15 2
Enerpy (o)

Figure 2: Plot showing the heights of the energy barriers
{blue or dashed lines) between various isomers of the
icosahedral (red or dark grey) and decahedral {green or
light grey) isomers of Nay. The red (dark grey} lines
mark the energy bamiers between different isomers of
icosahedral symmetry while the green (hight grey) lines
mark the energy barriers between different 1somers of
decahedral symmetry. Data were obtained using a genetic
algorithm to search the Gupta potential energy surface.
Details are given in reference {Michaelian, 2003).

IV. Frequent Caveats encountered in the
Analysis of the Thermodynamics of
Nanoclusters

As mentioned above, the fact that clusters can
become easily trapped in different symmetries, that
this trapping is a function of energy. and that initial
conditions cannot be adequately controlled, has led
to the publication of many unfortunate and false
conclusions  concerning the  thermodynamic
propertics of nanoclusters. The errors related to
these frequently encountered caveats will be
discussed here because their clarification leads to a
better understanding of the thermodynamics and
because it is important correct historical errors
which have become folklore within the nanocluster
community.

The energy barriers between different isomers of the
same symmetry are usually small while those
between isomers of different symmetry are large and
often reach into the transition region (see Fig. 2).
For sufficiently low energy in the microcanonical
ensemble each cluster of the ensemble, just as in the
case for the bulk, is trapped in one particular
symmetry, which depends, of course, on its initial
condition. However, unlike in the case of the bulk,
the cluster may leave the particular symmetry before
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reaching the transition enmergy. As a specific
example, figure 3 demonstrates this untrapping of
isomers before the transition for LJ,. The figure
shows the “caloric curves” obtained in the
microcanonical ensemble {at constant emergy) by
starting from the four different isomers of L), whose
geometry is shown in the inset of the figure. From
the figure it can be ascertained that below an encrgy
of 1.5 in vnits of £ (£ is the depth of the potential
well for binary interaction) the cluster is trapped in
the particular isomer defined by its initial condition
and there are 4 distinct caloric curves, each
corresponding to a different initial condition or
isomer. Untrapping occurs at 1.5g& which is
considerably lower than the transition energy of
35€.
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Figure 3: (a} Four different caloric curves are obtained for
L); by starting constant energy molecular dynamics
simulations in the different isomers shown in the inset.
This dependence on initial condition highlights the
unavoidable trapping in the microcanonical ensemble. {b}
Energy barriers between the different isomers obtained
through a genetic algorithm search on the potential energy
landscape, described in (Michaelian et al., 2003). The
barriers found in (b), the lowest at 1.3 £, are in agreement
with the results obtained in {a).

For larger sized clusters, the energy barriers between
the different symmetries become higher and move
closer in energy {o the transition region. For larger
systems, there is also the possibility of new
microstates corresponding 1o part of the cluster in
the solid phase and part of the same cluster in the
liquid phase (referred to as phase separation in the

literature). These states may inchide one, two, three,
etc. up to all N atoms in the liquid.

it has often been assumed that these mixed solid-
liquid states do not contribwe to the
thermodynamics below the transition energy, as it
was argued that an cnergy cosi of a presumed
interface between the solid and liquid had to be paid
{Wales, 1993). The nature of the interface, however,
was never explained nor even questioned. Apparent
support for this hypothesis was claimed in the fact
that only rarely were mixed solid liquid states found
in Monte Carlo and Molecular Dynamics
simulations of clusters. The true reason for not
finding these states, however, is related to their high
energy barriers and not to a supposedly high energy
for these states due to the existence of a hypothetical
interface. The unimportance of these mixed states to
the thermodynamics gradually became academic
folklore without ever being seriously challenged or
tested.

The heights of the energy barriers separating these
mixed solid-liquid states from the solid states
depend not only on how many atoms are i the
liquid but also on the nature of the symmetry of the
underlying solid structure. For a large enough
nangcluster in the microcanonical ensemble, these
mixed solid-liquid states will be hidden from the
simulation or experiment until surmounting their
particular energy barriers. For the case of the magic
number clusters (corresponding to closed geometry
shells of a given symmeiry)} the barriers separating
the mixed states from the solid states may be higher
than the barrier between the all solid and all liquid
states {even though the mixed states are available
but not accessible at a significantly lower energy
than the all liquid states). Therefore, in the
microcanonical ensemble increasing the energy of
the ¢luster may lead to a direct jump from the all
solid (or nearty all solid) to the all liquid {or nearly
all liguid) states. In this case the measured phase
space inflation may become so large that the
apparent heat capacity, as determined by equation
(2), may become negative. We emphasize, however,
that what 15 being measured is not a true heat
capacity since the system is not in thermodynamic
equilibrium in the microcanonical ensemble because
of trapping. The mixed solid-liquid states are hidden
by the large energy barriers but must be accounted
for in an equilibrivim calculation. Exactly how all
this comnes about and leads to the determination of
“negative heat capacity” will be made clear in
section V with the help of our model for the energy
dependence of the phase space volume of a cluster.

A further inconsistency resulting from ignoring the
mixed solid-liquid states, and thus incorrectly
assuming thermodynamic equilibrium, is the
difference in results obtained in the microcanonical
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and canonical ensembles. Although the ensemble
defines the different environment, it should not
affect the sought after thermodynamic properties of
the system under consideration. There is only one
thermodynamic equilibriwm state and this state must
be determined identically and independently of the
ensemble used. Unfortunately, this basic fact was
overlooked and the inconsistencies obtained, such as
negative heat capacity, are ofien considered as
exotic thermodynamic attributes of these novel
systems (Schmidt et al., 2001, Helmer, 2001).

V. Mode!l for the Phase Space Velume of
a Nanocluster

We seek an analytical model that can accurately
describe the true thermodynamics of nanoclusters.
Preferably, such a model should allow for the
introduction of energy barriers between different
microstates of the system in such a way that we may
also uvse the model to describe the spectrum of
dynamical behavior that would be observed for a
trapped nanocluster in the microcanonical ensemble.
Furthermore, we would like our model to be valid
over a useful range of energies, including the phase
transition from solid to liquid.

We begin by considering the possible microstates
available to a nanocluster assuming onty two phases,
the solid and liquid. We seek the energy dependence

of the phase space volune I'(£) for an ensemble

of clusters in thermodynamic equilibrium. In
practice, this could be obtained from the energy

probability density p(E,T,)of a canonical
ensemble of clusters in true thermodynamic
equilibrium at temperature T.;
T(E)= plE, T Zexp(E/k,T,). (3) with
Z the partition function. At any temperature 7 , for
each member of the ensemble, there may be one,
two, three, ¢tc, up to N (N = number of atoms in
the cluster) atoms in the liquid. Each of these
possibilities contributes to p(E,T,) and thus

toT'(E). Bvery one of these possibilities is a
microstate that must be counted, weighted (in the
canonical ensemble the microstates have different
probability (Callen,1985), and averaged over in the
determination of the thermodynamics,

An alternative bwt equivalent and more
straightforward procedure is to assume no energy
barriers and develop the phase space volume in the
microcanonical ensemble. We have presented this
procedure  in  detail in  another publication
(Michaelian and Santamarfa-Holek, 2007) so here
we only give a summary of the procedure. We

construct a model for the phase space volume of a
nanocluster, including the change at the solid to
liquid transition, by considering the contribution to
the total phase space of each partial volume
I'; constituted by i particles in the liquid phase in
interaction with N —7 particles in the solid phase:
T(EY=(NY(N -t TUET (E), )

where ['(E) and T_(E) are the liquid and
solid phase space volumes. The combinatory factor
gives the number of ways to distribute ¢ particles
from N identical particles between the liquid and
solid phases. The total phase space volume is then
obtained by summing over all possible partial
volumes constituting all distributions of particles

among the solid and liquid: T'(E) = ZLF,.(E)A

Note that, the microcanonical ensemble imposes no
restrictions on how the energy E is distributed over
the system.

The phase space volume for a classical system
increases as a power law in the energy, where the
power exponent is equal to one half the number of
quadratic terms which enter the Hamiltonian for the
system.

Thus, a simple model of the energy dependence of
the phase space volume, which includes the change
in the number of degrees of freedom upon melting,
for a cluster of N atoms (with total momentum and
total angular momenturn fixed at zero) is,

N N1 £\SWIG o p i
e cZo: (N - s)m('g"‘) (E] (3)

where cis a constant and E is the characteristic
energy of the solid to liquid transition. In the
harmonic approximation, £ “can be taken as the
geometric mean of the normal mode vibrational
frequencies v, of the

L] N_
solid £~ = ¢ -3”‘4?’1_[; 6V,. . The first energy

factor in Eq. {5) corresponds to contributions to the
phase space volume due to the solid part of the
cluster while the second corresponds to
contributions due to the liquid part, with the
extrad modes for storing energy per atom. As
mentioned above, for a cluster there are nominally
A=2 new modes related to the translational
energy of the atoms moving over a 2-dimensional
surface. The different values of f correspond to the
different grades of melting; for i = 0 the cluster is
all solid, for i = N the cluster is all liquid, for
f= N/2half the atoms are in the solid part and
half are in the liquid part of the cluster.

¥
;
!
!
t
i

S




Karo Michaelian and Ivén Santamaria-Holek

Since the thermodynamics is independent of an
arbifrary constant multiplying the phase space
volume (only changes in entropy are important),
equation {5) may be rewritien in the more condensed
form,

E IN+i-b
[(E)= dZ(N—:)"( J (6)

Given this density of states, it is then
straightforward to calculate the thermodynamics of
the system using the Boltzmann equation,

S(E)=k,In['(E). The temperature is then

given by,
_{asEY
o0,

and the specific hear (heat capacity per atom) by

-1
1 | C(EY(E)
N ['(E)’

The caloric curve and the specific heat for the
cluster Na,,; obtained using the density of states as
determined by equation (6) are given by the solid
line in figures 4(a) and #(b) respectively. These
curves represent the results that would be obtained
for a cluster in thermodynamic equilibrium. In this
case all mixed microstates (different terms in
equation (6) corresponding to a different number of
atoms in the liquid) are included. The specific heat
shows a smooth increase Fom its value of

(BN -6)/N in units of k; to its value of
(4N — 6}/N . The transition is not the abrupt first
order transition of the bulk, but of order & .

CV,N ()=

We may now ask what would happen if our
measurements  were  performed  in the
microcanonical ensemble where they are affected by
the energy barriers. This would correspond to the
dynamics of a trapped system. If we assume the
extreme case in which all mixed solid-liquid states
have high barriers reaching into the transition
tegion, then our system would go directly from the
all solid into the all liquid states. To model the
energy dependence of this phase space volume it is
necessary to remove all intermediate terms in
equation (6) corresponding to the mixed solid-liquid
states. This leaves us with just two terms, that of the
all tiquid and that of the all solid states,

IN-6 A4N-6
I"(E)=d{[§.) (£ ] o

The corresponding “caloric curve” and “specific
heat” curves are given by the dashed lines in figures
4(a) and 4(b) respectively. In this case, the transition
is not smooth, but abrupt and the measured specific
heat becomes negative. This, as mentioned above, is

not a thermodynamic result since the measured
phase space volume given by Eq. (7) does not
correspond to a system in equilibrium, but instead to
a trapped system.

20
2 -
1 .
0 .
i
-4} E: -
-2 i b \ 1
0 5 10 15 20

Figure 4. (a) Caloric curves for Nayy, obtained with
the full phase space volume, Eq. (6), (solid line) and
sampled non-ergodically for the extreme case of all the
atoms going to the hiquid simuoltaneously in energy, Eq.
(7), (dashed line). {b) The coresponding specific heats.
Apparent negative specific heat is found for the non-
ergodic case. Taken from (Michaelian and Sanatmaria-
Holek, 2007).

In reality, different mixed solid-liquid states could
have energy barriers of different height. A more
correct description of the energy dependence of the
measured phase space velume for such a trapped
system is therefore not the extreme case as given by
equation {7) but ane in which we have a different

E” for each mixed solid-liquid state. Qur equation
{6} then becomes

E AN kit
[(£)= dZ(N_)m[ J (8)
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What E: ’s to use depend on the energetics of liquid

over solid structures. Obtaining the E, from the
potential model or experiment directly is not as
difficult a task as would seem at first sight. Given
the experimental or simulation specific heat curves
we can fit the specific heat curve obtained by theory,
using equation (8) in equation (2), by varying the
E]. Figure 5 shows the resuli of fitting the

theoretical specific heat to the specific heat
determined through molecular dynamic results at
constant energy (Reyes-Nava, 2003) minimizing the

xiof the fit by varying the E:‘s‘ The
corresponding best fit barrier heights E, for the

different mixed solid-tiquid states with §atoms in
the liquid are given in figure 6.
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Figure 5: (a) Calon¢ curve for Nay, obtained from
melecular dynamics runs at constant energy (Reyes-Nava
et al., 2003) (crosses) and using the model phase space
volume Eq. {6) {dashed curve) The solid curve is a fit
using Eq. (8) with the E;as given in figure 6. (b)
Comespending specific heat curves,

Note that as suggesied above, the all solid to all
liquid bartier { E. i = 20) is lower than the E; for

many mixed solid-liquid states. It is this fact which
leads to the false determination of negative heat

capacity for larger sized clusters (eg. Nayys).
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Figure 6: The energy barriers E: for the mixed solid-

liguid states with fatoms in the liquid for Nay
Obtained by fitting the model specifc heat capacity,
using the phase space volume of Eq. (8), to molecular
dynamics results at constant energy (see Fig. 5).

V1. Conclusions

We have studied the dynamics and thermodynamics
of nanoclusters in two different environments, the
canonical and the microcanonical ensembles. We
have shown that equilibrium thermodynamic
properties can only be obtained from the canonical
ensemble and that nanocfusters in  the
microcanonical ensemble are trapped systems.
Negative heat capacities and differences between
results obtained in the canonical and microcanonical
ensembles are simply inconsistencies that result
from  applying  equilibrium  thermodynamic
formalism to a cluster trapped out of equilibrium.
Nanochisters  differ in  their  thermodynamic
properties from the bulk in that many possible
symmetries coastitute the accessible microstates and
because energy barriers between solid and mixed
solid-liquid states are variable. This is dug to the fact
that surface atoms are jmportant in the
thermodynamics of nanoclusters and these are less
tightly bound.

We have given a simple analytical model to describe
the dynamics and thermodynamics of nanoclusters
and have shown how this model can be used to
understand the false determination of negative heat
capacity and the differences obtained in the two
different ensembles. We have also used our model to
determine the barrier heights for the mixed solid-
liquid states, which we suggest will be of great
utility to the study of the dynamics of nanoclusters.

Since any system trapped out of equilibrium will
demonstrate macroscopic results which depend on
the initial conditions, we suggest that all previous
results on nanoclusters should be carefully reviewed.
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Transmittance of a layer of metamaterial

H. Ruiz-Luna!, Xéchitl Saldafia®, A, Enciso’ and D.A. Contreras-Solono!
'Escueta de Fisica, Universidad Autinoma de Zacoiecas,
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*Insiituto de Fisica, Benemérisa Universidad Awdnoma de Fuebla,
Apariado Poscal J-48, 72570 Puebla, Fre., México.

We cateulawe the transmittance for normal incidence of a layer with negative refractive index i the frequency
range from 4 to 6 GHz. We also calewlate the dependence of the transmittance with the mcident angle for both
TE and TA polarizations (or several selected frequencies. For 4024 GHz the laver has high wansmitance
for both polarizanens, mainly for TE waves, For 4.21 GHz the ransmuttance curves ate identical for both
pulanzations for all values of incident angle. We compare these results with those obuained for a layer of
positive refractive index.

Calculamos Lz wansmitancia para incidencia normal, de una capa con indice de refraceidn negativo en el
rango de ireevencias de 4 a 6 H2. Para varias frecuencias seleccionadas, también caleulamos la dependenci
de la transmyitancia con el dngulo de incidencia para ambas polarizaciones TE y TM. Parm 4.024 GHz se tene
elevada iransmitancia para ambas polarizaciones, principalmente para ondas TE, Para 4.21 GHz {as curvas de

transrnitancia son idénticas para ambas polarizaciones. para todos los dngulos de incidencia. Comparamos esios

resultados con los obtenidos para wna capa con indice de refraccidn positivo.

PACS numbers: 42.25,Rs; 78200178 b

I. INTRODUCTION

The tirst to inroduce the concept of a material with a nega-
tive refractive index was V. Veselaga'. He predicted the pos-
sibility to have such materials, for which bath the magnetic
permeabibty and the elecuic permittivity were sinulanecusly
negative, He published a theorerical analysis of several ex-
traordinary eleciromagnetic and optical properties thal these
materials would exhibil. These materials, also known as lei-
handed malerials or metamatenials, were only a theoretical cu-
riosity for 30 years. At the end of the decade of the 90 these
materials with negative refeaction were fabricated, using thin
wires and split ring resonators (SRR) made of copper™™, con-
firming the predictions of Veselago, Inidially, these mateni-
als had negative refraction fur frequencics in the range of mi-
crowaves, However, there are recent reports of materjals with
negalive Tefraction for optical frequencies®. In this work, we
calvalate the transminance of a layer of material with negative
refractive index for which both the magnetic permeability and
the electric permittivity are negative for the frequency range
from 4 10 6 GHz, using a dispersion formula aken from the li-
erature. We calculate the transmittance for normal incidence
i the range from 4 to 6 GHz for a layer width of L5 em.
Likewise, we caleulate the dependence of the transnuitance
with the incident angle for both TE and TM polarizations for
several frequencies. We compare these results with those ob-
tained for a layer of a normal material with positive refractive
index. For the caleolations, we use the procedure deseribed in
the baok of P. Yeh®.

1. THECRETICAL MODEL AND METHOD OF
CALCULATION

In order to calculate the ransmittance. we follow the ap-
proach used by Yeh” 1o build the transfer mawmix of the struc-
re. We consider a one plane dielectric Yayer, The layer is
perpendicular to the x axis, with width ,, electric permitivity
€1,and magnetic peemeability ¢, The medium of the layer is
homogeneous and isotropic. The refractive index 1 is given
by

L1y
Eipjn

m - £

o

Where £o and g are the permimivity and the permeability
of the vacuum, respectively. In Eq. 1 the plus sign is for nor-
mal materials with positive refractivn which have =y and
simultanecusly positive. The minus sign is taken for metama-
terials. which is congruent with the boundary conditions for
the electromagnetic fields when both oy and jry are simieba-
neously negative, For metamaterials, £, negative is oblained
wilh an array of thin metallic wires and j4; can be made neg-
ative using an array of Split Ring Resonators (SRIT). With
these arays the dispersion for £, and e takes the form®™",

E_1=1_&. o _i 2
3] R .a”—f,'-z -

Where f is the frequency, f, the plasma frequency. f, u
resonance frequency, and F' a geomelrical faclor, For Eq. (2)
we suppose a lossless material. ' We consider an electromag-
netic plane wave propagating in the T2 plane, coming from
the left in a medium with refractive index ry. The plane wave
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is incident on the layer with refracove index 1;. At the right
hand-side of the layer, the wave propagates in a medium with
relractive index nz, We can write the wave tunction in cach
medium in the following form

b = Ajcifl:j-r‘—ui,] + Bjei[E'j-F—wl] @

Where ; = 0,1, 2. The first and the second term on the right-
hand side of Eq. 3 represent propagation to the right and to
the ledt, respeciively, Le. the forward and the backward waves.
The index j = O represents the medium with refractive index
ny  the lefi-hand side of the layer. In the medivm at the
right-hund side of the layer we consider only propagation o
the right, consequently B = (. E; and k_;; are the forward
and buckward wavevectors for medum §, ¢ i the time, ur the
angular frequency, and ¢ the imaginary unit, If the wave is
incident ar an angle &y with the normal to the layet, the Law
ol Snell gives

o s o = vy sl @) = wasind; {4)

The wave propagation from mediom 0 o medium 2 through
the layer is described by

AnY _ f My My Az ()
Ba ] TV My My 4] !

Whete the 2 = 2 transler matris is given by

(bt ) =Bitomoy'2s ©

The matrix 2; is called the dynamical or ransmission ma-
Irix, and arises Cron the continuity conditions on Lhe electnic
and magnetic fields at the interface between media 3 — 1 and
4. Py ts the kinematical or propagation matrix inside the layer,
Their forms are given by

TE 1 1
D),- = ...jr: by (7}
| s cosd
D}ﬁfz[:if ‘“‘f}’] (8)
'q-ihrh [ 0 .
P = [ 0 RISENT ] &l

The two different polanizations TE and TM are indicated.
Z, is the wave impedance, given by

z, = 5 (10
%y
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The transmittance T is given by the ratio of the Poynting
power flow of the transmitted wave to that of the incident
wave, and is given in terms of the ransfer malrix, by

o Z[]Cl)ﬁlqg. 1 *
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Figure 1. Frecuency dependence of £ and .
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Figure 2. Frecuency dependence of the trasmittance T for the
interval of negative refraction. ¢, = 1.5¢n
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Figure 3. For f = 44024 GHz angular depeadence of the
trasmittance T, (a} T'E polarization, (b) T M polarization.
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Figure 4. For f = 4.05 GHz angular dependence of the
rasmittance T (a) TF polarization, {b} TAf polarization.

TI.  RESULYS AND DISCUSSION

We use the dispersion model of Eq. (2). We take the values®
fu = 10GH F = 0.56, and f; = 4 GHz. We present in Fig.
1 the dependence of £y and j1; with the frequency f. Both
£y and yyy are negative in the frequency range from 4 o 6
GHz, The negative refractive index is given by Eq. (1), where
the misus sigh must be taken from 4 w 6 GHz. We consider
a suucture which is a layer of metamatenal sitoated in vac-
uum. The media before and after the layer have a refraclive
index rig = sy - 1.0, We calculate the transmittance T us-
ing Eq. {11} for normal incidence, from 4 10 6 GHz, for a
layer width of 1.5 cm. which is a quarter wavelength width
for a frequency of 5 GHz, in the middle of the range from 4
to 6 GHz. We show in Fig. 2 the spectrum of transmittance,
which presents an intrincate behavior. The curve of T begins
at f — 4 GHz from zero and increases abruptly to T - | for
f = 4024 GHz, then decreases to T ~ 0.064 for f = 4.06
GHz, and increases again to T = 1 for = 4.21 GHz. Af.
ter that, the curve is smooth. For the three foregoing ¢ntical
points, we analyse the dependence of T with the incident an-
gle for both TE and T°Af polarizations for the same width.
TIn Figs. 3(a) and 3(h) we present the angular dependence of
Tl f = 4.024 GHz, for the TE and TM polarizalions,
respectively.  For TE waves the transmission is practically
1 almost for all the angles, up (o approximately 857, while
for TM waves is approximately | up 1o 457 Figs. diu) and
4{b) show the angular dependence of T for f = 4.5 GHz
and T'M polarizations. respectively. For both polarizations T
begins with a value of about 0.69 for normal incidence and
for TE waves the transmission increases with the angle and
reaches the value of | ai around 42° and then decreases. On
the other hand, for TAf waves the transmission has 3 mono-
tonic decline with the angle.
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Figure 5. For f = 4.21 GHz anguiar dependence of the
trasmittance T. (a) T F polarization, (b) TAS polarization.
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Figore 6. For f = & GHz angular dependence of the
rasmittance T (a) TE polanization. (b) TM polanzation.
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In Figs. 5(a) and 5(b) we present for f = 4.21 GHz the de-
pendence of T with the incident angle for both polarizations.
We puimt out that a this value ol lrequency, she angular de-
pendence of T is practically the same for both polarizations.
In Figs. 6{a} and 6(b) we show the angular dependence of
T for a value of frequency which is not a critical poini; we
choase f = 5 GHZ, a value 1n the middle of the interval from
4 10 6 GHz. For both polarizations T starts with a value of
around 0.92 for normal incidence. For TM waves the trans-
mission increases with the angle up to the value of I at around
74° and then decreases. On the other hand, for TF waves
the transmission has a monotonic decline when the angle in-
creases. This behavior of the polarizations is opposite to that
of the polarizations for f = 4.05 GHz. In order to compare,
we also have calculated the transmittanee for a layer of ma-
terial with positive refractive index. ny = 1.5, with the same
width 4; = 1.5 cm and f in the same jnterval from 4 w0 &
GHz. Fig. 7 shows T v § for normal incidence. By com-
paring wilh Fig. 2 for nepative refraction, the curve of T ovs
for positive refraction is very diferent. For positive refraction
the curve for T is smooth, with a slow monotonic decrease. Tn
Figures 8{a) and 8(b) we show the angular dependence of T
forr, = 1.5 and f = 4.024 GHz for both polarizations. For
TE waves the curve for T has a monotonic decrease, while
for TA waves the wansmitlance increases with the angle up
to the value of | approximately in the interval betwesn 42°
and 66°. This behavior for obligue incidence, for positive re-
feactive index, is simitar to the behavior for f = SGHz in he
case of negative refraciion, Fig. 6. For positive refraction. the
behavior of T for oblique incidence, for other values of f, is
simitar W that observed Tor f — 4.024GHz,
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Figure 7. Frecuency dependence of the transmittance T for
positive refractive index, vy = 1.5, oy = 1.5¢m,
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transmitlance T for positive refractive index, 1 = 1.5. (a)
TE polarization, (b} TA polarization.
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IV. CONCLUSIONS

We have calculared the cransmittance of a layer of metama-
terial, using a dispersion modet which gives negative reftac-
tion index in the imerval of frequencies from 4 1w & GHz. For
normal incidence. the dependence of the transmittance with
the frequency is complicated, showing three critical points in
the interval. We have swudied the dependence of the trans-
mittance with the jncident angle for four vahies of frequen-
cies, including the above mentioned critical poines. For the
cribical point in f = 4.024 GHz the twansmitlance is prac-
tically toral for all the values of the incident angle for TE
polarization, while for TAS polarization the ransmittance is
practically wal up 10 45°, For the critical pointin f = 121
GHz both polarizations have the same transmission curve in
the whole range of angles from 07 o 207, For the enitical poim
a f = 4.05 GHz and for § = 5 GHz, the curves of twansmis-
sion for TE and TA waves present opposite behavior. For
the first value of frequency, the ransmizsion of the TF waves
reaches the maximum of transairance for 62° and the trans-
mission for TAF waves is monotonically decreasing. On the
other hand, for the second value of frequency. the transmis-
ston of TM waves reaches the rmaximum of transmittance for
74", while the curve of wansmission for TF waves is mono-
tonically decreasing. For positive refraction and normal inci-
dence, the dependence ol the transminance with the frequency
is smooth. The dependence of the tr e with the in-
cident angle, is simitar for all the values of the frequency. for
positive refraction,
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We calculate the optical frequencies of a petiodic arvangement of metallic cylinders. The non-
magpedic evlindens aee deseribed by the dislectric constant ¢fw)] = 1 — wifo® and their nagnetic
response s dile to the odedy curreits cicculating in a narcow skin lakey, The E- and H-polarizatione

are consithured.

Calenlaruos las frecuencias Spticas de un arreglo peciddico de ciliudros metilicos. Los cilindros no-
magnéticos se describen por wna constante dieléctriea del Upe efw) = 1 — wj/uw’ ¥ sn respuesta
magnética se debe a lax denominadus "edily currents” civenlando en sobre una delgada capa o la

superficie de by cilindros
I. INTRODUCTION

Let us congider a 21 phownic orystal of wetallic
cy¥linders of rading @ The cylinders are nenmegnetic
and, veglecting dissipation, cleir didlectric. constant is
efw} = 1 —wyjw?. The cylinders are cinbedded in » ho-
e divdeceric mediom with diclectric constant g,
The mragnetic respotse of the oylindors is aktributed o
the eddy currents induced by the electromaghetic wave
in w skin-layer of depth

-

wefw})

M) = L

Maguetization of the aylinders by the H-pulatized mude
is characterized by the magnetic permeability|1]

_ B{wihi(a/i(w])
pfwl = W {2)

Here I.{.c) is the modified Bessel function. For the E-
polarized mode the magmetic permcability is twice lavger,
pelw) = 2w}, Metallic nonmagnetic cylinders ex-
Lilsit disanagietic response, feo 0 < ufw) < LI the
cylinders vadivs is mmch less than the skin depth, the
metallic eylinders are practicatly transparont for the elee-
tromuagnetic waves, It is obvioits that iu this casc the
magnetic response is vory weak. The exparnsion of Eq.
2] in this case is given by,

siglw) = 1= (/26,0 a<dy {3}

In the opposite case, when the inferior of the cylindors
is shishdedl fronm the clenomaenedie Held, the cyludes
Lichave like tdeal dimnagnetic. ie., g = 0. I this it
Wi Hoek,

Sl =2/ l, H<e (4)

Fou 2T phototic crpstals the equakions for the £ ol
H-polarized modes have the following form,

T (n " (IVE) = - (‘}f)zﬁ(r)ﬁ. {5)

(e ‘(N)VH) = - (%)x;x{r}h'. ()

These equatlons are symmetric with respect to the re-
placenents £ —— B anl € — i, Thoerefore e what,
follows we caleulate the optical roguencies, a,, (n=1, 2.

- i the Land index) for the H-mode only amd that Tor
the E-inode ave obtained by substionting ¢ «—— . To
obtain the equation for the w, we apply the plane wave
expansion. Using the Bloch theorom and the periodicity
of the functions ¢fe), p(rl, 1/efed anl 1/pe) we get che
Fourier expansiotus,

H{r) = explik - 1) 3 I (GlexpliG vl (7)
G

Elr) — erplik - r)Zcfk{G)ax;;{iG -r), (%)
[

e(r] = Zf-k[G]OXD(*G"‘J (%)
[}

) =ule) = 3 AGleseGox), (1)

c

plr) = expiik-£) y p(GloplicG -r), {11
G
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w7 x) = £(e) = explile - 1) D DE(G)ewliG 1) (12)

G

Where G are the reciprocal vectors, The Fourier compo-
pLO LT (AN

(G £0) = {elw) - W)F(G) (1)
G- (- 2) PG
WG £ 0) - (i) - DF(G) (5
g6 A0 = (1) FE. 0o

Hewe: eq s the dielectrie vonstant of the backgronmd iwa-
teriad. If A, is the area of the nnit cell, the form factor
F(G) of the photonic erystal is,

FGy = & [ exp(-iG-rr, (")

e Syt

and the integral s taken over the cross section of the
cylimdir,

Tle Fourier components with G = (0 are vedused to
the bnlk average valnos,

G =th=2= felw) - {1 - . (18)

?j(G= )=ﬂ= f +(]_'”| {19)
efw) £y

pG =0 == fifw]+{1- 1) (20

ge=0=¢= f +(1 =) (21}
sl

f is the filling fraction of the metallic component, Sub-
stituting Eqs. (7)-(12) into Eqs. (5] and (6) we get the
generalized eigenvaliie problem in G-space,

Zg{c — Gk + G- (k+ GG =
=

(‘f)zZe(G SGal@)  (22)

o
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3 9@ - Gk + G)-{k + GA(G) =
o

("f)i;utc -GG (23)

The dispersivn relation for the E-polarized [ H-polarized)
mode © = welk), (n— L2 ..} is oblained Fom the
condition that the set of equations {5) aml (6] has a ton-
trivial sotution. The optical lrequencies are the valies of
the eigenfrequencies at the center of the Brillouin zone,
k = 0, They are vblained from the ollowing ciquatious.
For the E-moile,

2
det (?) (G G- G GG -G =0 29
and For the H-mode,
2
det (%) MG -G -G G'ylG -G =0 (29)

These formulae can be simplified using the identities,
pHGE -G =8G -G, (20)

G G =G -G (27)

Here £{G) is the Fourier cocfficient. of the inverse per-
meability, (¢} — 1/plr) and ¢~ '(G - G') is the in-
verse matrix.  Multiplying both sides of Eq. (25} by
det|p~' (G — G') and usiug the property det Adet B =
det{ AB). we abtain,

mi(%)aac,cr HG -G 0 ()

The merrix = is different for the B« aned the H-mode, For
the E-mode,

12(G.€) - Y_G-G"(G - GG - G). (2
pem

For the f-mode,

GG - TG GG -GG -G (3)
peye

The matrix ye, (G, G') is not hevmitian, However, it
can he shown that il is cquivalent to s Hermitian cigen-
valie problem, i.e.. all the eigenvalues are real. Although
Eq (28 looks like an cigenvalne problern, it is mol. be-
canse the matrix 7 depends on w throngh elw) and ffw).
In order o reduce Eq. (28) to a true cigenvalue prob-
lem, the dependence on w of the matrix 7 most be sap-
pressod, This can be casily done for the A-mode. The:




A A, Krokhin, J. Arriaga, and L. Gumen

matrix vy is determined through the inverse dielectric
constant 5{G). Since for the frequencies much below the
plasma frequency wy, the dielectric constant of the metal-
lic evlinders |efuw| < 1, the Fourier conpotents 9 G ae
givent by Egs. {14) and (19} are practically independent
v epstonfw). The skin Jdepth Bgo 1 in this Lt also
becomes frequency-independent.

. i
Sler) == by - — (41}
LIJ,J
Thuts. the magnetic permeabilicy Eq. {2} aud its
Fourer  coanpouags  are freguency-insdependent fune-
tions. Thevefore, within a wide iwterval of frequencies,

w (32)

Elis aatrix vy van be congidaed as fregneney indepea-
dent. This teans that Eq. (28) for the mateix v given
Ly Eq. (30} is & true cigetvalne probleam, which can be
solved. using standord nmnerical methods.

Lot us consider a case of cooper and alnminion
cylinders. For these wmetals the plasma  froquen-
cics and the skin depths are wf™ = 6.08X10"571,
87 = 4.54X10 fenn, and WM = 2.3X104s70 SM =
132X 107 %y, Assmning that the radius of the cylinders
is wmch Targer than the skin-depth, ic. o 3 10-%m,
then we cat approximate formula {4) for the maguetic
permeability, which becomos a sinall parameter. Thus,
the eylinders are not only geod condnctors, |¢ 3 1, but
tloy also Lehoave like o superconducting cyliuders sinee
J 1 Physically these propertics wean that the inte-
vior of the eyhnders is shielded from clectromagietic 1a-
diation. Using the inequutities |e(w)| 3 1, and ulw) < 1,
tHae farmmlae for the Fourier components con be simapli-
fiex] o follows,

HE) = —F{G) ael fa=1-f, (33)

£G) = —Q%F{G] and £ = % (34)

Substitating these fornlae inte B (30) we olnain
the follinwing approxinate vesult for the matex vy

(G, €)= 3 TH(G.G) (35)

Here the matrix Ty (G. G} is independent on the ina-
teral properties if the photonic eovstal and it is defined
only by the geonactry of jts wait cell,
Tr{G # Q') = |-G -G +{L - NGVIFIG - G

- 3 @-GPG-G"IFIG” - )6

G 7 GG

Tu(G=G)=f1-NG*- ¥ G-G"FIG-G")F(G"-G

GUEG
(47}

Finally, the eigerrvalue probictn for the optical frequencies
for the H-mode can be writken as follows,

L2y w? B
et | = ‘%aq,cx -[(G. &) =0 {48

To sty chaos, Iet us cousider the sane geometey as
wir onsidered in reforence [2]. We need to enloulate a
copugh number of Frogquencies lying bolow the plasaa
frecmency wy, {1 order lo calenlate the level-space disti-
bution. There is forraal mathernatical diffouley on the
way trom Eq (20) to Bg (28), which tnay lewd to a
serious numerical error in Eq. (36). This last oquation
wis vhtained in the linit of strong skin-effect (@ 2 §,).
Uneder this coudition the matrix x{G — G} cmmot be
inverted because al]l the cleinents of the inverse matrix
wre proportional to 10w ~ o8 — oo, This means
that wwler the conditions of strong skin-etfect the ma-
trine ufG = G') becomes singnlar and the tnverse matriz,
e £(G — G docs not exist. This can be seen for Bq.
[34) where all the elements are proportional to a/d;. To
avoid this unstable procedure of iunversion of afmost &
singular marrix it s beteer to caloulare the optical fre-
(uencies directly from equation (23). This equallon is
a gencralizod eigenvalue problen. The advastaee of chis
metliod 1= 1hat the matrices 1(G - G') and (G -~ G’) are
strongly simplified noder the conditions of skin effect, sea
Eq (M adiasl—f piG-G') = -F{{G-G'). The
matrix of the determinant in Eq. {25) can be written as
follows,

2
%;;(G _GY-G GG -G = AG,G) =

—(1— NG —w?fe?), if G =G’
fam
PG -GG G -u?/c), il GG

The mairix A(G, G’} is indepondent. on the parsane-
tens of the constitnent plotonic cryseal, Thix weans that
it gives the principal approximation of optical lespencies
for metallic cylinders. Inn this approximation the cylin-
durs are perioct conduclors and prefect diamnagnets. e
they are superconductors. The covrections to this resnlt
apprear in the exe approxitiabion over dfo.

(1] L. [v. Landan, E. M. Lifshitz, and L. P. Patacvskii.
Elertrod s of Cont Medza, 2nal Ed. {Porga-
jon, Ohefowdd, 1984).

12] L. N. Gumnen, ). Arviaga, and A. A, Krokhin, Phys-
ica 13, 454 (2002),
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Spin-orbit interaction in carbon nanotubes

FoChico!!", M. P Lipez Sanchot® amd M. €. Muio 2
Dt o Ficien dpdeoad, siitined ol Choncign Sof Medin Ambienic
Fimpvorsiceed de Costifln-fa Manehe, dvda. Carlos TN soa, 35078 Todedn, Spaii
Enititato de Crencin de Materiofes do Medrd, Conseo Saperior de Jnvestigacionss Uientificas,
£ oo B oy oe B Craz 3 ¢mmblapon, F-2808 Madead Span,

Carbon nagdubes are o new kind of one-dunansional marerials whieh may behave as semiconductors ;
or mictals depending on heir geomerry  Such wnigue bahavior has stimoiated T oon their electronug i
jaxd transport progerties, with the amn of expionmg their potential applicanons in ponoclectrencs Several )
evperents have shovas that Spin plays an imporsant role i thes ransport properties, although some resuis
are i apparent contrasdiction [1-31 W have stodicd 4. 5] the tole of spin-orb tterachon i carbon tanvtubes
o dithzrent gevenetries, within a toht-binding modet including <p orbaks, conzidaring the effect of cunattre,
Crar resalls show that chiral nanckubes present spin splitting al the Femmi level, whereas achiral twibses are spin
depenerated authat energy. This can be understood cotadering thiae achiral lobes possess reersion syinmmeny,
This spatial symmetey plus time-reverzal ivariance maphes that spm degeneracy cannat be removed  On the
comitrary, ool wbes, wined lach inverston symietn spin-orbit interaction Lemoves the 3pin degetieracy.
We liave therefore shiwn that the inclusion of crystal symmetry 1% eficial tor spineondet effects. This can
exphain the disparity of transpat experiment rasults in carbon nanotubes.

Lo zanotubos de carbont son un neevo o de matendles cussiubd mennonales g pueden comportirse
cionne netaies o senticonductores sepun s geomenia Este comportamienso singular ha extimalado ia inves-
nacicnn de sy propiedasdes electromieus v de fransponte, com of objeto de eaplorar sus posibies sphcaciones
en nanoelecirdnica,  Varios evperimemtas {1 3] muestran gque e espin jpega ue papel mpotante en sus
propisdwdes de transporie, amawe algunos resuliades son aparentfemente contradicloring Henos estudiado
[4,5} o] efeetn do la interaceion cspén-driita en nanonbos de carbono de diterentes gecmetrias dere de un
modeta thli-hismding con orbitales sp*, teniendn en cuente efectos de etovatura, Nuestros resuitados mnestran
que Eas nongtulos geerales presenian vn desdeblamienc de espin ab nived de Fenmi, mienias que 10 tbos
aquirales tienen deveneraciin de capin 4 essa epergia Esto puede entenderse teniendo o cuenta que ins
maubos aguernles lenen sinebia Je owersidn  Esta simetria espacal, afaduls a s & iz temporal
implican que |2 deeeneiaciin de cspin ne pueds eliminerse. Bor el conrario, ot Jos manotubos guirales, gee
carecent de snettia de inverswon, la mieraccitn espm-orbsta destuye la degeneracian de gxpm  Comprabamaos
o tanat ue Ta eehesion de Lo sametsiz wolal de Ja red crestabing resulia cruvial para los electos apin-osbua en
walos sigsenas, 1o cust puede explicar la dispacicad de les iesebtadoy experimentales de ransporte en nanotubes
de ol

PACS numbers: FE20Ts, 7170 B T3 2240

SOE Tats, of of ) Notme {Loncdon) 394, Tal {1508 AL Chee, M. P Lopez-Sancho, and M € Madiow, Phys Rev. Jent
o B Cobaden et ul, Phys. Rew Lot 81, 681 (j908) WA P02 )
YW Lrang. M. Bockeath. and H Park, Phys, Rev. Toest 88, 126801 * 1 Chico, M P Lépez-Sancho, and M, Muiiez, wsipeblished
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Stovan Viaev

{ireen's Function Tight-Binding Formalism for Line-Shape Description of Victual Electronic States

§.1 Wlaey
Lintiddnid devrdimeen de Fiuo,
Liniversiceed Aprenoma de Tecatecws, TH. Mévico
Fotieait- an g S 200 pafio, vom

The posability of lne-shape description lor wirtual electronie states within the ftamework of the Groon's
fimetinn fanmalism is discussed  The consideration iz carvied our for & semi-empirical tght-linding maodel.
A e schene based on the Green's [unlion ivegmary parl is proposed (0 caleulzte the fubl wadth a0 half
maxenmn [ F A and the mean-life tune of virteal electromse states.

Consideramoy ks positabidad de determing Ja forma de la finea de esiados electrdnicos vnioales denue del
tormralisme de las funeienes de Green on ¢l contexto del modelo de enbace fuette semi-empitico Proponeatas

uh ueve esiuerna tatérico bazado en da parte imagmana de b fune

Qe Green para caleolae Ja amchora @

wedsz alwra {1 H AL v ol tiempo de vida maedia de esiados electrdnicos virugles

PACS numpers 7005 D, 71 LS00 7323 Fe

L. INFRODLCTION

Fle study of e elecron slructure of aoms, molevules,
clusters. napostructes and condensed makkes objeets of
diffeeent dimensionality is 2 mam purpose of the mudern
experimental and theoretical investigations in the atomic.
miodecular and solid state physics. materials science and quan-
wm chemistry’ Al new phvsical pheromena discovered in
tire last decades in these fickds and their practical applications
are stronghy related 10 the basic cleckrome properties of the
matter? " The rigorous description of the electionic structure
can b gchieved through quanmm mechanical methods and
precise measurements hased on quantum mechanivs? <.

The direct observation of the occuped and non-occupied
clectronic states is passible in the photo-etmssion, i
verse phelo-emission gl seanning tunneling speclioscopy
measurcients™®, These experimental technigues pormit 1o
ablaie detuled wolal density of stales curves and 1y many
cases the band structisre and the Jocal density of states in some
points of the Brilloyin zane for perindic structires’  These
guantities can te culcwlated within the feamewnrk of ditferem
decular or selid state physics theorelical methods based on
the quantum mechanics® The empirical. semi-empirical and
first principles methods in discrote and continnous models
give The eigemvalues and the egeivectors of the system
related directly to the energy position and the intensity of the
maxima in tlk density of states curves™.

Each mastmars of 3 given densily of states curve obeys
two lundamental characteristics  (he euergy position and the
deusity,  The eneigy position delernunes qualitaiively the
elecrronio struclure 2ud the chemical compuosition o the svs-
teny and 1he iensiiy camans alse quantitative infoemation.
The parameter far each energy maximum in ihe spectroscopy
measurements which describes the line-shape i3 the full width
at half maximum (WA MO

It s welt noven st the elecironie encrgy spectrum of
vach yuamunm-iwehanieat sysiem may have discrete

contunwm prd. The diserete pat conlaing boupd stawes and
the statgs o the comtimunm are unbownd states, Bnergy bannds
appear in a Btk crystal and e stares propagare dwough
the ceystal having the behavior of Bloch extended stales. Tn
some cases, for instance crysisl with defects, the so ealled
quasi-bound ivittual) states appear in the continum®'"
Thuse quasi-bound states possitss nonnably very sitong
wergy and spatial localizations and obey specific features

These seies, occupying the place between the bound aid the
extanded states. have attracled recently the aiention of many
resgarchers because of itheir specific charactersfics,  The
possibility o design the erergy position and the £4° £ W pa-
ratreter of the quasi-bound states in quanture welk siruckees
tabing indo accounl the fundamentdl analogy belween photon
and electran oplics makes the invgstigations in tins direciion
very interesting and promising from the poinb of view of
technokogical apphications”.

A bound stale is 2 d-Iihe stale.  Measuretnents and cal-
calations with a given pagcision “see” this 4 state as
a state with & final energy width.  This eneryy width is an
artificial taet and oot an inminsic feature of the phyvsical
systemn.  In the wieasurements this width depends on the
experimental welnigque and in Lhe mencrical caleelations on
the method of calcubadion.  1F the precision s sufficient to
resobee the maxina, the arga of cach mumum gonserves
when the Hne-shape { FW F AT parameter; chianges. The only
important information is the energy position o the maximun.
Thewretically each bound staie has a zero widih and the
conesponding mean-1i1e thng ks infinity.

An extended state in the quasi-coniinmum of a cryseal
band hags the same 4-like state bebavior. We can measure o
calculate a continuous density of states curve with different
precisons but each masimmn of his cove will be glways a
S-like state and, as a resed?, ils mean-1ifz me will be egeed to
infinity,

The fundamental difference betaeen the twnnd and ex-
erhed stwles from one side and the quasi-bound {virtua)
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fromn the bottom of the well is |l

states tram other is the fact, that the violual states have
inttinsicatty tinite vaiue of the FHH A parameter and. a8
a corseiquenee, finite mean-lite tmes. The physicat reasons
tor ihis intrinsic fealupe of the virtwal states can be different.
For instance, the en-resiricied Hangee-Fock treatrcnt of
the Andersan impunty model™ derives analvticat sofutions
which revoal the phyaieal mechamsm for the creation of
vitteal states in case of buik and surface mipunities m metals.
In many compbicated physical systerns where anabvtical
sotutions are not found, there i 10t & ransparcnd guan dative
explanation for the exmstence of victual stales,

The virtual states can be obsenved and studied expetimen-
tally using time-resalved specrioscopy measuremients'' . The
ierpretation of the expenmental date and the systematical
theoretical study of the quasi-bourd states in teal syslems
need the development of stable numercs] schemes o caloe-
lage the FW M paraictee of the virtual stafes,

The Green's funetion formalsm has been widely applied m
the electroniv structure ealeedations™ . The Green function
contains by definition a vanishing imaginary part added to the
ciwrey D the wanerical caleulations s imaginay part is
a sozall bl linite one snd i conesponds to He cneny reso.
Tt of the expormmenial measurcmens. T e best ofF our
knowledpe there are very few studies within this formakism
to caledate the F 1V ATAT parameter of quasi-bound stares,
The aim of the present work i3 1o discuss how the Green's
Bunedion Tommedisin can be applicd f deseabe the Jine-shape
ol the virne] slabes. We mopiee o eomsrien] scheme based
on he Green's Ranclion methodelogy in the conlext of the
semi-empirical aght-binding model. A bnef veview of some
results for real systems obtained by us previouskyP g
presered as an 1lusteation,

. GENERAL DESCRIPTION OF THE NEMERECAL
SCHEME

Fhe guantwiuechanical formuta 1o catoulute the density
o atites pf B i the Goeen's (unction Formalisie is given by

1 .
FEY = =t FadfT{E ¢ s 2]
el

w

whore GUE + 21 s the Groen function ¢ the system and
& 48 the vanishing iupinary part added 10 the vuergy. Fhis
tormla bas Deen widety apphied n the literature to olzin the
electrunic spectrum of different kind of physical systems. The
cermmon interpretation of the imagmany part 23 the previswe
of the caloulation restriess e apphication of fommda (1) and
# full descoipten of the Tine-shape fir vinual states can not
be done. An mionsic feature of the virteal stafes i3 the -
nite enengy width of their maximum T The fud] width at half
mraxima { PO AT parameter T contains additionad physical
information - the mean-life tme + of the virtual state.

h
T-T i
It we wanf 1o extract this information trom the Line-shape
of the electronic siate we have 0 caleulate the mitrinsic finite
widlh 1. So, the problem it find the procedure which
permits the detenmination of the FWH AL

The idea of the proposed nwmerical scheme which may
detennine the FU7H AL iz very simple. We have 1o calculate
the position of the maximum and its enery width for ditferens
values of the imaginary part -~ decreasing the vabue ol « il the
sequence of caleulations. The step eaergy value in sach cvele
of the cateulaiion has 10 be propedy chasen rioviding vongel
egsult, Obsersing what find of behaviar the ST values
have one can detertiine the type of the electronic state and
in the case of virtual states we are able to Hind the mrissic
LA A value thus describing the Tine-shape and finding the
mean-life tiwe of the vicual st

Tir charily bedler the proposed procedun we comseder below
typicat bound, extended and vinwal states.

A,  Bound states

Eot's consider the sitiple exarmple of an sobied boend &
siate, s Green function (el E - fs has the Tonn
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FIG 2 Line-shape of the extended hidk stare ¢ the GaAs conducrion bang with enercy 0 48 eV meazured froan he hamd edge caleulated with

differeol vl

[P ETS B P N (3}

whene £ 8 the energy posilion of the Jevel, s the sl
imaginary part and { the imagitacy wnit. The deosity of states
el B s geven by the well known Brmula,

1
ML ET - T liry T2 i 0] {4}
by this trivial case we oldain

1 A
LR :
AT - _‘.lltll‘z T R

The Fq.i5) describes the bound state at energy £, with
FW HAS parameter ' = 0 and mean Nife time 7 = e
If we perform a numerical cnleclation wiwre s has a finite
simal) vatie, we witl ubserve this diserete kevel with I — =
The situgtion s analopous o a measurernen) will cocngy
resoluttai s, For smatizr » vafties we Brd smaller T vaiues,
conserving the area of the pick Tt is impassible to obfain
equal sumencal values for I, decreasing the small imaginary
purd s during the caleddations. For cowplicale real syslems
where th anglytical Torm of te Green Tusction s nol krown,
pumencally the procedure 15 the same. However, i1 the case
of quasi-bound states the numericat scheme i3 quete diffarend,
as we demansitate in the subseetion 2.3,

Fig. 1 #Hustraes the above considerations For the grovnd
bownd state n A1l 1 = rpAs G Ax quantum well with
o= ik} and well width of 30 menolayers. The energy of
this state 15 10 meV measurcd ron the boltom of the well. A
typical 4-like behavior is observed. The numeriedl procedure
talls down when the imaginary par tukes valews of the order
ot e maching z2vo.

B, Failended states

11w cotsider pow any eneryy waximum of the densdy of
stades cuvve in g band of 3 bulh cevstal, we ablain the same

sos ol the inaginsy parl & A A-Trke behaaor 15 ohserved weain fur the ensegy madams

hehavior in the numetical calendation of the FYH AL param.
cter as in the previous subsection  The numerical procedure
acain falls down when the imaginary part takes values of the
arder of the machine zerp. Fip. 2 presents the results for bulk
ClaAs Fhe naxbmum has coergy £ = {151 micasuned
fromi the bottom of the Cads comduction bund,

€. Virluad sieres

Let’s consider now a single quasi-bound S state. A well
kewnwnn case is, for instance, the vickeal impunty level in met-
als The un-resmicted Hartree-Fock solution of the Anderson
impurity model!? gives aalytical sobution for the Green Rune.
teon of the impuiity Gl b < i

il ekl PR N 16}

where T s the intrinsic finite F1771S pavameier The pa-
rameter T depends on the meial band stracture and the local
impurity-host interaction. The Gy, {4) now derives

r

. 1
ppifs= - (E

a pick of Loreatzian line-shape. What about the numerical
proceduee in this case® T the small imaginary part +.-T we
ohserve a Latentzian pick, but its F1W AT parameter has a
value different from U Only iF <27, the density of states
gives us Lhe night F 1A AT parsmeter equal 1o . TLe sean
{ife titne 7 cateulated from (2) in the case when s<{” has the
conget value, Decreasing = during the calenlabions, we rid
find = value after which v FHOIFAS does not change. Bt
is important 1o mention that the step of the enerpy has to be
properly chosen.

Fig 3 shows the fine-shape  deseription of the
quasi-bound  state o 500 menolavels  rectangular
ARG 07 s fGu s quantem well, There awe ned
changes in the ling-shape of the pick for values of the
imaginary part less than 1~V The Lorentzian pick has a
finite energy width  The calculated value for the FIVH A
parameter is 10 "rl” and the comesponding mean-life Hme
7= 1ty
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of 7oA~ quantim well calenlated wath

different values of the invaemany part 5. A Lorentaen piok s observed and ity FE AT purmneter 15 [vand when the smagunany part is fess
than 3077 e, The enenry of this siate is 1.470¢ Y measired from the botton of the welt The calculated valne for the W LA paransaier is

10748 and the corresponding mean-iife ime v = 1077

n o general case we don't have analytical sohition and the
ieewtion about the physical reasons which create guasi-
botnd stutes is not clear as in the case of the Anderson impu-
rity model ciled above

1. APPLICATION T0 ¥VUIRE AL S1A IN 3OMI
QUANFUM WELLS STRUCTURES

We have applied the methodology descnibed in this wark to
study quasi-hound states in rectanaidar, parshalic and delia-
doped quantum wells structures!™ . We have caloulated the
FHH AS parameters and the wean-bite dmes of many vitual
states varying the physical conditions. The delta-doped quan-
e wells create virtual staees with strotpet energelic snd spa-
tid bocabzabions than the rectanpedar and pambolic quantm

T

wells and barners, The mean-hife times of the quas-bound
states in thess wells are sufficieraly laree 1o he measured ex-
perimentally. 11 seems that the potentiad profite ot the defra-
doped wells ereates quasi-bound states which can be con-
verled m Capasso states (9] i0a deba-doped well is embedded
in a superlattive.

TV, CONCLUSIONS

The proposed niunercal scheme can be used for a fulf line-
shape description of virtual electronic states created by differ-
ent plivsical tepsons A deiatled analysis of the vidual saws
formed in differsnt quattuny wells embedded 10 seperlallices
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Hesumen

Ef dopado ze puede encontrar desde el deporte. ta medicing hasa dos semivonduciorss  Eu [0 Qfimos e usg
herranmenta summantenie ik debide g gee s prapedades fsives soplesdon modificar eon refativa il did  F3
increible control experimental gue se ba aleansade on o imponificacion haee def depade i elemmento indispen.
sabie en [a mplemeniaion wenologica do les semicomdictores. Bn particols of dopade suh precisiin atlamca
deliuive 26 amplibmemee wsundo par grear o reducie larreras, poblar emales de condeccidn o propismenie para

area los d fw s delio dpadas L de Jas ¢ ikican mds anjRots b esla clase e dopuds
o | ahte densidad de postsdores yue ce porde alranar ltr;]a 1'% em~¥Y sin embarge dehide 4 gue esto:
g2 enguetilaan Bacaleexlds muy e de s imporeeas lis projradadss de branspona se ven sacilicadns

e = L0 emd W LT FE U imaeia e miggoiar las propredacdes de wansposte ert posos della dopades e 3 imavds
del acoplameeito de capas dehiz dopadas. Lo prncipal en e5ta propuesis &8 sacontal 12 distaniia opfina entie
las capas 1af que las propisdades de irengporte $¢ vean lavoresidas, En este anticulo se revissn las propredades
¥ CAraCtEnZNCas mas IHperankes &1 edios sistemas. desde su nacknuento hasta el estade ncresf de [os mismes,
Se pane cspecial anfusis e o AT ednico d poros defta dopados con dos capas de impureaas del misim
ipo. dos o lres CADas con smpureans de difersie tipo en mater akes mles cuno GoAs. Sty ZnSo. Findmenie, se
e 1 algunie: Iaens, bty paga ba wlectraneea coma parg las propicdades do 1oms porke, bajo [a
inlTeneid e cfiectos Jaies como 1o presiin hidrosiadica, Asd awtanees, se st de prosentar de bz maneres ois oo
v oenelsa @ wnde def ststeitan della dopadog donde el obpetive cenwal sei fy mejum de Bag peopedades
de ransponte. #7188 WLy G vial mparlancy para e posibles aplicacienes techol baicas.

Abstract

The sdepingg can by Fauedd Fram gaores. nediciee umif samiconduetors Dube Baier dae doping s s egy usend sond
wemiar e plivsical progerlies cane bee modified with slarive facilmy The ansery esperimense! control reached in
he arapierity seedany fecimiques does of e deping an indispensalile eltmnent i the wehnofogreal 1nspkdimeneation
ol the sermuvonduciors. Pariewdarks. the doping with Semic precision of della-doping \\ldel\ ted 1o pse o
shank potenhat baeners, popuiste conduetion channels or properly o Mmake the so cailled delta-doped quangim
weils. Oma of the most imponant features of this 1y of doping is the mah carder densny that can be reached
{myn = 10  em 7y howevel due to that the carmiers are |ocalized chose ta the iomzed Enpurities the transpont
propurties are oot ke best 44 108 e ¥ 8 ) One way o enprove e proprrties e Birvayh the
coupling of delen lygers  The ceawal wdes is 1o And the gpimun Jistanee beisven delen lavers such that the
tratspor propetias be anproved  Thas urticle revaews the most inaporsnt chardcteristivs amd properties in hese
svleims, [rom theie seminat propesal oo the present davs. Specisl wlention & pieid fo the theoreteal amalysis of
il eadirred guaniuen wdls with v impueeily iavers of e sanie B pe, two oe e differsn inpuein lavers, m
feprialy soch a5 GaAz, b ound ZnSe Faally, sompe respbts pre oeesailob for Bt e cleciiutic sirectore and
Ure rans e propedies iader effecls such s hydiostalee pressure S0, the irdenion 15 W fresent b o ciear wd
UisICie maTner the Sate-od-the-ar in deitn doped svsle s kil the irp 15 e impoos ement of the imansport
properies, te fater verv important lor possible technalogical oppiicancns.

PACS numbers: 73 63 He; 73121 Fg
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A& Arsenuto de Gabe th Et dopado con procisidn atdmica o debe dopade consiste
B Silicie 12 enimprrificar una capa de un material semiconductor (de ahi
€ Selenumo de Zang 20 ¢l nombre de estas estructuras). En Ja practice ks impurezas
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armings de la relagion enkrg la extension de la funcion de
anda al ancho det perfil de dopado, teniendo que cumplirse
que 1a extension de la funcidn de onda sea mucho mayoer
gue el ancho del perfil. Lo primero depende escniatenle
de la enica de crecindenbe, los seeundo de la cunlidad de
irmpureras depositadas. Se sucle entonces bablar de pozos
delta dopados si 1a cantidad de impurezas es el que las o
bitas medias de los electranes e solapan credndose ash un gas
hidimensional de efactrones o hueces, segln sean impurezas
donura o aceptotas. En prineipio la densided de Dypurezas
debe ser ipua! 2 la densidad de portadores de ta! Torma que
siose geafican eprescntran und bince octa. Sin enbargo,
esla relackdn 0o se mantene pars rodas la densidades de im-
peezas, hay wna para cual la cancentracidn de poradores no
camtua debide principalmente 2 efectos de compensacion, ¢s-
lantos enfonces ¢ ol dimite de saturacién,  BEvidentemenic
taro @ bmile al gue se ercau fus pogos debta dopades cong
el de satusacsn dependen fuertemende del malerial v dopanie
empleados. Fn 1980 Wood v eolaboradores (1) comenzaron a
estidiar Lo gue Hamaron dopado hipernbrupto gue no ¢s mas
que delta dopado. La téenica bdsica consiste en infemwnpir
cl creemuiento ¥ bajar ta temperaturn ded musno. Ellos avi-
sorabem gue aplicando csta clase de dopade on Trnsistos
de Efeeto de Compo (FETTS, pot sus sighas en ingles) se mgjo-
rarian sustancidlmente propiedades tales como la Lrapwon-
ductancia extrinseca. Afios mas tarde Schubert ¥ Ploog (2]
demasteaban ¢t FET con dopade hipevabrupto o 8-FET. Den-
tro de las vertagas qQue reportan sstan Ao voltgje de reptara de
compueni, 2lta temsconducianeia exitinsees vy abis densidad
de partadores.

amagachi v colegas (30 proponen ung msners Je mejorar
el desempeno de los &-FET's. La propuesta consiste en colo-
car wma harrera, wenerada por dopado deltaics de aceprotes. 4
wna cierta distancra de la capa de donores. Lo que elfos de-
nenutaren Lransistor de Efecto de Canpe de Capa AtOmeea
Depada (ALTDMFET, por sus sighis oty inglest H objetivo de
est barrera es elipnipar, en la medida de lo posble, fa carri-
ente de merma generada entre b fuente v ef swuidens {fcomun-
mente conacida como purchthionghy  Posteriorrnente Naka-
gawa et al (4) demuestran que efectivamente 1a comiene de
merma os suprimida por la inclusion de fa barrera, ¥ ademds
que s¢ mantiens ura alta ranscorductaneia, indicawdo gue ¢l
dispositivo ¢s promisorio como FET de canaf coro, Hay que
mengionar que b2 tansconductancia repostada para 2 ALT-
FET no &3 mayor que bx de un #-FFT convencional, <in ent-
Targe a supresion de s coppente de merma mgora sustane
viaglmente la gjecuweion del ALD-FET con respecto ab &FET

En 1993 Zlkeng o af (37 haven una propucsta sitular 4 fa
de Yamagueh: y eelaboradores {33 La difercnesa radica e
aue ambas capas dopadas son de donoves. Glias repartan que
1a mevilidad en pozos delta dopades dobles, coma los a-
maron. aumenta de dos A cinco veces con respecta o wn solo
pirea (pozo simple)  Eslos reseltador esonaron on algunoes
srupes W0opces v osxperinmeniales {6-8), 1os cudes reporan
tendencias simikares @ s reporadas por Zheng et alb (33 En
1998 Gurtovpi b ab {9) repasan estudins experimentales en
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eatos sistemas. Destacan en particular un detatle reportada por
Zheng v colaboradores refevente a of aumento gn fa movilidad
con Ja temperatura. terdencis atipica en pozos delta dopados
(it 13, Ellos observan gue a movilidad de fas pozos dolies
nurea e wayoer que b de los siimples, s ewbargo fos dobles
presentan un avieilo de 20 v 30 % en Lla conductividad 1o cual
Ios hace mas atractivos para las aplicaciones tecnoldgicas.

En os Altimos afos xe esia empleando el dopade con pre-
cisiom armica en FET's basados g heteroestruciumas (HFET s,
por suz siglas en ingles) {12-18). T dopado se hace de man-
¢ shaetrica en fas Lameras ded HFET, tratando de crvontear
ta distencia dptima entre @ canal de conduccion ¥ las capas
dopadas. {af que las propredades dy transporie s¢ vean favorg-
cidas, Tsto mejora las propredades de lincalidad dei disposi-
v b cual es importante para aphicaciones et dispositivos de
alta potencia ¥ ala frecuencia, en particular circutos intewra-
dos milimstrices v componeies indambagas.

Un mecanismo altemsiive para mwjorar las propeedades
de (ransporte en pozos delta dopados podeie ser la presidn
hidrostatica (190, Este mecanisino tambicn podvia scevir para
lagrar alta densidad de carga (200, Los sistemas pueden ser
drversos, un pazo simple, pozos deies. ete, {.a wdea cendral
€5 encongrar los parametros -densidad de impurezas. Jistan-
vig entre capas Jopadas, ete.- en funcidn de s presidn gue
oplinicen las propiedades de tansporte. Come s¢ verd en
la seceitn dedicada 2 egos statemas on los primeros chlocuios
S¢ LNCUREMIA un Almento de host 0ehD vETes Fespoet & po-
o8 sin presion. Fstos resultados no han side comoborados
experimentabmenie. sin embargo hay optinissie va gie re-
crentermeme hun aparecido reportes expenmeniales en estos
sistemias {21, 223,

Devdro de este conkexio, ¢ presente articuks Uene oo
ohjetive acer tma revisicn de sistemas delta dopados on os
cuales ¢l punto contral sca la megora de fas propicdades de
fransporte. 5S¢ pone especial arnclon a sistemas proguiestos
a1 afios recienies, sdi o 4 las metodologias desarrotladus
para el estudic de los mismos. Tr paticalar, pozos dobles, po-
208 P-11 ¥ P-0-P, ¥ POEOs bajo presion. Se lace un unalisis de-
tllado de b esiractura clectronics v 1a movitidad. obtenivndo
el pjucgn de pargmeiros ~dessidad de impurezas, distanci en-
tre capas dopadas. v presion hidmastitica- que optimizan ias
propiedades de tragsposte en cada e de s sistemas wen-
cionados. 1.0 cual es atractivi, como va se ha vertido. para
apeaciones tcenokioicas basadas en FET s

1. MARCO FEORICO
A, Aproximacién de mass efectiva

Para ks aproxemaciin dg masa efectiva usaremos i sistems
partictilar. 5 tipo n, que no es el mas sencillo pero & ef mas
itustrativo. Lo bapda do conduceion deb Si consiste on sois
valbes cquividentes Tocalizados ceren del prnte Y e Ia zom
de Brillonie, Las masas son ansotiopas y s posible separar
2euaciones de Schetidinger wra cada valle
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i B2

Csta ecuacio es vakda para bos valles o v T Para of valle 1 se
tiene

( B
o %y (AR

Ecvaciones similares se aplican & los valles 7, y v 7 La
miasa longitedinal ;] sc apliva paralelumenie 2 ks direcaion
de ereciniento {101, es decir. para los vatles ¢ y Z, micnlcas
13 wasa transversal ne) bo hace para dos valles o, 7. » v §7.
Emtonces s¢ hara referencia a 1os dos vatles como longiudi-
mles v ransversubes. Ya gue jas ecuaciones de Schrodinger
so1 s mismas para vidies deb imismo ipo. {os asjovakores son
tunbién wdintices. Por tanto, los autovalores lonwitimaies
estarin doblemeniv dezencrados v los transversales Jegeneca-
dos pr un factor de cuaho

La solucion de las ecuaciones (1) v (2) son ondas planys
en las diregciones » v 4. Por ende la densidad electronica
correspundicnte €

[

HEr - B, (4}
dowde il = e sig = 5 Ey ny, = imemst s =

HA N R ..
T represenia el nivel de Fermi v & la tfuncion

TN
escalon.

En ol cago del Gads Upe n, [z aproximacion de masa elee-
tiva adepts una forie mas simple debide a que ne existen las
mudtiphes depeneraciones Ademids no se regquicre descom-
poner [a benda de wancea fogrtudingl ¥ transversal, Asi sdlo
s tiene tma ecuacion y bx masa simplements es la de efectron
en {iads

Fi3) = EF(z). ()

( ¥ il

T o] Tmp at

; B PR (1

+ V[.:'-}f Féiay

a)

Fuel caso de fos povos 1ipo poen Gans, 51 v ZnSe 1a a-
peoxiimacion adopta una forma zimilar a la def Gaas lipo 0.
eott Ja diferencia que: se tienen dos o tres eciaciomes debido
ala estructuera de bandas gaticudar de cada une de estos ma-
leptudes, Asi Citonices, $¢ LS Ul eeuscion pars buccos po-
sados, otra para huecos livianos v ung 1mas para huecos de
desdobtamiento (spdit-off), esta (Mo en o3 casas que sen
necesario incluwira.

B. Aproximaciones TF y YFD

La aproximacn TFD 2x la generalizacian de la TF ya que
Tos efectos de interdambio s¢ toman explicitamente en e fun-
cional de la enorgia, Eiia presente secciin mostraremos o
desarrolle detallado de ta teoria TED para un gas de bwecos
bidimensional. b aproximaciie TF se desavrotla con menos
detalle pam un gas de efechones huditgensinnal, pero euta
geeedara oy char dado ¢l desarrolto de la teoria TED.

1. Aprosimacion TFD

Asmirernos gue estanios v el fmile de bajas lemperaturas
v e Fas relaciones del gas idead son validas encada punto dol
capacio. Le, i of pas ex lucalmente fomagéoeo, con to que
el pimero de portadores por unedad de volumen ¢

Sigaiendo ka aproximacion de TFD ¥ temendn en Cuenta
que Fas bandas de huecos pesados v Iivianos son consideradas
coma bandas independientes, Ja energia cinética de hueoos por
unidad de volumen puede ser gsorita como 21 (23) o en 124}
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para £l caso a dos o tres bandas, respectivamente, de 1a sigu- ienie mANerd

—
1 _— 4 o
e o F T, _ TN {7 i8)
2-::4\;‘,,}::,,/; Hraks [P JGPun Dnan P j] HotH !
o

taciendo Ta infegrs] ¥ sestitayendo o Be. {Thon fa Be (3} B funeciomt de ks energia relerente aba interaccion hueeo-

JLick i oo o5
£ S i) . .
' Vi = oo / / ML sear, an

PIR

. L E7R)
con e, | H “ X3 BRI

5 5
L _ (
A
dos ¢ wes bamdas, respectivamente, donde mug. min ¥
pies 80D Jas masas do huecos pesados, livianos v de des-
dablamiento. Por lo gue ¢f fincionat de la energia cindtica

N . I R | " dSd s’
€5 Vi = 5 / j piztpla hfads / / . {2

T - /pl"!'_fiidr - 4

Fi {lamado modebe bidopenaiden o3 consideradis, por ke
que los neces estan en un medio homogéneo de constanie

24y para el cas® A jaceriea

e
ihe. donde 5 ¥ d8* son los diferenciales de area de s conrde-

Uhieny o, |
L] padas ¥ v o', respectivamente, Tomando ias integrales de area

!

Vg - — / /;J[z‘;pi:’)rj:riz’ / /ri:
2e, ] R

, // dr'dy (13
v_l,fl | \"Ji"' --I”i"" ['_l,r ”féz \ L';, ::r%]' EE;

redetimiende X' | -a'iand ¥o= g - )

2 s ‘ : A XYY
[ / piple \dzds ,,./ / J.:-F_n/ j NG O g e LY}
| -

ahora Nevando a coprdenadas polares X7 - [oosf ¥ 17 i sind,

N . P o R
Vi - - stz el chmily —dﬁi—-—_._}EL [ E3]
Bzl ) -
2oy EIN L Y RN CR S
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haciendo el cambio de varighle u = % 71— 12 v tomando
las ttegrales sobve o, 6, ¢ vy se llega a la siguiente eevacion

. P
P A P

6}
Enel timite /£ = <. la prinera inegral oo bz Be, (16 diverge,
v podemos iznomr ese nnine pov que corresponde A ta
wiargia de amaireraecidn. Entonces

wla
Fhp e —=— //;J[z]y)(z'_'l |z bz’ (I

[£3

Exta tltima ecuacion €5 muy inderesante., ya que como la ener-
2 de RUTOINRCTACCION L5 NI, SSpermmies gue nuesines ne-
subtados sealt s proximos 4 bos tesultades expeimentabes,
Chra caracteristiva doresarde es ol signo neprlivo de dicha
ecuACION, ya glie esti en contradiccitn con fa 1dgica comim
de una intevaccion repubsiva commo la es la intergectdn hueco-
Teei.

Ea interaceion sutre of gas de hueces y of plane de im-
prezas ostd deserita por of siguicnie funcioual de fa densidad:

z—dida
(18

B
Evpp = s
. [RUTIYNR TN /

Fs bien sabide que si se aplice € principio variacienal
pI = iy secalouta por procedimientos wsuales,

=fHpnitia

Consideramos uidades efectivas ) = o2 f{2ea0b y o) —
Paorzi es posible

Aqul, per s la denseda de d2 imprisezas dionensmonales en
el pozo. La enensia de intercambnio pars wy gas de huecos con
geoptamienso de la banda de valencia es (23 26)

{im

donde

Collat = o = LTS, b= - DNNE Y o= - DT Por
lanle, ¢f funcional de la energis de imetcanmbio ¢s

sustitiivendo la B (1% enla Ee. (21)

cipiriide, h

e

tn / pl2sadpd 2)

122
T2k 122}

Semancle cada una de Jas connbuciones. ¢f Amcionsd 1ot
£ estd dado de 1a siguiente mancea

(R3]

poademos encontrar el multiplicador de Lageange jo identifi-
cade coma e potencial quimice

regseribir ¢ patencial quimico como

53
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Par ot Jade, el doblauenio cspacial de la bandz de valencia
£k descrito pov fa eciacion de Poisson

126

127
donde Vypi2) es el potencial de Hartree, Tomando en euenti
1a e (27), of potencial gquimico, Ee. (25). ¢

la sofucion de csta eeuacidn proporcIonard wnia sotuckin uu-
toconsistente dy Hatree-Fock. Ya que 12 ccvacion (300 ¢s no
Iineal. s solucion no es trivial y tiene gue ser resuelia de ma-
hera numerica; e taf case no 5 Mds conveniente que hacer un
cilewdo antoconsistente. Por lo rnto, para qee nuestro metoda
sen viable ¥ ventajoso, aremos una sproximacion adicional.
Los cleetos de intercambio alocwan la estmetura du niveles de
la syguivtie mancra: primere kos efectos de muches cuerpos
a través del potencial de intercanmbio generan un eambio en
1oz estndos de 1a banda de valencia  Por lo tanto. este cambio
en la estrictura de subbanda modifica ia densidad de carga;
como conseeugncia el potencia de 1lantres se ve modificado.
Mosetros supendremos que bs presencia del intercambio mo-
difica Ja estructora clectronics v s deusidad de carga, poro
descanarenos cambios en la thrma del potencial de Hartroe.
todo wsto dentro de una aprosimacion semicldsica, En lal caso
1a correspandente ecuacion de Poisson a resolver es

Taller FES en la UAEM: Conferencias invitadas

23

Resolviendo 1a cetaeion antarior paea (., (2017 ¥ eligendo

la sclucion fiscamente aceptable

sy PR TR T

i,

L3

Tauisl =

donde V7 . Wiy RE vt pf . Remplazando s,
la eeuacion de Paisson,

50

R YITe it
i.:.’i.;.l (pt = VRISt )
e

i3n

Iz sctucion Tisicamenie aceptable de este tipo de ecuacion es
de fa forma 174 102 127), donde £¢2) g5 una funcidn lineal de
1. Er &l caso de los pozos dobles Ya sobucitn tosmara la Form
283

o

Vil gt e e [
[rp iz o W

sustituyenda esta ltima ecuacion en la [ic. 131), encontramos
1 },

SEY
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¥ de Ja condicidn de neumalidad de carga obtenemos

RN
(_;) : (34)
R T

Sustduyendo la Fe. (323 enJa Ee {30). Ja densidad de carga

2. Aproximacion TF

ba dervacion es simlar a 12 aprosimaciin TEL por 1o que
1 se hage en detalle. Sin embargo. va que la TF se aplica
2 un gas bidimensional de electrones 52 hace una deduccion
teatardo de resaliar 10 aspectos mas importantes de la misma,

Las relactones de gas ideal se suporen validas en cada
pomza, esio os la densidad de electrones puede ser eserila
[=sIRATeN

139}

dondz vy, d v e s la denaidad wdimensional de im-
purezas. La distapci: 2 1o cusl eses docabizade el pozo ¥ la
constante dieléotrca relativiy respectivaments, EI funcional de
Ta densidad asocixde 8 1o Mberaeeion elecrdn-clectron viene
sl por (29

(421

Canstruyendo el funcional de 1a energia de Thomas-Femi
¥ mando ja variacion por procedimientos estandar podemos
Heear ala ecuacian de Thomas-Feomi (29}

mr i
=" 217
Pl 22 ["{2‘; sk

Para ¢l potencial de miercamba tsarerms,

[EL]]

sustituyendo la Fo (35) en la B, (363, obtenemos

i o

{38}

e, fplz = o —

Tomando b probainlidad de ercoutrar a v electron entre 3
w g+ e gl funeional de densidad conceraiene a Fenergla
cinélica ¢s

Fo 3
7 /n[r]}..rjrh TG [ wl

st = 1 es el promedio geométrico. cort iy v w la
masa longiludingl ¥ rasversal esto en of case del 57 v sim-
plemente la masa efectiva m® = ney, 4, do la banda de cor
dugeron ¢n of caso deb Geds B luncional corespondionts
a la wueraccion entre la nube de poriadores ¥ Lis imparezas
ionizadas en el plane es,

(46t

(I .,
W'-.rf- = Vi

[Ek3]

iz

Los efeeros de canje y cormelacion son tomados en cuenta
dentro de lo# lineamientos de la aprosimacion de densidad
local {LDA). par Jo gue ¢l potencial de coanje ¥ correlacion
pusde ser LsCrilo coma

55
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£ W e es ¢l radio de Bohe

N esta gxpresmn oy
[ 08 et R)dberg afective, v

efectivg ¥ R
«1’ T

Sustluyendo By relackdn enite la densidad do portadores v et
prencial de Harmee e ia couacian anterior para o., ¥ ¢, on ks
Fe. (44}, el potencial de canje ¥ correlacion puede ser escrita
en ténimas del de Hartree

esta ulima ecuacion esta dada en unidades atomicas V), =
V. V” = VYl vy opt o= ;..'F?' R -
77 grpoUE L mages)|Y vy ¢ s E
potencial autoconsistente de Hartree es {33: 2

{7

Vit

— VAl

(i =¥ {46

1

Finamente

donde F = 2HIGwDy zp o R Fradl

sustituvendo 1a Ce. (47) en fa Ee. (46}, ¢ potencial tol
L) Vel

) es

48

13 o] 4 2

Lsta altima ecuscion resume ¢ modelo propuesto para ks po-
205 delte dopados tipe-z, Tn lugar de reatizar admeticamente
caleuios autpconsisicnies a0 wdiosos v problematicos, sim-
plemenle rosolvemaos 14 eovacion de Schrddinger a una o dos
bandas. depensdiende si se trata de Gahs o ben 5 y olifene-
mos 13 esfructura de nivéles.

C. Movilidad relativa

Una vez obtenidos 105 aulevalores © autofunciones, con el
mresenke Modelo pam e patencial, se caleula la movibidad,
Unicamente se toma en cuenta fa dispersion por las inpurezas
ioprzadas en ks capa impurificada, va que es el necamismn
dispersive mis finportanie a bajas femperaiuras. Se comsedera
¢l potenei] Coulombiane dispersive, Jebido a las inpureras

nizadas distribuidas azarosamente en la capa impueificada,
Se toma la raxdn de las movilidades de un sistema con un
paramelre virtable {3V) -distaueia, presiin hodrostatica. gk -
A un sistoma de relerencia { SR, Como se verd iws adelande la
tadn de mevilidades de poros dobles a un senple. poaos on
PTESHIN A [OAS SEE DREAIGT, O cuabguier Ho pardmeto que se
pueda anahizar |.a ecuacion de partida &5 b siglienes.

donde ;."‘"R( St iy es la densidad clecrronicaen el SR
("’1”}\';;”, (702 10 s a densidud de impurezas en ol
SE{5V), L4 ecusician altsrior se puede Hevar i 1a forma

r\h F‘ﬁ”} b

Hi e

{50
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donde FER(, By RER (RS B2V v BYY v son la
funcian emvobvente, el sivel de Feomi v el r-simn nivel det
SRSV respechivamente Lo importante squl ¢ encomtrar
¢l parirnetro o pardmetros Gplimos para b maxima movilidad.

Las chpresiones auseriones son vihidas pars &7 U K En
{3 se cstudia la variacion deb wivel de Fermi y los autova-
fores comi funcion de |a temperatia. De acuerdo con este

. POZGS DOBLES

En 2sta seccion s¢ deseriben los resultados mas importantes
concermnientes a pozos delra dopados dobles en GaAs, Siy
Znde. Ln el caso de Gass y Siose presenian los resulia-
dns (o A pozos Lipe n ook p. micniias gue e Znse
imeamenee los relferenles a pozos tipe po Aokes de pasar 4
ts resulados preseniaremos comoe e Gue s¢ consteuyen fos
patenciales pars dos povos Ipe 2 ¥ g Supandremos que la
densidad de enpurezas n fas capas que conforman o sistena
dabie €5 la mison. ademids fmaremos COm0 GFigen un punto

¥ H2 e,

led e - —— -

estudin b eseructira glectronica 2¢ modifica muy poco para
el intervaby de temperaturas de it 2 77 K Por o que. para
temperaturas por debajo de 77 K I8 estructura electronica s
puede tomar come lu correspondicnie a4t K v el gteeto idimico
puede verse como uia redistribucion de carga. Bajo ostas su-
posiciungs [ expresitn de la movitidad woms la foona

(31

ivtermedio entre las dos capas de ] manera que el potencal
Se SHATED  ASE entonces usaremes Ssto diimg hecho paca
resiringirees 4 560 of sem-espacic & < 00 En el caso de fos
pozes 10 [, usaremas fa woria TFD ya que bos efectos de
inkercambia son as relevantes y un funcional mas robuste 3
siempre geonsefable. nlivnras gue pura lob pozos G0 0 use-
remos la aproxinacion TF,

Lt potencial para bos pozos tipe pes del tipe Ec. {37), donde
seha tomado 172 ¥ se ha wsado la simetria Jel potencial,
asto ey,

157)

T
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simples (pozas dobles), respectivamente. Tamando en cuenta

Taller FES en la UAEM: Conferencias invitadas

1a leniperanms.

Antes de comenzar con b porde de resaliados propiamentc
& MENSIONANAN alpulios aspeclos sobre 1a preseuizcicn de los
mishios. Se ha prescindide de 18 discusion de Jos efectos
de mtercambio, v fa comparacion con los datos experimen-
tales, af menes en lo converntente a Ta estructura de niveles
en pozos simples. Lo dnico gue mencionaremos es gue los
prisgceos hay resultado ser rebevantes en by determinacion de
Ing propicdndes elevironicas de esta clase de sisiemas, v que
fas datos oblenidos dentre de la mewdologia aqui empleada
eskin e buent acuerdo con bos datos wdricos v experimantales
disprmbles, al menas para pozos simples Detaikes sobre estas
pntos 52 encueneran en ja bibliografia citada en tos apartados
correspondientes. Las propuedades generales de los materia-
les estdindos -GaAs, Si, ¥ ZnSe- son ampliamente conoci-
das en la Weratura La impostancia de ostos en aphicaciones
elecironicas v optociecronicas es bien sabidz  Pozos delta
dopados en estos inaterigles han sido estudiadng miensamente
tanto desde el punto de vista findamental como el aplicado
Pard mavores deealles se pueden consultar los trabos ciados
ch cadd seceidn.

As] pues 105 COTaTUMos ¢ aspevlos generales dol come
porlazedente du ly esttuetna de niveles v la movilidad; la
coneni du 12 dessidad de sebbauda con 12 movihdad, ¥ Ja
valacion de fa movitidad con a temperania en ef intervalo
de 0a 77 K. ¥a que el compaostamienta pengral en los pozos
dobles es muy parecide en Gads, Siy ZnSe, tanto tipe 1y come
2, nos centraremios en los aspectos mas relevanies de cada wno
de estos sestormis.

A, Arsenure de Galio

Los skruicties parimelros: m® = 006To, m),
LU iy = W8Ty, 60 = E20 v (I} = 00476 5
usan tipicarmnente para el GaAs. La densidad de impurezas se
trabaja en of intenvalo de 1~ 0% em 2 a1~ 104 em 2
Lt origen de kas energhas se wima en ¢l borde de 1a banda de
vilencla para Los pozos tipe p, v ef borde de bz banda de con-
diceitn para el caso de lus pozos tipo .

Lnla Fig. | se presenta ef perfil del piwencial v 1as auto-
funerones para los diferentes niveles de huceos. éstas esta
normalieadas & 1, para {aj ! — LA v (BT — B A«
peckvamente. o la Fig. 2 sc meestra ba dependencia due los
niveles versuy |2 distancia entre 103 planns de 1as fmpurezas
parn dos conceltrrciones tipicas, (@) pen — 1 x 132 om ™
¥ (by1 > 107 em~ Y. Las tendencias son similares pars am-
bas conceniracienes. Lo distaucia a la cual se rompe la de-

N
1]

Iy
fr]
T

o
|4
£ -5
o
-
-
=

oy (@

S200 150 100 -0 ¢ S0 0D 150 1M

z ({Angstrom)

B

2

F]

Viz} (meV)

s

(b)

200 <150 100 5% 0 0100 150 20D
I {Angstirom)

FIG. 1 Feefit del porencial ¥ autefunciones rormahzados a 1, para
los pozos dobies on Gads lpo ppera tapf . 304 v (bp! - 190 A
s I emT? Vs estaenmeY y s en A

generacton destinuye conforme fa densidad de impurezas au-
menta, ¥ ose valor paes el estade basico de hueeos pesados
SHATIBRE £ MIENOF S COMPALacion Con cuabuer obro noel

Para ta movilidad se presentan los resuttades obtenidos en
las concenlracianes sigumnies 300, 7y U oen upidades de
WV em-? La Fig. 3 (a) conespondiente a la primers Jde
las densidades mencionadas, muoestra us rmdxeno en la movi-
lidkad reaniva abvededer de 170 A, Al aurmentar la denssdadl,
el méxime en la movilidad 52 core 2 una distancia menor
13 A Fig 3(bp Para 7 10 om ¢ dicho maximo se
presenta a una distancie de 130 A y para 0 x 10° gm 7 o
NEsime se presenta & 120 AL Fig. 4. Estos maximos en la
movilidad obedecen primordialmente al reordenamiento en la
densidad de cargs, debido a la degeneracion det nnved basee
de huecos pesados ¥ a la aparicion de canales adicronaies de
conduceién, El pivel basico de huecos pesados es el gue mis
carga ocupa. por ende une de los que mas contribuven 3 ks
persion. va gue o densidad de cargs en esle nivel se locabizg
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% 10 e 750300
1 {Angstrom}

=Tl w0

100 150 250
1 {Angstrom}
Fit. 2 Movekes de eneryia fen me¥V) de los pozos dobles tipo zren
CiaAs parnda) pur = 1 x W am™ y (hrpor = T oo 10 o ~2
versies |2 distancia culre fos pozos fen A).

sy verca de Ins Bnpurezas jonizadas. Un cambio en Ly deesi-
died de carga en of nivel basico de huecos pesados trae consige
un carnino importande i [ movilidad, incluso cuande dicho
cambeg sea pequcio. Fambeén os bien sabido que la aparicion
o desaparicion de canales de conduccidn trae consigo cam-
Pios Bngwertaes o fas propicdades de asporte de sistemas
uridimensionabes. dimensionales ¥ iridimensionales (31},
Con taf de analizar con un pocoe mis detalle Jas curvas anies
meucionadas se congideraran las densidydes de subbanda rela-
fivas, i, fa densidad de subbanda de un cicrto nivel dividida
la densidad de imparazas en ub pozo (o2, /ppn ) como funcion
de la distancia entie Tos pozos, Figs, 5y 6. Parala Fig 3
() que cormesponde & pop = 4w 12 em? se ve que en el
intervato de tha 170 A se tiehen dnicamente tres subbandas
ogupadas., dos correspomdicntes o niveles de huecos pesados
¥ la restante 4 lwecos ligeres. El nivel basico de heecos pe-
sados es of quoe mas carga ocupa a dislancias pequadias repre-
sentando el N6 Y de carga relativa para ! - 1A, al primer
nivel excilado de huscos pesados le correspande ef 5.5 %%
de la carga relativa, mientras que al nivel basico de huecos
Egeros e restante 705 %, A medida que se separan fos po-
zos frhtt se va desocupando & igual qee th como o5 visible
oy la Figo 5 (&) en cambio la densidad de carpa refativa de
Bk vie aumestande hasta aleanzar ¢l €%.10 %o cuandao sc de-
genera, Al tmisima tempo que se degenera el nivel bisico de
hueeos pesados se ocupa ef primer mivel excitade de huecos
leeras ocupandn el 0,27 %5 de la carga velariva. Este nivel va
sumentando su ocupacion relativa conforme aumeniamos Ja
distancia eniye o 0705 hasia alcanzar el 133 %5 g fa varga
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FIG 3 Clleulos do movatidad para pezos doblos tr5>c| pren GaAs para
(arpep ~ g W F ey b — 5w 10 o™ wariands
T en 't meV e tban eV,
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00 300
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FIG 4 Citenlos de menrlidad par pezos daldes tipe pen Gats pars
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cuando se degenera, § — 3200 &, Tlay varias cosas importanies
& resaltar en 1o anferwe en primmer Jugar b3 degeneracion del
mivel hasice de buecos pesados ocupando el 96,3 %o de la canra
rebdiva. en segundo lugar ¢l prado de confinaricnto tanto del
tievet bdsico comw del prinser nivel escitado de hueeos pesas
dos Tos cuales tiguen v peoOGeso EVerse, imienlrs on ikl el
vrade de confinaniiena va sicndo menor eonlDnne SepaTamos
los pozos en Aft & prado de confinamiento va aumentando,
en tevcer Iugar ¥ altime Ba neupacion de Ml Considerando
los pumtos anteriotes es de esperar gue {a movilidad teniga v
AEmento WSRO0 contbrme sepatamos los pozos hast ab-
carrear su rndim ceaando B se degenera v aparcee i canal
adicronal de conduccidn (A1), gae como se sabe al aparecer
dicho canal se esperar que ta movilidad presente un decre-
mente (3} Al seguir separande ks pozos la movilidad auw-
mentara paubutensmente debido a la desocupacion de (40, E
misme comporiamicnio ¢ presenda para 5y 7« 10" em' 4,
Figs. Sib)y 61a)

Lin comporlamiemto similar se presenta en la Fig 6 by,
comespondicnse a pyy; — 9% 10 om T axeepto que 2 uaa
separacian de 70 A aparecen 242 v 11 otupados. por o que
es de esperar e b movilidad presente an maximg o esta dis-
tancla. Al separar agn mas los pozos Ah0 queda depenerado
abredador de 100 Ay al mismo tempo queda desocupada b2
dande lugay o v posible caida on la wovilidad va gue este
avel tene nodos e Tos planvs de Tas impurczas ¥ am gue
e ocupe or ¢l 14 %o de ka carga su aparicidn o desapancidn
raerd consign cambios importantes en la movilidad,

Enovista det posivle comportamenty de la movilidad on
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Base a ls acupaceon de carga selativa de las diferenies subban-
das se puede ver que las cnrvas de movilidad relativa, Fiss 3
¥ <& s adaptan en buena foema.

Gurtoviod gt al (97 han crecido pozos dobles cn GaAs impu-
rficados con 51 v hag estudindo Tus propiedades de fransporie
como funcion de da densidad de ingurezas ¥ 1a distancia on-
tre 108 pozos. Observan nn maxime en & movilidad o 200 A,
tz cual sobrepasa por an 20% 6 77 K 1a conductividad de un
poze simple para la msma concantracien. Lo movilidad det
sistem; simple ¢5 1a mas alla de todas tas muestras estudiadas,
pero debido a la baja densidad de portadores 1a ventaja de Ja
alta movilidad no es do gran utilidad para las aplicaciones
pricticas en FET ™= como i b 25 el aumenta en |a conduc-
frividad de fas estructuras dobles. Usando fa ecuacion {357 se
obtiens la movilidad. Fig. 3 {a), enel intervalode ) fimeV
variands & T de forna graduad en | meV Como se puede ver
hay Un mdxime 3 unos E70 A, en buen acuerdo con los resul-
wdos expermientalos.  Adveas, fos roesuliados de mevibidad
stz que la movilidad en pozes debles slempes ¢s menm
que en pazas sitaples.

En el caso de fos pozos tipe o el comportamieme de 1a es-
Irucktrra de ndveles guarda carsderisticas nwy pasecidas a los
pozos tipo po Sin cribargo, as prandes diderencias vi la ese
irecturg de bamdas, sobee 1odo ia masa efectiva, hacen Que
la mavibidad presents un componamienta totglmente distinge
COMO §& ¥& @ ConTiNuacion.

Enla Fig 7 (u)se muestra la estructuca de mveles versns
la distangia enlre {os pozos. En cuanto g las distancias de de-
peneracei, s encucnira para of calado base fo o= 20 A
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{nra caractetistica importante es la profndidad de los pozas
Como se puede apeeciar de la Fig. § los pozos son muche
s profundos §i e comnparasn con los correspamidisntes tipo
. para la gusma concendtacidn de Impurczas v considerands
bos mismos eitetas, En dicho case se enguemng oea diforen-
cia du L HE el Esla diferencia dan cnorme cn las profundi-
dades es dehida a la diferencia entre 1as masas efectivas de fes
heecas ¥ los electrones. [.os electrones tienen voa Basa muy
pequena en comparaciin con 1a de los huecos, o que hace que
el apantatlamiento y localizacion sean menos efectivis.

La Fig. 7 (b)Y muestra 1a estructra electronica come
funcion de la distacia para sap = 5~ W em~ 4 Se en-
cugrra usta diferencia en la profindidad de los puzos de 6.7
meY al aumentar bz concentracion de 3 a 0 fen unidades de

I
H

2

\t(z) (meV)
T 4
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G5 366300 <100 & 100 200 300 400
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FIG & Perdtl del potenciad » eslados elecm\mm de posos dobes
tipo 1o Gads para sap — 44 < L7
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VG 9 Estructura cleclrdnica {en neeVY de pozos dobles tipe »oan
Ciads come fancion de la distancia {en Aj entre jos praos paia [a)
gy = TN A0 o T i e o TR 10T e

10°7 ¢m 7). Bl ivel basico ahora se degenera 4 una distaneia
de 95 A

Al aumentar fa densidad de empurezas hasta 7 - 1137 em =7 la
profiedidad de los pozes aumenta hasta — 264.0 eV o que
egedvaie A un incrementy de ailededor del 23 %% con respecto
al valor ohienido pare 5 > 107 ¢m *. Bl nivel hisico en este
vaso s degenen a uns distancia 220 A En fa Fig. 9 (byse
muestra la esteuclura electodnica come Ruacion de fa distancia
cnire los puos para v 10'% ¢m 2 Bnoesie caso b profun-
didad e5 —320 meV. Los niveles en este caso se degeneran 2
una distancia de 210 A

D o antenor se puede esumr los siguiente:

1. Aumenlande Ja densidad e wapreceas, 108 posos son
mds protundos. Por 1o gue o5 posible tener mas estados
ligautos.

2. La dislaucia de degeneracion dismmuve al aumendar la
densidad de imperezgs.

.a movilidad se presenta como fimcion de la distancia de
Ura 600 A para 2 ¥ + en unidades de 104 cm 7, Fig. 10 ia)
¥ (b} Se ha varado la temperdws de 00a 7T R De ta Fiy
16 () se ve que para 37 = {0 K hay wml asmento significa-
tive & una dislangia de 54 A debido af reacomado de ka cacga
af degenerarse ¢l nivel basico. Al avmentar graduatments 1a
temperativa S¢ Ve que aparece un segundo pico alrededor de
&) A, refacionado con la aparicion de mas niveles Hgados. Es-
s niveles, sungue estin pov encirma del vived de Ferm, tienen
yri probabifidad distint: de cero de ser oeupados, por {0 que
tay e tomartos en cuenta, Bl pico prncipal que aparecia
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alrededor de 2500 A se hace mas pronenciado al i aumentando
b pemperatiura.

D3¢ 1a Fig, 10(b) se observa gue la movilidad presenta fres
pieos bien definidos a distancias de 20 &, 2N & ¥ 500 A T
primers de fos mieos es debedo a que aparece oo mvel con
prababilidad de ser ocupada, ¢ segundo de ellos esta rela-
chondgds cot la redistmibucion de la cargs que ocurre comdo cl
nive] bision se degonera, ¥ e tereero con ol sedistribiicitn
du la carga debido a otra degeneracion. [ segundo pico o el
s pramancigdo debido noque of nive! Bdsico es el que inas
carga tiene ¥ al degenerarse o5 el que produce un cambio mas
signiticative. Este comportamieiio es peculiar en este sistema
¥ ik S0 tenemios tia escalena de niveles, Las distancias
alas que aparcee e pico mias pronunuisde 500 mayoTes puen
este cise, debide a que los electrones estan menos foealizados
en comnparacidn con los hiecos. Lip comportamiento sieilar
8¢ presenta para las congentraciones mostadas en la Fig, 11
a saberfa} & v 1Y % en unidadas de 13H4 em™ ¢ El pico mids
prosunciado para esas concentiaciones se preseits afrededor
de 266 A

Con el abjetivo de dor una daseripeion mas complers Jel
comportamiento cuatitativo de 2 movilidad se presentan las
eurvis conespondientes o Ja denstdad de sebbanda relativa
En primer Jugar s presentan los resaflados para oy =
du lFemT y gy o 4w B0 T Figo 12 (aby thy
resgrectivamente, Cama se by mencionado en los demds sis-
tepas tratados, los cambios relevdntes son de esperar cugndo
se abrun o cierren canales de conduccion. en eb prasente caso,
@ saber, a 270 A, 820 Ay S A Fig, 12 {a) ParalaFig 12
(B las distancias son 240 A, J60 &, 420 Ay 540 A, estas

Taller FES en la UAEM:

=L osfi PR

6 300
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PG 11 Movelidad en poses dobles on Gads 1y o para umz donst
ded de impurezas de (at G~ 07 em Ty (BIA x 10 em 7

distancias corresponden a la degeneracidn del nivel bbsico.
b aparteion de un canal adiclogal de conduccion. B doeen-
eracion ded priver sived oailade, 1 degenerscion dol wegundo
estado excitado ¥ la desaparicitn de un canal de conduccion,
cumo o5 evidente de ta figura, Otra caracteristica nedable e
esle sistema el 2] comportamienta reneral de la ocnpacion de
los niveles, en particular, de los niveles exciadoy s cuales
o distancias pequenas presentan un decrementa en fa densi-
dagd redabivac de subbands conuy subsiguienle aumende Je la
risma a destancias considerables ¥ posteriomente una Caida
gradual fiasta que alcansen o degeneracion v se estabilizz s
acupacidn relativa.

Esbe 10istie comporianyento s¢ presenli para dap = 6§ <
16 em=7 vy app — & x 10" em™ 4, sabvo que fa cantdad
die npivebes ocupados es waver, del mismo modo s disian-
cias a las gue se presentaran los cambins imputanies en fa
mowitidad cambiaran va que ol aumentar fa densidad de 1m-
prizezas os pozes son mas profundos 1o gue bace que o8 ve-
fes clectronicos se degeneren a distanciss menores , Fre, 13
Para Ia Fiz. 13 (a) las destancias son 210 A, 228 A, 360 A v
dun A, ademds de 50 A v o0 A que coresponden & nn givel
que se ocupa y desocnpa mizy rapido. T el otro caso las dis-
tancias estan alrededor de 201 &, 320 A y S0 A, ademas
de T A v 190 A debida a fa ocupacion ¥ desocupacion mo-
mranea de ueconad de conduecion. Fig 13 (b

Al comparar fos resultados amterinres con los obtenidos
para ja movitidad refativa es evidente que los camios sustan-
ciskes esperados no se produzean i las distancias antes meti-
cionadas parg la mayorda de bos casos, Bl Omco combio que
concuerda de mepor mancra s ef conrespondiente a la degen-
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eracion del nivel basico.

Muyores detalfes sobre s efectos de intercambio, com-
maackon de la eserctues electrdnwes con los Jalos experimen-
talys, ¥ en penersd os sistomas delia dopados en GaAs ver
(33-36).

B. Silicio

Loy parimeiros usados para [os pozos en 5@ sonw &) =
WIS, w = Bi90%mg trp, = U5 anga
0. [y, L. 0. 2%, €, LEY y & concontracidn de
imparezas de 1 x ¥H? a1 % 104" em~2. La distancia entre
los pozas se dard en la unidad usual, Angstrom, la densidad
de impurezas bidimensional en unidades de 105 em™ ¥ la
eTEd ik el

L% pozos tips p presesptan aluwnas difirencigs importantes
con pespecto a los comespondientes en GaAs, debido prenct-
palnsente & ka masa cfechiva g huecos Hvianos v La presencia
do estados de desdotdamicnto pars demudades por cneima de
HH e~ 4. Dado que of comporiamicnio gencral de la estrue-
tura electrdnica, comn funcion de la distancia entre las capas
dopadas v 1a densidad de imperezas, es simdar a B de los po-
05 en GaAs ro se pondra demasiade énfasis al respecto. En
sy begar s¢ teataran de resaltar jos cambios provocados por la
reasa elestiva de huecos Hivianos v 1a proseacia de los huegos

& desdoblamicmo.

Bara pyy, = 20 100 cm ® fpa = 6 x 10" em ¥y se

tienen dislancias de degeneracion de 170 A 1130 Ay, 230 A

"
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FIG 13 Desasdad de subbanda selauva red foss de poses dubiles

tipo ar vil Gads puta (o =t 16 enc 2y (b rez, — 8 10
L

cm

1250 Aj v 4500 A (400 A3 para Ahi), U0y Skl Fre 14, 8i s
poie aencio. B dislancia de degeneracian del mvel blswo
de huecos livianes, prosenra g diferencia de 50y 100 A o
comparaciin a GaAs. aun y cuando las densidades con las yue
se hace la comparacian son mayores. 3 ¥ 7, Fistas diferencias.
a pomera mstancia, serdn rebevanies para ef comportarmigntn
de las propedades de transponte.

Pasemos 3 analizar o serundo punto a desiacar ci dos porzos
lepr pr i Si, 0L e, Ja banda de desdobdamienlo. Prinwramente
s¢ b eonsiderado una densidad de impuresas de 10 < 1042
cm~- que estd por debajo det Hente para el cual aparecen es-
tados de desdublamienty 52 encuenira que aparecen estados
adistancias de I0A. 20 A, 30 Av 10 A convatores de 57
meV, 6.2 meV. 13 meV y 20 sV, respectivaniente.
Esto represerda wna dilerencia importarte a o abservado on
perzos sirples,

Fnfas Figs. 13 {ady (b) se mnestra la estructura de niveles
para 22 x L' em™¥ y 30 « 30'2 em™*. Se encuentrs que
la consideracion de 1a banda de dvsdoblamiomio afeci pri-
mordintments o los estadoes excitados, Los estados dsicos de
huecos pesados y livianos pragiicamenty 1o se ven atectadas
en sus distancias de degeneracian. La diferencia en jas distan-
cia de depencracion {4, ) para 10s estados excitados presentes
es de alrededor de itk AL Eslo se relaciona con i profundidad
de las pozes, va que al incluir la banda de desdoblamients 1os
pozes son menes profundos que en &l cdlcula a dos bandas.

En cianto a las transiciones eome niveles s2 ve que 1a oo
respolndienie al estado base de lwecos pesados v Ividnos s¢
afeck iy poco. con diterencias de 1.0) meV para Ta inenoe
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FIG 34 Niveles de encreia (en me'' ) de los pozos dobles tpo ren
Siversug la diseane 1os plares de las impureras (en A), pary
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FIG. 33 Miveles de energia fen meYj de bos pozos dobles spe fen
SUpara ta) pan = 20w 107 em T v (b1 pae = 0w l_i!“ e”
versus La distane s entre los planos de bis anpurezas et A)
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de |as concentraciones considerada ¥ una diferencia de 5.0
me¥ para 1a mayor, eswo comparando las ansiciones con v
sin la bands de desdoblamiznto. La transecidn entre el estada
basico v ef primer cstado excitado de heecos pesados se ve
afectada por b e para 20 < 101 em” v con L2 meV pam
A0 < P emT Estos cambios en Jas ransiciones son in-
portantes, pero do es aim mas 13 presencia de los estados de
desdoblamienso que pueden participar en las transiciones, con
diferencias desde 03] meV hestn 82,8 meV. Para mayvores de-
1alles ver (36

En & Fig. 16 se nwesiran los resoitados de wovilidad
obtenidos para una densidad de nupureras de (a) 2 ¥ (0
9 x U em 2 as diferentes curvas corrgsponden g difer-
entes temperaniens. que van desde U hasta 77 K, en meV
Coro se puede aprecrar aparece wh pico bastante inferesante
alrededor de 170 A, para T = 01K o pice apenas st es percep-
tible, pero conforme la wuiperatura mancnla ef pico vs mds
visible, Este pive obedece al reordenamiento de 1a cargr on
Fos diferentes niveles, va que aleededor de sta distancia ¢l os-
tado bisico de huecas pesados se degeneta La degeneracidn
causa una pequenia reduccicn de la densidad de portadores en
ol estado hadsico de Al o cual favorece primerdialmente a bos
estados excitados. Estos estados fienen nodos en Tus planos
dhe Ias impurezas por o que la tasa de dispersion se veed ve-
ducida v la movilidad fvorecida. Ademias 1a oclusitn o aper-
tura de canates de conduccion tracrd cambios significatives
en ja manviledad coren va se ha explicada para el caso de fos
DO en Guds. A distaneias grandes 12 estruclura de nive-
tes comesponde 4 fa de wn poze SDDY y la movilidad come
conseeuencia tiende a fa unidad

L Fig. 16 {b} gue comresponde a 9 » 1087 ¢m ™ presenla
WL CAVACTERISLICA IMpOrtanie, come se puede ver, hay un au-
wero alrededor de 153 A, pero hay un pieo todavia mas no-
totio & 23 A El aumento presentade a2 130 A coresponde
a la degeneracuin del estado basico de huecus pesados v el
masimao en 230 A a 1o degeneracion del estado basico de hue-
cos livianos, Para T = 0 k., 2 2300 A ey un aumcido impor-
ke ¥ pareciese que o movihdad @3 fa wiidad, sin ombange
al genneniar b temperakues s¢ ve quee bay un mdxie bastanke
acs itk

Findas Figs. 17y 1§ se muestran kos resultados abienidos
para b movilidad teniende on cansidevacion los estadas de
dendoblamiente. La Tig, 17 {a) presanta un pice a unmos
124 A, este pico so acentiz mas ab aumentar fa lemiperatura,
Con respecle a los wesuliados obtenidos sin fener en ceeuta
Iz banda de desdoblanuento ¢l pico s¢ Cotiid unas 22 A Hi
Ja Fig. 17 {b) no se ve ninguna estlUchura en particular in-
teresante {nicamente ko aumentos de la movilidad 2 causa
Je las degeneraciones de los hueeos pesadus, Ins buecos de
desdoblamicato ¥ los livianos  E1 segunde de los aumen-
s presentes os debido # la degeneracion en Jos hyccos de
desdoblatiento, va que éslos se degeneran a menor distancia
s 1os huecos Bivianos, Al e aumentanda Ta densidad de im-
plUrezas A0 Se encustran maximas bict defindos, unicamente
lews incrementos relacionudos con las degeneraciones de las
diferentes subbandas. A una densidad de 60~ 107 o 7
CTICUCRETA 41l MANINGG 14 clare & una distancia de 7™ AL Fiy,
1%,
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Cotno se puede apreciar de las Tigs 19(ady ibyet compor-
tamiento de extas ex amilar af encantrado en el caso del Gaas,
por By, los cambies de relevancia que pueden esperarse
en la movilidad estardn relacionados con fa aparicion o de-
saparicion de cauades de conduceidn. Estos ocwrrira cerca de
la distancia de degeneracion del nivel basico de bugcos pasa-
403, para ser precisos a uncs 80 A que es cuando aparece wna
canal adicional debido a la ccupacian de Mh 1. Tambien cuando
se degenera Lall y Rrl se espera alzan cambio en la movilis

04 137 o KT 00 ad ¥a que ta deosaparicion de una canal de conduceion o dis.
1 (Angstrom) perstn conllova la cancelacion de {emines inesubbanda en

lo gonvernicnde a b 1asa de dispersian
IF , N— Ahora, teniendo en consideracidn fa banda de des-
(b} §o doblamienin en ef caleuio de las densidades de subbanda rel-
0.9 o T atvas 1as cosas seran difereni2s va que af incluir dicha banda
sk [ i lovs pozos son menos profundos v ademas se tenen estados de

A i desdoblarniento ocupados. Comao se pucde gpreciar de ja Fig.
i ' 20 () s espordn carmdnes relevigttes en la movilidad g 600A,
1 gue es cuande se abee un canal adicionat de conduccion de-
bido a 12 ocupackm de sol. 2 0 A debide a la degeneracion
de fh0y & la apertora de un canal adicionat de conduccion de
huegns pesadios. De igual manera se esperan cambios cuando
o b0 s¢ degeneran tntg 50 come Aol Es ivpottante mencionar

gusal = 1A hay cuatro conales de huccos pesudos, sin
HIG. 16 Calados de movidad pera pozos dobles apo pen St parg embargo, el l'l!lr_iuo e csfos canales desaparece de mimedial,
e - 2 X107 em g dymn D 1Y em”?, vanando |0 2D A volvigndo a ocuparse hasta fos 10 A, Lin compor-
LT en ] me¥ detla b mey. famients simitar ovuree para la Fig. 20 (b} correspondiente a
una densidad de impurezas de 3t x 1342 emt 2 Por dtime
s presenta 12 densidad de subbanda rebativa comrespondiente
o wna densidad de impurezis de G0 = L0 o ¥ Edeste caso
se fienes oche subbasdas ocupadas cualio correspondicnics
a hiuecos pesados dos a hugeos Tigeres ¥ dos mits 4 huccas
de desdoblamiento. confonine se separan tos poros no apare-
cen vanales adicwnales por bo que los cambios fundamentafes
en fa movilidad vendran dJe ta degeneracion de Jas diferentes
subbandas, g saber: 500 A, M0 AL 120 A, {5 A
Tomando en cuenta bos resuilados obtenidos con la formiuka
de movibidad relanva s¢ ve que 1o se reproducen todas las
posibles situaciones que s pudicran presentar on wn Siskmd

0 10F 200 300 400
I {Angstrom)

16¢ ZIO?An:::ml:no)n ste - s00 como las pozos dobles en Sio sin embarge. €1 cambio mas
importanke gue s presenta en e sistemnd, Gue tene gue ver
con Kt degeneraciin de 500 v |a apertura de un capal adicions]
1 T T = ——
® /
ar ! b T y -
o 4 i
/ =1 ]
— _ Tiiey
eimey| 1 ]
N =5 rr’y
=6 | ]
100 1% 200 250 0
1 (Angstrom) ]
¥ 1] Tok [ET 0
FIG 17 Cadculos de movilidad para posos dobles tipo poen 51 para 1 {Angstrom)

fakmn = His HEL o™ d v (b = 30 % 1977 em 2 whiende en -

consideracion fa banda Jde desdoblamiento. ky 1 se variaen Emet FRO 18 Caleules de movilidad paig pozos doliles o et St para

de i) a Gy prre — 60 3PS em fowruendo en comsidesscén s banda de
desdoblamienie Ly T se varinen 1| ma¥ de ¢ a6 mel.
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FIG 21 Drenwmdad de subbanda relaren p fpors de posos dobles
ttpo e Siopara pzp = 80 10877 om 7, considerando la bands de
desdehiamieno,

de conduccion es bien satistecha en todos Los casos.

Fate ststewss eono al no ha sudo estudiado desde o punte
du vista 1edrico, ¥ hay muy pocos trabajos experimentates
(6 321 Lo clerto es que presesta alginas veniajas para
tas posibles aplicaciones ecnologess, pues come & verd. Ja
mwvildad se puede optimizar variando tanto la densidad de
impurezas como la distancia cnire los pozos

En primera mslancia sepresenta b estructma de nivebes
como fieion de la distancia entee (o8 pozos para s, Ly 43
en unidades de 104*% cm™ 2. [infa Fig 23 <e muestra el perfi
de pitencigd, asi comea 1as autofiencionzs de los estados Top-
gitadinales v (rnsversales para 1.3 % 1057 e~ ? v Jistuncias
entee 103 pozos de (1) 2060 Ay (D) 180 A, respectivamente.
Conme s¢ s tano de bas fpuas de s piveles de enetgia
contra la distancia entre Jos pozas coma del perfil ¥ autofun-
ciones, la castidad de estados langitndimales 25 mucha mavor
que Iz cantidad de estados wansversales. [sto se debe pringi-
palecnle & k diforencia en fus nmsas efeclivas, ¥oque, sty
diferencta o3 sustmciad al Jeteninar fas caracteristecas del
slstema,

El compatamiento cualitativo general de los pozos tipo n
en St es similar al de los sistemas vistos hasta el momento,
esto ey 103 pozos son wds profundos al sumentar la densadad
de Bupurezas, come consecuenety tos niveles se degeneran a
una menar distancia v eventualmente ta cantidad de estados
confinados aumentara.

Por iltimo, presentamos 1os cdleulos de movilidad relativa
pard 148 tres comeentraciones gue s han manejando @ o lageo
e esta secaron dedicady « los pozos tpo roen 84, Figs 24
Come s pucde ver de las figuras aparece sn pico muy proni-
ciado. Fsie pico ¢sta A wnos 120 A para b densidad mas baja
fig 24 2y al aumentar la densidad 42 impurezas a 13 » U+
em”© el pico se inealiza a 10 A, Fig. 24 (b Para ia densidad
mas ala no hay un pice tun Pronunciado ¥ evidents pero se
aleanzd a ver um pequedia estructura o bz distencia de degen-
eracion det wivel basico de electiones longitedinales, Fig 24
{9}

Parg o frap, %@ 1M em™ %Y se tienen dos subbandes
orupadas, al i separmndo los pozes se ocupa wig subbamda
mas & una distancia de 30 A, al aumentar aun mas ls distan-
cia entre Jos pozos aparece otra subandz ocupada & 120 A,
misma distancia a la cual se degencra of anel Disico de os
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FIGE 24 Movilidad en pozos dobles en S tipe . paig ina denzidad
de amipuseras de rap 5.0 B gm by s s W em Py o)
fia s LM o

tades longitudinales, el nivel bésice de estados transversales
se degenem drededor de 3 A, Fig, 25 (a) Estas distanciu
st o b que e esperan cantes sustancites en la movilidad.
Un comportamicedn sisnilar s¢ observa pata nap: — L3 < 1972
em~ 2 silo que [as distancias se ban corrido a U A 100 A v
254 AL tespectivemente. Fig. 25 (b} Para aap, = f5 w1612
cib # se thenen tres subbandus ocupadas, dos de estados lon-
gitudimales v b sestarde de estados frmsversales. o aumeiar
la separacion enire dos pozus aparece una subbanda ocupada
fwas (#13 wuy corca de la dustanvia & la gue se degenera 0,
A saber M0AL al ir avmentade la separcidn A se dogeners
aunes 151 A Fig 25 (¢). Estas distancias son a las que
s& espera 5e presenten cambios relevantes en las propiedades
de trasporte. Los resultades de movilidad relativa presentan
un caibie importapic a 100 A pam ray, = 23 x 10 em ¢
Tir cual concuerda de mancra satisfactoria con R distancia a
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la cuat se depenera Ny aparece un camal adicional de con-
duccion. Fn el caso concernients 4 nyy, - 1% ¢ 10V gm 4
N0 e PEESENTA NINZUN Cambic inpartants

Mayueres detalles sobre los efectos de intercambio, com-
paracein de la estretura electrinica con Ins datos experinen-
tales, v en reners] bos siskeiiss delta dopados en 51 ver {37
3

C. Seisnurg de Zine

Debido a que ta banda de desdoblamiento esta g &30 meV
def punte 7 en el origan de fs zona de Brillomn, ¥ va gue
fa profandidad de los pozos nunca excede esta distancia en-
erpélica ef estudio s hace 8 dos bandas. 1.os paramettos de
partida para o AnSe son F, = LH2 eV = Qdthi,

Taller FES en la UAEM: Conferencias invitadas

b hho

Ei {meV)
n

o (2)

B TS T BT BT R - ')
I {Angstrom}

[ 200 0
I (Angstrom)

[ E 300
I (Angstrom)

FItr 20 Niveles de hutcos {on meyy en pazas dolies bpe p ZnSe
e
i~

la gistancw fen A) enre planos de Iz wnpurezas paca (2
7 =2 h ok 1T em Tafer Lo« B0 em

s BT, I BTy el ) — A8 La Fig. 20 mues-
tala e\trucmm de mveles como tiweidn de ta dm neia ente
Tos pozos para (a) L0 < 107 em™? by 3.5~ ot ;
) B e Y fem ¢ h)ps‘dl.hln'li.n!f. im p'ndmetro i w:g.u:r
en ests fiuras s fa distancia de degeneraciGn. Clarg ewd
que los niveles mads profundos de ung escalera determinada se
depenerarmn mis rapido. Los niveles de iecos Hvianos se de-
generan a una distancia mayor, debido a la masa de ésios. Por
ende, bos huecos Fivianos estan menos localizados v o apan-
tallamnient o5 menos electivie que en los huceos pesados.

Er la Fig. 27 se presentan los odleulos de movifidad come
tunciom de iz distancia gntre 1os pozos para 1as (res cancen-
raciones consideradas. La dependencia con ia femperatura es
dndirzz-uh en el intervalo de temiperaturas de 0 a 77 K. Cn la
Fig. 27 (a), ¢ cncuenira un pleo o ba movilidad a 200 A
Aumcmmdi.\ fa conecntercién un poca ¢l pico cambia a 121
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FIG. 37 Cabealos e may Hidad en pozos dobles tpo pen ZnSe para
Y g s D A0 e S AH 10 em e 1 10 em
L.as curvas de linea solida. a plaros, cortada, eto , eomesponden a las
diferentes ternpurzaras eil ¢l miervalo de 0 — 77K

A, Fig. 27(b). Para 100 = 132 et eb pico aparece 3 90 A
v conlortie la temporatu Unenta un segundo pico aparece
a2mt A, Fig 27 {e) Pinalmente, cuando Ja distancia eatre
przos s 1o suficientewente grande de Al manera que la inter-
acuidin etre fos pozes es na, la raztn de movilidimdes tiende
by unidad

‘Tomando en constderacion las densidades de subbanda rel-
alivas su esperain camdos rebesaites en fa movitidad a 50 A,
2o A v 400 A, Fig 28 (a)  Eslas distancias cormespon-
devan a bt aperiua de ur canal de conduceidn de huccos pe-
sados, la depeneracion de A0 v ia simultanea aparteidn de
otro candl de conduce 1 correspondiente g fos huecos ligeros,
¥ por iltime la degeneracion de A0, respectivamente. Csio
concuerda inuy bien con fos preos observades on la curva de
movilidad melativa correspondiente, Fig. 27 ta), Al aumentar
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FIG 2% Densidad de subbandatclative pf fp. o de pozos dohles fipo
pen ZnSe para (a) pory - 1w 10" em S By - 30 v o

e~ Ey (e par = 200 10 e

la densidzd 2 3.5~ IE2 ™2, bos cambins refevantss en f2
mevilidad relativa se presentariana 20 A tuid A y 250 A, que
como en ¢f caso anterior comesponderan a la apertues, degen-
eracidn y apertura, v degeneracion de canales de conduceion
como es apreciable de fa Fig 28 {a). En este vaso la fomuda
die movilidad sola eeproduee de manent aceptable ol cambio
debido @ da degeneracion de a0 v La aperiura de un canal adi-
cional de conduccion de huecos ligeros, Fig. 27 (b Fnel
caso de pep = 100 10'7 cm 7 o cambios relevantes se es-
peran a 50 A, 100 A& v 200 4. tos cuales comesponderan a la
apertusa e wl canal de conduseion de huecos lgeres, I de-
generacion de /A0y 1a de Jhle respectivaments, Fig. 28 {c}
Frara esta demsidad de imparcras la formola de movilidad rel-
ativa reprocduce de manera aceptable los cambios esperados a
um Ay 200 A, Fig. 27 (¢).

Mavowes deiaftes sobre os ofocios de intercambio, com-
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FIG. 29 Perfi] del patencial de s pozos p-n-p en GaAs para Eifl
revies chistancias entre 1os planos de impuresss con vayp;
e Cwgan Lw D ew

[
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FIG 30 Fstuotorn slectromica de preos peo-poen Giads com
luneeom de | destancia eoare [os capas delta dopadas van g =
P A ey g Lx i e T

paracion de la estrelura electrdnica con 1os datos experimen-
tales, v en generat los sistemas detie dopados en £aSe ver
{4

V. POZOS P-N Y P-N-P

F5ia soccion esia avocada & 1os pozus delta dopados tipo pn
¥ pen-po esto g5, una capa de donores v una de aoeptares se-
paradas upa cierta distancia o, y una capa de impurezas dono-
ras con dos capas de impurezas aceptoras dispuestas de iman-
e simetrica. anbas a la nistna distancia . La conslruccion
del potencial se hace de mane sinlay al caso de fos porzos
dables. Escogiendo los potenciales para huecos ¥ eleciranes
de manera adecunda es posilde construer el potencia! paia los
poEes Py penep B el gaso de bos pozos tpo pa-p se wsa la
simétria del potencial v se trabagura con el sempspacio L < 1)
Por Laede, ¢l polencial W pard [os pozas pn come p-1I-p e

con el entendido que par 108 poros pen s mabaja on odo ol

Taller FES en la UAEM: Conferencias invitadas
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FIG 31 Maovilidad refativa en pozos pn-pen Gads versus la distas-
cia entve las cagas delta dopadas con e = 25 L a™ para
par 1w i e (en superior) y pun 2o W2 ap?
{ourva intersor),

espaciy HHCNiRS QU para 1os p-r-p $0ko en una parte de este
COMIO Wil S0 WCNCIONnG  Para oslos stslemas ne s loman o
cuenia ks efecios de intercambio. asi que 1a expresidn anterior
se obticne directamente de TF v T ignorandao el término de
intercambic en la expresion para ¢ potencial.

Para la mavitidad se bha tamado como sistems de refeien-
cia un pozo simple con ky misma densidad de doswores que en
fos pozos pnoe p-p. Entoness 13 ¢ouacin comespondients
adopla la form:

Fhyapidiis
Frg = mE s =
pEL -
‘3
F ZHUR 2 Lt .
domde g and o7, T and P represenlan fa densi-

dad de efechianss ¢ impareras de un oz Simphe (Povas pil -
T, ESpECtvamETie.

A Arsenuro de Galio

Se han usado 10s wismos parametros gue en ef caso de los
pozos dobles. Enla figura 29 se bosquesa ¢] perhil del poten-
cal du los pozos p-iep para tres distaneias entre los pranos de
impurezas, dejando fije la densidad de impuresas on fas capas
delia dopadas: ey = 1 < W2 e ? y oy = 1w 1077
e~ De la figiea podemos obsetvar que 1a regren de confi-
namiento aumenta conforme la barrera de potencial se aleja de
by capa delta dopada tipa n. Este hecho se refleja en el nimern
de estados ligados v of confivmamicnto efectivo de osios, wea
Fig 3.

En la fgura 3§ e aauestra faonovilidad selativa como
Tuzeitn de Ja distancia endre of pozo tpo 1y los o La donsi-
dad comsideadacs por, 1% 1DV ew Py g, 2s 0
crn ™2, curya supenion e inferior, respectivamente, La movili-
dad presesta un comportamiento muy interesante ¥ bastanke
diterente come funcion de la distancia entre los poros en
cullparaeiinl eon Jus pozos dubles  En priowr lugar ka mo-
vilidad ticne su maxime valor par fa senoc de la distaacias

i
H
H
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s 33 Movilidad relativa versus {a distancia eote el poze tipe nv
labarreratpo p La densidad de donores se mantiene fija en 7 13177
em ™, smeentras fu densidad de aceptores toma Lies valores S, 10y
S0 en unidades de FFT an ¥, lineas solida, puenteada v a trozes,
raspechvaments

consideradas (1M A ) esio ey upg consecueneia directa de la
toleraceidn enme by nube de portadores v 1os planws de mm-
PLas, dque en esic Yipo de sistemas es Hocal, de ial farus
que L movilidad anmenta conforme la nube de portadores ¥
los planes de impureras estan mis cerca. Fa distancia minima
que hemos constderado son 100 & con o) objetivo de evitar
posibles efectos de compensacion va que los radios de Bohe
para cleclrones ¥ huecos tiene un valor del orden de los 100
A en Gaas. La movilidad, para tas densidades consideradas,

Losk
Luap,
2103
102

Y S TR U S D B |
‘)n IHE 150 180 X 200 T 3w
ZEY:

FIG 34 Movelidad relativa veesus lt destanees enbie &) poso tipony
ia Barrera tpo . La densidad de donores s& mantiene fija en 5w LG

o4, mieniras la densidad de ageptores foma ues valnres 5. 19 ¥
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FI(3 35 Pertil de porenciad de pozos p-r-p en Si para diterentes dis-
tatcras enbe fa eapa 0y las po {ad y (b comesponden a voncetra
eaotes de aeeptores de 5 v 50 en wnidades de 167 eny ? rﬂ]c‘m.r‘.;
it fa densidad de dotores se mranriens Gjaen &« 10 "

e 2.8 fouva supetion} v 2 (vurva inferier) veegs mayor que
e el Gaso enl que 1o existan bameras. Por otro lado, B imovi-
{idad dismiruye conforme fas barreras s¢ alelan ol pozo tipoe
A hasta que evenludbmenio aloanea [ unidad. Muy fejos dod
pean fipo n las barveras Hpo p oo modifican la estructua de
niveles ¥ la razén de movilidades por ende es | Cn el cuse
de gue la densidad de aceptores sea baja harrers disminuye,
come iesubtado. os electrones penctran nuchs mas en catas y
e consecuencia la movilidad disminuye.
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FEG 36 Movibedad selativs versus la distuncis esire Bocapa n y fas
p. La densidad de donoees se manpess fjz en 5o« 167 em ™ men-
gras g b concenracion de aoeptores toma |os valores 3, 10y SGen
wtridades de 192 coe™? liness solicks, punteada ¥ a trozes, regpesti-
VEMEIE.

Para mayores detalles ver (410 420

B. Siliclo

Se han usado Eazs nusmas masas olochvas, constanic
diglécirica ¢ ineervaka de densidades que en o] caso de los po-
o doddes. Los resultadas se presentan watando de resahar bos
razgos s impertantes de cada sislema Se have wng com-
partcion enlre 105 pozos p-noy pn-p oen 81, asi como entie
oS g-nepen Siy Gads,

Enda Fig 32 se presenta el peril Jel potencial parg tos
M70s e para varias distancias entre 1os pozos. desde 500
a 80 A, Podemos ver gue iy un pequenio decremento en fa
harpera pany 100 ¥ 50 A asi como una reduccion en el un-
cho del pozo tipo 11, debidy posibleutenie a la recombinacion.
Puro a eslas distaucing aun persiste un bucn confinamiento de
los glectruones ¥ huegos, La Fipo 34 bosquela la meovikidad,
para tres concentraciones de accplotes dejando fija ko densi-
dact de 1os donoves, como fneidn de 1a separacidn entre las
capas de donores ¥ aceptores. Se ha encontrado un awnento
mendene de fa movilidad conforme la distancia entre las ca-
pas dopadas disminuye. Lo mis alta movilidad s¢ ha encon-
wado 4 una distancin de 70 A para densidades de donores ¥
ateptores de & % 1'% and 4 % 1 em™?. El aumento en
la movilicad se amibaes a e mejor confinamiento de la nube
eleceronica, Lo cual constituye 0ito mecanisma pars optinizar
las propicdades de 1raspone e sistetius del dopados.

Tornande en cucata este mecanistio se puede vislumbear
o bivs poviss Penep gresentarin progiedades de onsporte su-

Taller FES en la UAEM: Conferencias invitadas

periores gue kos pozes pon, ¥a que al incluir una capa adicwnal
de mamera simérrica ¢l grado de confinamiento de la nube
electrdnicy awmenta sustancialimente. Tsto se puede apreciar
claramente cu los resullados oblenidos para 19§ pozos p-n-p
1Fips 35y 36%

Enla Fig 35 se muestra ¢ perfil de puotencial de los pozos
{en-p para varias distancias con (&) 7 3 % 104 om
pas S M om v (B ran
fix 10 e Y. Es isportants mencionar que ¢n todos los
caleulos realizados injcamente ks estades base de electrones
fonertadinaiis ¥ ramversales esion ocupados, CoUsCCIg
de la milluple degenevacion de fa banda de conduccidin.

En la Fig. 36 se presenta la movibidad de los pozos pn-
p como funcion de la distance entre la capa oy las po Las
tendencis generales de la movibdad son similares a las en-
contradas ¢ los pozos pei, esto €30 1) aumento moenotons
conforme las capss son accreadas, {2) surpeedo Al teremen-
tiw la densidad de aceptores  Se encucnivan awmenlos de 23
%5, 32 % v 60 T a una distancia de 500 A correspondientas a
las tres concentracionss de aceptores manejadas 1anto en p-
A comay en 7rn-p. Bor ltimo, sicomparamas fa movilidad dge
bos pozos p-o-pren S con da comespondicmie en GaAs se pueds
ver que en Gads en mayor, aun y ceandd las densidades cm-
pleadas son menores que en SiL Esito se debe poimoadiabmente
a que la profundidad de los przos en Giads es mavor que en 5
pot 1o que ¢f prade de confinamizniy e5 mayor en GaAs qus
en S, Lo cuaf favorece la movilidad en esta clase de sistemas.
108 Tesylados presentadis an sido publicados recientemenis
43 490,

V. POZOS BAJG PRESION

Enresta i1l linia seceiin esta avocada o anabisis de Wos efecios
de presein on poros delia dopados en GaAs, Eslos clictos
constituy2n nn mecanisma alternativo para mejorar tanto las
propiedades de transporte como 12 densidad de portadores en
pozas delta dopados (19; 30),

Los cieetos de presion s¢ torman en vueles introduciendo
una dependeicia sobre {2 preswn en lus parimeiros basicos
del Gaas, Fsto s, la posiciin del minie de fa banda de
conduecin can respecto a o alto de Ta banda Je valencia,
tas correspondientes masas efectivas v kx coustaree dielecinica
{451,

En lo concenuents a la movilidad tomarcinos como sistens
de meferencia & pozos sin prosedn. En lafb case la couaciin
eomrcspondicnte toma 1a forma:

L
donde <.

e

P T
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FIG 37 Distruchura electronca versis pres:in Nideostatecs para po-
s dobles spe moen GuAs con {2t ! — HAy (k! = M A La
dens:dad de impurezas considerada es 1 x ' om 7

emolvente, el nivel de Fermi v el resimo mivel de pozos sin
presion (oo presion,

£] estudio s¢ cemtra eu el limile de altas densudades, ie.
nap = WG emT siguicnde a (201 La Figo 37 muestea
In estructurn wlectronica de povos dobles como (uncidn de
Ja presion aplicade, para dos distancia entre los pozos (a) O
A(SDIDY, ¥ {by 90 A. La densidad de impurezas por capa s
P 107 em . LaFig 37 fa) corresponds & un pozo simple
con 1o mitad de la densidad de npurezas del sistema doble,
Es evidente Ja variacion lincal du fa estructura electrduica en
of intenvalo de presiones de 0 a 30 kbar, siendo significativo
para el nivel bisico v la profusdidad det pore. Cambins im-
portantes ocurren a 40 kbar lo cual corresponde al cambio 2y
el minimo Je Ja banda de conduceion (=X crossovery. En
este punto la masa efectiva toma su mayor valor, y los efee-
tog de apanialianicuro v localizacidn son mds fuertes Esio se
reficia o la profundidad de los pozos v el confinamicrio de
fos miveles electrdmcns. Aumentando mds Ta presion, se ob-
serva Lng variacion casi lineal hasta 100 kbar, una crida més
pronuneiada se presenta en el infervalo 100 a 120 kbar, Ogra
caracterisiica importante e B posiciin del nivel de Fern, ol
cual en el intervalo de gap indirecto refleja la estructera de
valles miltiples, esdo g5, {a carga elecirdnica se distiibuye en-
tre los seis vables seupande imicamente un nivel, Tendencias
anabepas se observan et la Fip 37 (b Sin embarpo, el Jdes-
doblamentor de 105 nhveles debide & la interaccion entre Ins
pozas se mce presende, Se observe desdoblameinio de niveles
die 0 30 kbar y de 100 8 120 kbac Se Giener dos aiveles ocu-
pados con midtiple degeneracidn para P = (U0 — 120 kbar.

[ ET] [EH) [F:]
B tkbur)

o

77 EQ ]
F {khar}
FHE 38 Movildad relaive weisus presson hudrogulic en pesog
dibbes o noen Gads para {a) . P 1V em f oy Bl
mep —dx [0 em#

Las cargeterfaticas observadas juegan un papel muy impar-
tante en fas propiedades de transporte. La Fig. 3% muestra
la mevilidad relaiva corno {uncion de la presion hidrostitica
aplicada para dos densidades de donoreszia) | » 0 em™ 4y
(b3 # 16" em ™ Para cada caso s¢ han consderado vacias
distancias enlve las pozos: 1, 46, 150, 210, and .30 A Dos
casos limite sond Oy ] O30 A que conresponden a un
pozoys simple ¥ a pirzes dobles practicamente atslados, para
{us cuubes lu inovilided tivne gue ser Ba umedad, cowwn se puede
apecuiar en los wificos. La rmovibidad depende de la estrug-
(ura pactivalar del sistema de veferencea ( 7 — O v ¢f sistema
varable (7 ¢ u) Exsten dos contribuciones importantes:
{13 1a que proviene de la diferencia entre el nivel de Fermi y
los niveles electeonicos y (2) del cocente entre las constantes
dheléetricas, En ol intervalo de © a 30 kbar el cociente entre
constantes dickéctricas ¢s by [a distaneia sitre Bos riveles y
el nivel de Fermi s acoeta ovor Fig 370, o geee resedta onou
peguenc cambio en fa movilidad, como se pueds apreeiar de
la Fig. 38 Cambins importantes se esperan debaio ¥ encima
del cruce I-X debido al cambio sipnificativo de la estrictiog
electrénica. Bl cambio observado, en gl cruce P-X, s¢ debe
prigcipalmente al acortamionto en b diferencia de energia en-
e el mivel de Feemi v ol ndved Ditsico, Al amentar a presian
aplicada tal diferencia se hace mals grande, lo mismg sucedy
con & cooiente de constames dieféeiricos. B efecio nete es un
awneite o fa movilidad  Otra eargetenistica imponante qus
se presenta s lg apertura y eelusion Je canples de conducciin,
Esio s presenlaa f = A y L = 130 A para 20 kbar v 100
kbar, in Fig 3% {2} Parala Fig 38 (b o apertura de canales.
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HEA and 210 4, se refleja en una reduccite de 1a mevilidad.

Vl. CONCLUSIONES ¥ PREGUNTAS ABIERTAS

Se ha hecho una revision Je sisiemas delta dopados en
birg cuales ef objetove principal es mejorar jas progiedades
de tansporte tmovilidad, conductividad, transconductancia).
Besde s propucsia original de Wood, pasando por la propuss-
1a de Yamaguchi, Zheng hasia lay mas recientes correapondi-
enen 2 nuestry prupe. A estas Glfimas e les ha puesto ¢s-
pecial atencidn. Las cuales consisten en pozes dobles, pozos
1 ¥ pen-p oy pogas hajo presin on Cads, 59y Znbe Se
| dado de memea desallada of mareo ledrico on el cuad se
citlowla T4 estructura eleendnica ¥ ka movilidad relativa. Cabe
MENCIONAT Gue G3te marco permite cdleular fos sislemas wen-
cromados sin mucha complicacmn, o que regresenla wna ven-
tgia con respecto o cAowdos mas elaborados (ealoulos auto-
consitentesh, Se ha realizado un andlisis tanto de estructura
clecironica como de movilidad relativa piua los parinciros
-densidad de 1mpurezas, distaneia entre pozos v presion- de
interés experimentd. Para cada une de los sistermas se ba
encontrade el juepn Jde parametros que optimizan la movili-
dad. Enlos pozos dobles se obbene que fa movilidad no es
mgvor que |2 de pozos sirmples, sin embargo son mas atrac-
fivos pata aphicaciones fecnodopicas por ka densidad de cangn
(ue poseen. Se ha encowmado i preo en (@ movilidad 8 170
A para poros dobles en GaAs el eval concuerda de manera sa-
tisfactoria con el pico observada experimentalmente (200 A}
Enlos pozos p-a-p se obtiene un aument en la movilidad de
ung factor de dos com Tespecte a un poze s banerd tipo .
Esta aanemte s¢ atribuge 2 on confinamiento mids efectivo de
{a nube de cona cleedrdnica, va que of aumso s mondtone
vonforme se acercan las baveras, ¥ 1a movilidad on pogos gen-
1) €5 1Y Or GUE €N Pozos (-1 Los pozos dobles en GaAs bajo
presian preseatan un aumento e la movilidad de hasta ocho
VECES COR TEAPECTO @ Bn pozoe sin presian. Este awmento se
deby al combio de o masis electiva, [ constenle dicléotrica ¥
of minimo de la bands de conduccion con ks presion, asi como
fa oplamivacion de la distancta entre Bos posos.

Desde & punto de vista experimental cada vez se lo-
Ere mayor precisidn tanto en el crecimento de esttuctiras
sendeomtucionas como en los metodos de medicidu do las
propicdades do las mismas  En sistemas debta dopados eais-
en algunos resuftados cottradiconios en las propiedades de
transporte reportadas (3; 9). Fstos se pueden awibuir a fac-
lores tales como la calidad de las muestras o los métodos
implementadus para la medicion de las propiedades fsicas,
Sin embirgo. no gueda clare sien realidad esto faclores son
lirs responsabies, va que reciertennente reseblados similares se
slpuen observando en csee clase de sisianas {46; 47 Hesd-
tders por publicarse muesian que estas posibles contradic-
ciones pueden explicarse por 1a varipeion tan particutar que
presenta la estrctura electrénica con 1y temperagea (48}, Evi-
dentemente hacen falra muchos mas estudios ldticos en estos
shsleTngs, poTe aun s resuitados experimentates para ver
fear s las propuestas aqui preseniadas son realisias,
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PROPAGACION DE LA LUZ EN HETERQESTRUCTURAS DIELECTRICAS DE

RUDIN-SHAPIRQ

Miguel E. Mora-Ramost!), Bonifacio Alvarado Tenorio'?!, Vivechana Agarwal'®},
(1} Fac. dz Ciencias, Universidad Auidnoma del Esiado de Morelos. Ciernavaca, CP 62209, México.
(2} Centry de Investigaciones en Ingenierfa v Clencias Aplicodas
Universidad Awidnomia del Estada de Morelas. Cuerngvaca, CP 62209, México

We study the prog of &l ic waves through dielectri 1t miade of porous silicon.
The porous silicon layets are aranged fullowmg different genemtlom af the Rudln—Shamm sequence. The
reflectance of this kind of souciures is studied both th ically and exper ly. The refl € Specira
of the struetures exhibit photonic band gaps | at p mined lengths. Numerical simulation of
light wransmissicn is performed using transfer matrix method.

Se investiga la wasmision de la luz en hetercestructuras dieléciricas consthwidas por multicapas de sili-
cio poroso, Tales sisiemias se fabrican siguiendo un arreplo estructural dado a ravés de diferentes generaciones
de Ta sucesicn de Rudm -Shapiro, Se mide ef espectro de reflectancia de las muestras enconirindose que las

disefiad; iendo un criierio de espesores de 1ipo A/4 presenian una importante brecha fotdnica
centrada an el vator A de la longitud de onda de 1a adiacidn, También se hace el cdlculs tegrico del coeficiente
de reflexitn de las estractpras, wilizando ¢ méodo Je la marriz de mansferecnia. Se comparan 1os resultados

tedricos y los experimeniales.

I. INTRODUCCION

El estudic de sistermas anificiales en los gue la propa-
gacidn de la radiacion eleciromagnéica presenta propiedades
dife a las que hubitual posee cuando atraviesa un
medio homogéneo, ha llevado a la nocidn de lo que se conoce
como chistales foldnicos. Entre ofras caracteristicas, f espec-
Iro de frecuencias de las ondas que amaviesan la estructura
presenta intervalos de valores “prohibidos™; es decir, las on-
das de luz cuyes valores de la frecuencia escin dentro de esos
intervalos simplemente no pueden propagarse por ¢l sistema.

El interés en lus propiedades fotGnicas en sistemas cuasi-
periddicos ha tomado gran relevancia debido 4 que s¢ asume
que estos sistemas estdn en el umbral entre los sistemas
periddicos ¥ los aleawrios {desordenados). Se ha moswrado
hasta ahora que las estructuras muliicapa unidimensionales
pueden generar modos fordnicos localizades. Actualmente ra-
sulta de significativa importancia determinar $i Jos diferentes
tipos de sistemas cuasi-periddicos exhiben la mism aclase
de propiedades opticas, En el caso del presenle trabajo se
moswrard la caracierizacidn y discusion de una serie de estrug-
turas multicapa con secuencias e Rudin-Shapiro.

El silucio poteso ba sido un material que ha recibide mucha
atencitn recientemente por su potencialidad en la fabricacion
de dispasitives 6pticos con propiedades foldnicas'.

L= secuencia de la estructura de Rudin-Shapiro para mult-
icapas de silicio poroso ¢s propuesta aqui come un candidai
ideal en la investigacitn de posibles simifitodes con los sis-
temas aleatorios. Se ha clasificado como un si deter-
ministicamente aperi6dico? y se han presentado 2lgunos es-
tadios relacionados con la aplicacion de esta sucesidn en la
fabricacitn de sistemas 6pticos y electronicos™,

tir de las correspondientes reglas de ion: A — AC,
B — DC,C — ADB, D — DB, romando como eletento
de partida la gencraciéin compuesta dnicamente poc fa capa A.
Por ejemple, La figura 1 muestra la secuencia Rudin-Shapire
de orden 5 (32 capas). En el detalle de la micrografia se s¢lan
las primeras siete capas {ACABACD) de la misma. En ella
se ohserva que no e ficil distinguic entre [as capas A y B por
laz tonalidades en gris ¥ negro que moestra la micrografiy, de-
bido a que entre ellas el valor del sndice de refraccidn es muy
cercans.

Por oitra parte, la simulacién matematica de Ja propagacitn
de la onda eleciromagneélica en estructuras multicapa sugle
hacerse tipicamente mediante el emplee del méodo de la
matriz de wansferencia. Este es un enfoque muy conocide
para la solucidn de probl i lonales del upo de
Schridinger #n mecadnica codintica y, méds recientemente, en
dptica. Se estudian asf propiedades como la wasmisicn de se
fiales electromagnélicas, la aparicidn de brechas fordmicas en
superredes etc.

El wrabajo se organiza entonces como sigue: En la seccidn
It se presentz una resedia del método de la matriz de rans-
ferencia. En la seccidn siguiente se dan algunos detalies del
procedimiento experi I. La seccidn 1V presenta los resul-
tades ¥ su discusion y finalmente se dun la correspondientes
conclusiones.

Il. RESENA DEL METODOC DE LA MATRIZ DE
TRANSFERENCIA

Veamos aqui algunos aspecios del mérodo de cileule
que se emplea para hacer la evaluacidn tedrca de las
pmpicdades fundamentales de la propagacién de una onda

La fabricacidn de esta serie de multicapas « en cada
secuencia la presencia de cuatro capas bdsicas con cuatro
diferentes indices de refraccion (ny = 1.9, ng = 1.7,
fic = 1.2, up = 1.5). La heteroestructura se genera a par-

elec Stica a ravés de un medio dietéctrico compuesto
par capas mﬁluplev y caracterizade principalmente por Ja ex-
istencia de intercaras: ¢l espectro de las excitaciones elemen-
tales y el coeficiente de trasmisién {refexidn),
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Figura I: Micrografia elecrénica de barrido (HR-SEM) de seccion
transversal de una oaulticapa Rudin-Shapiro de orden 5 con secuencia
ACAPACDCACABDRABAC ABACDCDRDC ACDC,

Se conoce perfectamente de la teoria de las ecuaciones
diferenciales que una ecuacidn diferenctal lineal de orden e
se puede transformar en un sistema de 1 ecuaciones difer-
enciales lineales de primer orden con el mismo ndmere de
funciones por determinat. A través de este procedimiento, un
conjunto de . ecusciones diferencizles hneales de oeden m
puede sex tratade comio un Sistema d¢ oo m ecusciones difer-
ecniales lingales de primer orden, el cual puede escribirse en
forma matricial como se ve a continuacion’:

D) _ b, m

En es1a expresidn, P(z) representa una matriz colunma de
nn componentes. Al mismo tiempo, P es la matriz (de orden
n % ) de los coeficientes del sistema.

Colocande el origen de la coordenada = en el valor z,, se
procede a escoger un conjunto de o x e soluciones lincal-
menle independientes de la ecuacian (13, tales que satisfagan
las condiciones
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Figura 2: Especto de refleciancia de una heteroestructura de Rudin-
Shapiro de orden 5 basada en silicio poroso centrada en A = 650 nm

frnlzg) = gy )

La solucién del sisiema de ecuaciones s¢ puede representar

tambicén matricialmente, poniéndola en términos de los val-
ores que adopia en el origen de las coordenadas ¢

Pz} = Miz, z0) (20} 3

and Mz, zo) is known as the ransfer mattix:

hnlz) hafz) o Fgerds)
Mz(ﬁ; fap{z) o ftamz{z)

Mz z) = hl:l'(z hz:s'(z) hnmlll(z) )

hlnm('z) ’!2mn(z) e Pamam(s)

En un sisiema donde |a matriz de ransferencia pueda con-
struirse a trozes, para diferentes intervalos de la coordenada
-partiende desde cierto valor zp-, la mamiz de transferencia to-
tal se obliere entonces mediante a muhiplicacion de las ma-
wices de ransferencia asociadas a los diferentes segmentos,
de forma tal que la matriz de transferencia gue corresponde
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Figura 3 Espectro de reflectancia de una heteraesmuctura de Rudin-
Shapiro de orden 3 basada en silicio poroso centrada en b = 550am

al inigrvale (2, 1) se ubica a la exwema derecha del pro-
ducto de matrices. Entonces, 1a matriz de transferencia del
tiltimo segmento (aquel con ¢l mayor valot de z considerado)
se posicionard come el primer factor matricial a la izquicrda
de la multiplicacidn, s;guiendo la condicidn establecida en la
ecuacidn (3).

En el caso particular de una ecuacién de Maxwell en una
dimension, para 2] campo eléctrico en un sistema dieléotrico
estructurado, la matriz de transferencia is una matiz cuadrada
de segundo orden. Si el sistema es periddico, la aplicacion
del terocema de Bloch-Floquet proporciona a ecuacidn de la
estruetura de bandas,

cosgl = %Tr]\'l(d, o) )

donde se supone que la longitud del periode caracleristico s
id — zy. Las bandas de rasmisién para la sefial del campo
eléatrico s¢ encuentran haciendo | cos geff < 1.

Ea un sistema multieswucurado po periodico, con distin-
10 S s con difer alores de la funcidn dislécirica,
la sefial de tramisién también se puede estudiar mediante la
mattiz de transferencia, La férmula
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Figura 4: Espectro de refl ia de una h tura de Rudin-
Shapiro de orden 6 basada en silicio poroso centrada en X = 600 nm
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6

repiesenta la reflectancia de la onda electromagnética en la
estructura en términos de los elementos de la matriz de trans-
fetencia total.

Entonces, la simulacidn wedrica de 1a reflectancia en las
muestras de Rudin-Shapiro en silicio poroso se realiza al
aplicar este método a la ecuacidn maesors vnidimensional

dEZ)] _ (2:

d[ 1 QE 4
d‘[ﬁ % —) e o

en Ja cual E(z) es la intensidad del campo eléetrico, {z) es
la funcidn dieléctrica -constante a trozos- , ¥ A es la longitud
de onda Sptica. En {as intercaras enire capas con diferentes
valores de ¢, se imponen condiciones de contomo que com-
plementan a Ja ecuacidn {7). Estas son: continuidad de £z},
y continuidad de ¢~ ' {2} E{z)/dz, La solucion para toda la
estructura se obtiene con el méwda de la matriz de wansfer-
encia suponiende incidencia normal,
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Il PROCEDIMIENTO EXPERIMENTAL

Para la Fabricacion de las estructuras Fotdnicas hemos usado
ableas de silicio cristaling tpo p* * {impurificado con Boro),
onenlacidn (140} y con una resistividad de 0.002-0.0035 Qem.
El ataque electroquimico fue realizado & temperatura ambi-
enle ¢con una solucidn de 30% en volumen de HF, o s¢a, una
selugidn cop una proporcidn de 37 de HE (48%) y alcohol
etilico (98%). La densidad de corricnte fue controlada con
una computadora. Para obmener capas de cuatro diferentes
porosidades, fueron empleados valores de cotnente de S{A),
21{B). 33 {D} ¥ 80 (C) mAfom?®. Los tiempos de ataque de
cada corriente fueron caleulados para espesor dptice de 550
y 650nm. Los indices de refraccion de las capas fueron esii-
mados al analizar el espectro de reflectuncia de una capa de 2
pin de espesor a una longitud de onda de 1500 neze. Las medi-
ciones de reflectancia en heleroesuucturas de Rudin-Shapiro
fabricadas de silicio poroso fueron realizadas usando un es-
pectrofotdmere Perkin Elmer UV-Vis-NIR modelo Lambda
950 a 8% de incidencia con Tespecto Iz normal. Las estruc-
wras fueron examinadas con un microscopio ¢lectrénico de
barride de akta resolucidn,
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Figura 6: Esy de reft ia de una h uctura de Rudin-

Shapiro de orden 7 basada en silicio poroso cenirada en A = ({0 nm

1¥. RESULTADOS Y DISCUSION

En las figuras 2 y 3 se presentan los resultados de la re-
spuesta optica de la serie de molticapas fabricadas con se-
cuencia Rudin-Shapire de orden 5. En la figura 2 se mues-
tra el espectro de reflectancia de una serie de mullicapas que
fue disefiada con unz longitud de onda cenmal de 684 nm.
Aparece una brecha fotonica ubicada en on intervalo de lon-
gitud de onda de 600 nm a 700 am y esta brecha e repite en
los espectros de las estructuras de droenes 6 y 7 (ver figuras 4
¥ 6}, con la caracteristica de que se detecra Lambién la presen-
cia de vna ricrocavidad situada en los 630 am de tongitud de
onda,

Los espectros caleulados de toda la serie Rudin-Shapire co-
inciden bastante bien con los resultados experimentales en el
inkervalo en donde aparecen Las brechas fordnicas, en cada uno
de los ordenes. Los picos laterales peesentes en todos los es-
pectros no coinciden completamente con los picos laterales
cabculados, Una de las posibles razomes de exta discordancia
puede ser el bajo conswaste de ndices de refraccidn en al-
gunas de las partes de 1a seceencia. Es decir, hay partes en
las que no hay un cambio significativo de este pardmetro al
pasar de un capa a la siguiente ¥ esto puede estar afectando
la generacidn de la interferencia constructiva necesaria para
una mdxima reflexién. Otra posibilidad sobre la falta de co-
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Figura 7: Espectro de reflectancia de una heteroestructura de Rudin-
Shapiro de orden 7 basada en silicio porose centrada en & = 500 nm

mcidencia entre los picos experimentales y calculados estd en
la existencia de fendmenos de absoreion, dado que es sabido
que &l silicio porose tiere uny fuerte absorcidn optica en la
regidn de altas frecuencias. Ademds, no hay que ol vidar que
las irmegularidades en las intzrearas conducen a efectos disper-
$ivos que provocan una hotable disminucion de la intensidad
de cierlas longitudes de onda que s¢ propagan en la direccidn
notmat a las las intercaras,

Se fabricaron también multicapas de Rudin-Shapiro para
una longitud de onda central ubicada en S00 nm con drdenes
que van igualmente del quinto al sépiimo (figueas 3, 5 y 7).
En esta serie de espectros de reflectancia se aprecian carac-
terfsticas similares a la serie de longitud de onda central en
600 nm discutida previamente.

Y. CONCLUSIONES

En este trabajo presentamos Jos resultades preliminares so-
bre la oblencidn y caracterizacién de molticapas de silicio
poraso con perfil no penddico sigwendo tres diferentes se-
quencias de Rudin Shapire. Se concluye que esta clase de
sistemas pudiera resultar de interés para su aplicacion en la
fabricacidn de espejos y/o fliros dpticos dada la estabilidud
de [as brechas foronicas principales que en ¢llas aparecen.
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VARIACION DEL GAP DE ENERGIA BAJO TENSION UNIAXIAL A LO LARGO

DE (111) y (211) PARA LOS MATERIALES InAs, GaSb Y GaAs

1. Martin Mozo,! B. Salazar-Hemandez.? J. Arriaga,® Javier Ohwora Corvantes,! B. 8. Soto-Cruz! and §. AleAntara 1.
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W stndy the varistion of the encrgy gap at the I point of the Brillowin goue for the semicon-
ducting materials InAs, GaSh and GaAs, This is done by assuming that a uniaxial strain is spplied
alung the symumetry divections (1113 and (211} Caleulations are porformed with the wse of an
Empirica! Tight-Binding Hamiltonian (ETBY, with a basis of fve atnic orhitals {8, pe, py, e 51
and taking into account the contributions of the nearest neighbors only, Spin-vebit imteraction is
also included. The generalized Hook's Law s used to fnd the relationships between the uniaxial
strain antl the deformations appearing aloug each symmetry dircction. The effects dne to the
deformations are included in the Hamiltonian throngh the directing cosines as well as an empidcal
scaling law Hap = H {5}}”"", that reproduces cxperimental resalts that have been previewsly
reported.

Se estwdia la variacion del "gap® de cnergia olectrdnica en el punto T de la zoma de Bril-
lentite para ks matorisdes semiconductores Inds, GaSh v Gads.  Esto se hace suponiende una
tensidn uniaxial a fo largo de Ins direcciones de simetria (1113 y (211), Low caleulos son realizados
utllizande un Hamiltoniane Tight-Binding Empirice (TBE}, con uwna base de cinco othitales
atdamnioes {8, g gy, Be, 80 considerand a contibucion a primeros vocknes ¢ incluyendo la iuter-
accién spin-orbitn. Se wtiliza la ley de Hook generalizada para encontrar las relaciones eotro la
tensién nuiaxial ¥ las deformaciones que s producen a lo largo de cada direccidn de simeteia.
Las cfectos que cstas producen en oz materiales son incluidos en o hamiltoniane a través de los
vosenos directores y de vaa loy emipirica de escalado Hiua = B2, (5™, que reproduce resullados

experiment ales.
I. INTRODUCCION

Las propicilacks chetrdnicas de los materiales sewi-
cotluctores cn wolumen han side de gran importan-
cti en la Tabeieacion de dispositivos clocteduicos ¥ opto-
vlectromeos, adenids de la inportancin que estas tienen
on la investigacion de fisica basica. De resultados ex-
perimcntales sabetnos que la aplicacion de ana tension
externa sobre algin material semicomluctor canbia o
tamaii de la constante de eed del matedal en encstidn.
Si la tension es una prosion hidrostatica sélo cambian las
distancias entee los atomos, sin cambiar la simetria del
material; anngue s inodifica los estados dectidnicos en
ol wismo. Por otra parte, s¢ ha encontrado en forinag
tedricn y experimental que la varlacién del “gap™ de en-
vigia elochednica pars sanjiconductores do gap divecto,
en Fuucion de Ly presion hidrostitica oy de la forma
EjdPy = B +aF + 62202 Mientras que cuando la
tensicn aplicada es uniaxial diswinuye la simetria del
setticonductor ¥ como conseouencin so produce umm. sep-
aracion de los estados degencrados®.  Ademds, 1a nuevs
simetria depende de la diveceldn en la cual Ta tensicn uni-
axial so apligue. Esto a su vz cambin la estractura de
bindas de cuergin dlocteonica.

Por otra parte. el gean avance que han tenido las
tiemicas de crecimicnte ha permitido crecer materinles
ihe capesons muy defgrios, que v de unas coamtas co-
pas abdinicas a pocas contenas de capas atddcas, qne

son adeinds de alta calided cristaling.  Asi tambign ha
permitide crecer materiales a lo lago de diferontes divee-
ciones e sinebrfn. En gran pacte, Jos estacios veportados
pura niateriales sometidos a alguna tension extan basados
on ¢l cileulo de potenciales do deformacion? ™, En oste
trabajo se reportan los weultados obtenidos paca los ima-
toviales somiconductores InAs, GaSh y GaAs somaetidoy
A una tension uniaxial a la largo de las dirceciones crista-
logrificas (111) y (211} Se utiliza un hamiltoniane TBE
el cual da un panoratia bastante reat de las interacciones
que dan origen a la formacidn de la cstructina de bandas
y de ¢émeo se modifica csta estrictura cuando la config-
nracin clectrdnica s altorada por algin medic®. Se con-
sidera una base de 3 orbitales atdmicos {5, p, py.ope. 871
con interaceidn a primeros vecinos y se incluye la interac-
cin spin-crbita®. Se suponen valores para la deformacion
que estén denteo del fmite elistico del mateial, lo que
pertnite utilizar la ley de Hook gencralizada y obtencr
la razin de Poisson #¥11, a lo largo do cada una de las
divecciones de situctria, Los materiales seinicondnuctores
que se estudian tienen simetria cibica y por lo tanto tres
coustantes de rigides elastica €y, Ty Crg independi-
entes,
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II. TEORIA

Los materiales inAs, GaSh, y GaAs son materiales
sendconductores de gap directo con estructura cristalina
de tipe Zing-Blenda. Desde ¢l punto de vista TBE €] rea-
cotikrdo atomico producido por la tension, modifica los el-
cinentos de matriz del hamilteniano debido a variaciones
on los Angulos y en las distanciag entre los dtomos. Es-
tas variacionos son tomadas en cuenta e introducidas en
los elementos de matriz del hamiltoniane de la sigoiente
forma: i) la variacidn angular en forma exacta a travids de
Jos carpbios ¢n los cosetos directores y i) la veriacion en
la distancia en forma empirica, utilizando une loy de os-
calamiento M, = H:Ir’ (%‘})""", la. cual reproduce resul-
tados experimentales de sisteinas bajo tension'®, donde
HY, son los elenientos de la matriz hamiltoniana sin de-

formar, (2)"* os el factor de wscalamionto siendo rg
L distancia entre los Atomos sin deformar y + la distan-
cia enbre los Atomos cuando hay deformacin. Los valores
de los exponentes w3 pueden depender del par de or-
bitales atdinicos {, 3} que se consideren!'. Las nuevas
posiciones atémices que resultan de la deformacién son
caleuladas utilizendo 1o teora de dlasticidad.

Aplicar Ia tensidn uniaxial a lo largo de las diveccin
de simetra (111) o (211); equivale splicar una tewsion
biaxisl a un plano que tiene como perpendicular a cstos
ejos respectivamente, donde las deformaciones paralelas
al plano sc cousideran iguales y son denctadas por 2y =
23 = g, Para estudiar ls respuesta de los materiales
causada por la tensidn a lo lacgo de las direcciones de
estudio, se hace una rotacién de cjos de tal forma que
ol cje Z del zistema rotado coincide con las divecciones
{111} ¥ (211) respectivamente deol sistema sin rotar,

Consideratido en ambog ¢asos el anién en ¢ origen del
sistemna de coordenadas (Bgura 1), las posicioncs de los

TABLA 1

Transforinacion de los vectores d, en los vectures d,r.
Dirceeivin (111) {en unideaddes de /4.

i d, day
1| (Lun 0,0,v3)
2 |{-1L-1,1) (—7’3 o= ',)
3 la-1-n (- %-%)
4 |i=t1-1 (:,%;’.E—:j.?
z
L] L] L] L} L] ]
L) ’ L] L] L L
‘Il
N
i, ]
* [ ] M - L] L]
[ ] L] L] L] + L}
» » . L ] | ] [ ]

FIG. 2: La geometria de los wetores de posicion . eu ¢l
. "
plaw X - Z .

cuatro cationes vecinos o s transforman bajo la rotacion
en los vectores o donde ¢ = 1,2, 3,4

A.  Direccion (111}

Para osta divcccidn los vectores de posicion de los
cationes s transforman a travis de la matriz de rotacion

0 1
, V2 7]
1 1

e R @
Vi VBV

Las voctores do posicion a lo largo de la dircecion (100)
¥ rotados se muestran en s tabla 1,

En la figna 2 sc imnestra la geometria de los vectores
&y on el plano X - 2.

De las coordenadas de estos vectores se puccde obscr-
var que la componente ¢ de los cationes 2, 3 ¥ 4 rotados
tionen el misino valor £ = — ﬁ Considerando el matorial
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TABLA 2
Cuosenog directores. Dircegidn (111).

=1 my = fa, =1
fy=- G My = e ly My = — e
Bt ey 12 LML I TN
3 a
=1} m.:s=:l1§f2 fip = fg
fh=-l my = —T:adi-e Ny =my

constitnido por planos atdmicos, para esta direccion cada
plano atomico contiene dtomos de una sola especie (an-
inles o cationes) ¥ ol material se puede ver constiuido a
Io largo de esta diveccidu por planos atdmicos alternindos
do aniones o cationes. Se utiliza la loy do Hooke ponerad-
izada Top+Capeiei; = 0 para cucontrar los valores de las
deformaciones £;;. Considersnde o, 2,4, = 1,2, 3 en el
sistema de gjes rotados y dessorollande pace los valores
de {o®) = (33),(23), (13} con T = 0, sc calenlan las
deforinaciones. Considerando £y = £33 = 2, ontonees
£1z = £13 = £g3 = 1%, Haciendo 242 = £1 s¢ obtiens

Coan + 63

R, dl A3x2

fr=- (-———— e (2

ey
Donde, la razin de Poisson en ol sistema votado para
[ s

osta direccion es: g = = — _ Las constantes de
o i . ?uu‘*caian o

rigidez eldstica Cigy, Claza ¥ Cagyy on términos de las

vonstantes do vigidez o ol sisteing de voferencia no ro-

tidor -gue como se sube pava un cristal con siinetra oibica
son tros diferentes de coro-, estin dadas por:

_ Gy + 20 — 20y

:'sall = 6:31 = 1
C + 200 — 20
Chygy = Cip = _I—_3——
€y + 2012 +4C0y
Chagy =Cpa = —1—-—3——‘ 3)

donde benos usado la potacion abreviada.

En términos de las constantos clastioas Oy, $a ¥ Cn,
¥ usando la couacion {31 la cazon de Poisson on la dJi-
receidu (111) es:

mo_ 1 + 2002 + 4044

- 201 + 400 — 40 ' (4)

Bste resultado permite relacionar la deformnacién uni-
axial & b cual supouemos soctidos los matedales g =
e, oo bss deformaciones ¢y = g = £, o5 deiv
£ = 'aﬂeﬂ'-r.

Los electos de tensidw en un sistemia dado pueden cono-
corse o bravs do los carnbios que produce oste. en los vee-
tores unitarios, quo para la direccin (111) gc cedueen a:

=1+ E,.)i'
Be=1+ep}i
L={1+e1} 5}

Escribiendo los d, en tévminos de los veetores unitarios
tensionados en €l sistema rotado, se tiene;

dope = 2 .

Ty 2,2 ' 28 4v3

i =‘£(01+_5P_“‘5l)

EAN G s

o g fltey 1+ey 1+=‘-J_)

dgrg = — | —, [ -8
R ( 22 26T 43 ©

Las magnitudes de los cuatto vectores mtados sin ten-
sionar som iguales: |d] = {1@ con i = 1,23, 4; micntras
que, la de los vectores rotados v tensionados son:

» 3

!dlrt|=§(1+fl):

o - - 814,24+ {1+e)?
o = o] = il = §f 2L LA EL) )

De las expresiones (6} y (7) se obticne los cosenos di-
rectores, mustrados en la Tabla 2, tambidn se obticene los
cocientes de las distancias r’—f{“: com # o= 1,334 cuyos
valores son:

dy, 1
e 14eL’
dar 3

ot /B(L T, T L+ 2L}
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TABLA 3 B. Direccién (211)

Transformacion de los veetores d; en lus vectores dur.
Direccidn (211} {rn unidades de aq/4).

i di dir Fn In figura 3 se muestea la geowetria los vectores 4,
1 ((}, v en el plano ¥ - Z ¥ en la Tabla 3 la nuevs posicidn de
3V . . ) -
. . los cationes cn el sistema rotado o través de la matriz:
“L-L ( v

w7
0.-1-0 fo- ?,0)

110 (g -ala)

Lo

0 = -1
L2

VR @
T Y0 e

A diferencia de ks diveocién (1110 los planos atéimicos
contienen dtomos de ambas cspocios; aniones ¥ cabiones,

Nuevamente utilizando la ley de Hooke generalizada
T + Copijei; = 1) o el sistema rotado y desarvollando
para (0B = (33), (20), (13 con Thg =0, &y = 292 = &,
¥ £12 = gn = (), s¢ obtienen la deformacioncs para
oo esta direccidn.  Expresadas estas dltiinas cn términos
FIG. 3 La geometria de los vectores de posicitn di- en b ga 1ag tres constantes independiontes de rigides elastias
plano ¥ — z. quedan:

sia=cepn =0

=3{C1 + 2019011 — Ciz — 2Caq)ey
VECE +C11Crz + CF, - 2C],) + 13C1Cag — 7C12C14)
HCH + CLilia — 20E) — TC1 Caa + 19C1:C0 — 2CE,

= f32 =

g = = . 1[]
L T 1 + Ol — 20T} + 13011001 — 10120 ! (10)
f
Donde Ia razan de Poisson para esta direccion es:
}
a1 _ 2(CH +CnCra + &y — 2Ch) + 1361 Cay = 7C1sCiny ()

T ACF, + €1 Crz - 20K = 101 Cag + 1901364 = 2CF,
—

Para esta dircecion hewos encontrado que hay una de- formacion de corte gq diferente de core, Los vectores
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TABLA 4
Favamneros det Hamiltoniane ETBY en oV, anpleados en
los céleulos de la estructnra de bandas, incluyendo ¢l acopla-
miente spin-orhita A, El indice @, {¢) se refiore al anidn {ca-
tignu) ¥ s, p 8, @, g, son las notacivnes para los orbitales.

GAs GaSh InAs

Efs.¢) —8.3431 —7.3207 —0.5381
Ei{p.¢) 09252 05982 07733
Efs*, u} 7429 63715 7.2730

Efs, ¢} —2.6563 —3.8903 —2.7219
Eip.c) 36523 2.6575 3.5834
E(s*,¢} 6.6235 57287 (605

Vis s} —6.4513 —G1567 —5.6062
Viea) 100406 15790 18398
Vir,y) 578 39090 43077
Vise.pe) 44607 49078 30205
Vs 57413 45880 53884
Visn, ey 43083 48050 52191
Visrt,pa) 46473 38791 39234
A D1338 03202 01386
A 00653 00RTI {1200

unitarivs en ol siskoina cobado v tensionado para esta di-
TCCCHN SO entonues:

Bo= {1450
= {1+ 805 +emé
= e+ (1+ 21} (12)

Escribiendo los o en Wriminos di log vectores unitarios
tensionados on ol sisterna rotado s tiene:

- aq 1+e, £o3 £ 1+£J_)
iy =—1]0 + —_—_, — t ———
T ( V3 TR s VG
u_g(_1+s[. 1+e,._ﬂ_l+sl)
1 2vT 43 VB 2B

- i 1 1
Fe = (0, ~ V3L +g), —Eﬁfzu>

dayy =

P AN A W R N

Para las dos divecciones que se estucian los valores con-
siderados para los cxponentes g son 3, = 3.7, 4, =
20, ypp = 2.0, #y=p = 2.0, los cuales han veproducido muy
bion resnltados experimoutales para mateviales sowetidos
a una presion hidrostitical®. Los pardmotros ETB uti-
ligados para. los wateriales sewiconductores estudiados
on este trabajo son mostrados en Ja Tabla 4 y los valores
i las constanbes clasticas utilivedas se maestean on la
Tabla 5.

Dado que sc comsiders wnee base com 5w bitales
atdinicos pov dtomo ¥ Lay 2 dtonos por eclda entonces

. mp 1+ 1+ey  Eay £33 l+e&p
tayr =

TABLA 5
Constantes de rgides clistica'?

T GudAs GaSb Inds
Oy 1126 205 332
w571 421 482
Cag 500 445 395
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FIG. 4 Variaeidn de la energla en funcidn <o la deformacidn,
segin la direceién (111}, para of InAs en la banda de valencia.

la matriz hamiltoniana a resolver sori de 10X 10 ¥ al in-
cluir la interaccidu spin-dobita pasa et ws watriz do
20X 20,

III. RESULTADOS

Sc obtiene la variacion del "gap” de encrgia ou funcion
de la deformacion paralels sl plano, yue se produce al
aplicar una tension uniacdal a lo large de fas divecciones
{1117 ¥ (211} Parn osto se encucnbray los autovalores do
Ia imatriz hamiltoniann en el panto T'{k = 0) <e la zona
il Brillouin, los cuales bienen come pardmoeteo £, . Por
lo tanto estos autovalores correspolden a low diferontes
valores de energla en dicho punto para tia deformacion
dada paralda al plano. Do vesultados toricos ¥ oxperi-
mentales se conocer las energias de los materiales que se
esticlian aqui cosnde & =0, T =0k y ¢, = 0. Enla
Tabla 6 se dan los wvalores de Ins encrging en ¢V opara el
spin-6rbita en T, ol masximo de la bandas de valencia v el
minimo e la banda de conduccion de los materiales que
se estudian, Totmando estos valotes como referenicia, los
cuales corresponden a la banda de hnecos {ligeros ¥ pe-
sados) ¥ la banda del acoplamicnto spin-Grhita, asi como
la pritnera banda de conduccion (E = 03, se puede seguiv
el valor de las cnergine correspondientes a los difevontes
valores dades a la deformacién paralela.

Se consideran valores para la deformacion paralela =,
desde —0L050 & 0050 & intervalos de (L0053, De la relacion
entre £, ¥ £, a una deformacion paralela negativa corre-
spoaule uma expansidn a be lrge dol eje (111) o (2113,
micntras que wia defornacion paralela positiva corre-
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FIG. 5 Variacidn de la encrgia en funcion de la deformacion
sogin la direccion (211) para el InAs en b banda de valenela.
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FIG, 6: Variacion del gap de energfa en funcidn de la defor-
macion, segin [a direcelon {111},

sponde a4 una compresicn a lo large de estos ejos respec-
tivamente, Da los resultados obtenides se observa que
para deformaciones diferentes de covo, el médximo de la
banda de valencia se separa cn dos valores Jiferontes, a
medida que se avinenta o disminnye la deformacion. Los
valores obtenidos de la separacion tambidn dependen de
la direccion a lo largo de la cual se aplica la deformacion
uniaxial. Uno de los valores cortesponde a los huecos
ligeros (Ih) mientzas que el otro a los huecos pesados
(k). El mixino de la banda de valencia también se
v atectade por la deformacidn aplicads y tainbicn de-
pende de la direcein de la deformacion uniaxial (figuras
4,51, Se obsgrva también una separacidn entre ¢l valor
correspondiente a la banda de spin-orbita ¥ o maxime
de ia banda de valencin. En la Reura 6 se muestra la
wariacidn de gap en funcién de la deforacion paralela
para la tensidgn unissial & lo largo de la diccceién {111)
v on s figura 7 la variacion del gap de energia para la

deformacion ntdaxial a lo kargo de la diveceidn (2113,

V. CONCLUSIONES

Utilizatdo un hamiltoniatw ETE ¥ la ley de Hook gen-
eralizada hemos caloulsdo la variacion del * pap” de on-
A =

" . o
N L fa »
"

14 L]

2 " .
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FIG. 7 Variackdn «del gap de cnergia en funclon de la defor-
inacidn, segiin la direccidn (211).

TABLA 6
Encrgias {en eV} en el punte I, pars la banda de split-off
{5-0), Ia banda de walencla (B-V} ¥ la de cotdueclon (B-C)

50 BV B-C
GaAs —(h35) 000 1.550
GaSh —0.791 000 0780
fuds —(h410 0.0 0,430

crgia para los wiateriales semiconductores InAs, GaSh y
Gads onando se cienentran bajo wia tension uniaxial a
I largo de las direcciones (111) ¥ {211). Los resolta-
dos Jnuestran que hay wna dependeoncia su la variacion
det gap de energda de la direccion a lo largo de la cual
sc aplica la tension uniaxial. Eu ambas directiones la
separacidn de los valores en la banda de valencia corre-
spoude a un rompituicnto de la degencracion existente en
el punto lo que concuerida con resultados olstauidos por
otros métodos!! 13

Asi tainbidn, se pudo observar variacion entre el inaxio
de la banda de valencia v el mitdmo de la banda de con-
duecion la que es atribuida a la existencia Jde una de-
formacin hidrostiatica®' os deetr; la deformacldn uniaxial
qua se apllea a lo large de las direeeiones (111) y {211)
&5 una wezela Je defonnacidn unlaxial pura ¥ presian
hidrostatica'!.
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Oscilaciones de 1a red de nitruros ciabicos
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En el trabajo se estudia la dindmica de los nitnuros del grupo [ ¢n la estuciera blenda de zinc. Se¢ muestra
come en direcciones de alea si ia las ramas longiwdinales de d de las ir les. e reportan (a5
relaciones enire las constantes de fuerza del problema 3D y de lacadena lineal equivalente. Tambidn mostamos
cOmG calcular apustar las constames Je loerza 3D del masive (v ¢ la mariz dindmica ¢n su
totalidad) 2 partir (2 unos pocos puntos experimentales o ledricos.

We study the fattice dynamics of the zincblende phase of bulk group-1T1 nitrides using the linear chains mod-
els. It 15 shown that the 31> cscillation problem reduces to ungoupled linear chain equations for high symmetry
dirscil The relation b the 3D and 1D force has been i igaesd. Cur siudy helps to under-
stand beter the richness of the linear chain models, We also show how to fie the 30 bulk force constams (and

< Iy the whale dyi

PACS sumbcrs: 63.10.4a 63.20.D§

1. INTRODUCCION

Debido a sus propiedades los niruros del grupo N1 son
de gran interés para la elecwdaica; esto hace que actual-
mente sean muy diadas sus propiedades dindmicas,”?
tanto cuando cristalizan en Ja estructura wurtzita como blenda
de zine. Técnicas experimentales como la dispersidn Raman
son utilizadas para caractetizar el espectro fondnico.” Desde
el punio de vista wedrico las ecuaciones de movimiento son
bien conocidas,” pero el nimero de dtomos en materiales
masivos s muy grande lo que hace imposible su resolucidn
analitica o numéricamente, Esto hace que sea necesanc crear
modelos mds simples para estudiar los fonones. En este sen-
tido estos materiales se han estodiado unlizando vanios mode-
los, como el modele de Keating,” &l modelo del idn rigido”
y cileulos ab initin.” Whilizando modeios de cadenas lineales
s& muestra c6mo g 1o largo de dicecciones de alla simetria las
oscilaciones longitudinales y transversales se desacoplan.””
En este trabajo retomamos las ecuaciones de materiales pola-
res con estructura blenda de zinc, como es el caso de los
nitruros semiconductores del grupo 11 También moestramos
como obtener las constantes de fuerza del problema 3D aju-
stando las relaciones de dispersidn a unes pocos puatos, ya
sean experimentales o tedricos. El wrabajo estd organizado
de la siguiente manera: En la proxima seccidn se enpmeran
las propiedades de las ecuaciones del movimiento que serdn
necesarias, en la seccidn [11 se considera una estructura blenda
de zinc, se estiman las constantes de fuerza y se calculan las
relaciones de dispersién para un cristal de GaN. En la iillima
seqcidn se resemen las conclusiones.

IL MATRIZ DINAMICA Y ECUACIONES DEL
MOVIMIENTO

5i se sopone gue los iones son gsferas rigidas no polar-
izables o deformables al considerar la interacion coulom-

ical matrix) from a few points, gither experimental or theoretical.

biuna, estos Se comportan como particulas putituales cargadas,
de modo gue en la aproximacidn arménica, separando el
campe eléctrico macroscépico de los demds términos de io-
teraccion, las ecuzciones de movimiento estarian dadas por
las expresiones’

2o () = 3 Doy (. Thep () — ~2oE, . 1
oo 6) = 3 Dua (' T ) = s 1

donde w &s Ja frecuencia del modo, @y, es 1a carga con que ¢)
domo s-Esimo participa en el enlace, g ¢5 la masa del dtomo
w-ésimn y E, es la compoaente { = 1, 2,3} del campo
eléctrico dada por la expresion”

_ LE u Qe CF
ae TSR @

a

Aquif &5 2l velumen de la celda elemental y g es el vector
de onda. Ademds tenemos que ¢, () es la componente o del
vector de polanizacidn ¥ la matriz dindmica estd dada por

Dy (', )
_ 1 ‘ z B (M, R Y exp (—i7- [T - T ]
\,‘Jﬁniﬁx T
3)

T (I} es el vector de posicion de la celda elemental y fas
$,7 (16, 5’} son las matrices de constantes de fuerza.

La invarianza de las constantes de fuerza ante una trans-
formacién de simema 5, en forma matricial tiene la forma
505t = &, Si se considera el problema hasta un nimero
determinadd de vecinos, haciende uso de ia invarianza ante la
transformacion de simetria correspondiente a cada esfera de
coordinacidn, se establece cuales o de fuerza son nu-
las ¥ la relacidn existente entre las restanles. De este modo

91



Tablz [: Relacion entre fas constantes de ferza de la cadena lincal ¥ fas constantes de fuerza del problerma 3D para los modos longitudinales ¥

ransyersales en algunas direccienes Je alia simetna.

Cadena Lineal  L[1004 Ty £li1]] T T[10]
e —+ —{Zoon + 8 —Hagy — o) —{o + Zoas + 0 —{ay — o) —Hay, — o)
fear — — 2y =2y + ey —{3on — 2004) =(3eeq) + oxp2) =[x + 0ry2)
ow — 0 0 Q O — (oo + aa}
it — =43 =21+ ) —(200 — 25 + Fa) — (200 + Fee + Bad 20000+ B
i - =4y =20vi + ) —{2v0 = 2n0tvas) — (2wt o o)l =200 )
Yo = 0 0 0 0 ~(Bs = i)
e — 0 0 0 0 ~ {1 = 71}

Tabla 1I: Constankes de fuerza del problema 3D y constantes de fuerza de la cadena lineal equivalente en las diferenies direcciones de alia

simetria para un coistal de GaN (en uridades de 10" dinem™").

Problema 3D Cadena Lineal

on1=-1.3395 v, — L[ID0] 6.3807 T(1(0) 1.8055 LII11) 6.4147 T(111} 0.9027 T(110] 1.8055
na=-0.4367 Yoy —r 26790 3.5524 3.1450 44552 1.7762
B = 00291 oy — 0 o 0 0 1.7762
= 00378 40 01164 L6506 0.2938 0.4072 116806
ag=3112 45 — 0 0 0 ¢ A.0087
=-03977 4l — 1.5008 £0.1919 1.2592 01770 21919
T12=04THT it o 0 i 0 0 05764
Fap=04937

1=-42017

e reduce €l mimero de parimetros del que depende el pro-
blema de las oscilaciones de {a red en la aproximacion consi-
derada, los cuales pueden oblenerse ajustande las expresiones
obtenidas para las relaciones de dispersidn en puntos de zha
simetria de Iy primera zona de Brillouin.

Ifl. ESTRUCTURA BLENDA DE ZINC. RESULTADOS

NUMERICOS

Los nitruros ¢n una de sus formas cristalizan en la estrue-
tura blenda de zinc. Esta es una estructura cibica centrada en
las carws con dos fromos de diferente especie ¢n Ta celda el-
emental {un ion del grupe 100, en lo adelante X, y un ion de
nirégeno, ¢n lo adelante N). Las coordenadas de los dtomos
en |a base estdn dadas por {0.0,0) ¥ (%, £, 5} Consider-
aremos la interaccion hasta segundos vecinos mis cercanos,
denotando las constantes de fuerza por ¢, para los primeros
vecinos (interaccidn X — N}y /; y 4;; para los segundos
{interaccion X -~ X y N — N respectivamente).

En las direcciones de ala simeteia [ 100, [110] ¥ [111] Tas
ecuaciones de movimienio fongitudinales se desacoplan de las
mansversales. De esta forma las ecuaciones de movimiento
del problema widimensional (3D en lo adelante) pueden ser

diadas comeo cad lineales di ivas. En la tabla 77
aparccen las relaciones entre las constantes de fuerza del pro-
blema 3D v Tas constantes de fuerza de la cadena lineal equiv-
alente en las direeciones mencionadas.

Para una cadena lineal diatémica de este bpo las relaciones

de dispersidn estdn dadas por las expresiones

) = |22 Wila] _ \/ (ol = )y
)
ok = | LR \/ @l
5
donde,
Bli) = o=+ ot + oz + 0 s [ ]
+442 sin?gn]), (6}
Wl = R—LV- CYew + Vet + Yoz + 4750 sin?[%’i]
L2 sin® (g}, o
Tilg = ﬂ—,‘,_\_lj‘—,‘,wt(*f.:.. + (Vw1 + Vo) cosfg]}
e = Y2} sin®[gr). @)

De esta forma escribiende las relaciones de dispersidn en
funcién de las constantes de fuerza del problema 3D (ver
1abla 77), tenemes que éstas dependen de nueve parimetros

92




GaN

g

8

Frecuencia (em” )

\

3

=

r K X

r L

Figura I: Relaciones de dispersion de Gal caleuladas por el méodo propuesio en ¢l presents wabajo,

independientes, las constmies de fuerza ey, ¢z, S, Sz,
Aads 11 e vas ¥ 12 que resume la contribucion del campo
eléctrico macroscdpico ¥ permite explicar el desdoblamento
entre las ramay longitudinales y transversales en el ceniro de
la zona de Brillovin. Los valores noméricos se obtienen ajus-
tando las relaciones de dispersion (77)-(77) en ponios conc-
cidos en el centro ¥ la frontera de 1a zona de Brillouin. En
la 1abla 7?7 se muestran cflculos hechos para un cristal de
GaN. Las frecuencizs necesarias para el ajuste se tomaron de
la Ref. [? ]. Sustituyendo estos valores en las expresiones
(77 se obfienen expresiones analiticas para las relaciones de
dispersién. La figura 77 muestra los grificos obleridos para
las relaciones de dispersién en las direcciones de alva simetria
estudiadas. Como puede observarse, las curvas reproducen
con buena concordancia los resultados presentados en la Ref.

1

IV, CONCLUSIONES

Hemos obienide la forma en que las cadenas lineales
pueden ser usadas parz obtener las relsciones de dispersion
a lo large de direcciones de alla simettria, en aproXimacion

de segundos vecinos mds cercancs en cristales polares con
estructura blenda de zine. En particular mosmamos como las
ramas longiudinates y transversales se desacoplan y como el
campo eléctrico macroscdpico hace que se desdoblen en el
centro de la zona de Brillouin. El aspecto mds relevanie es
que s¢ obtuvieron expresiones analiticas para las relaciones
de dispersidn, las cuales pueden ser ddles para calcular oiras
propiedades de estos materiales. Mo obstante la relativa sen-
cillez del modelo, las relaciones de dispersién obtenidas parz
el GalN reproducen ¢on buena exactilud resuliados tedricos y
experimentales previos.” T
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n-type delta-doped quantum well in GaAs
under laser radiation and in-plane magnetic field
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The availability of intense Jaser sources has made it possible to study a wide range of nonlinear
phenomena o atoms, molecules, plasmas, solids and semicondactor structures under the acthon
of strong cleceromagnetic fields. [t has been previously shown that when an jo-plane inaghetic
ficld is applied, nonlinear offects can be cheerved at lower radiation intonsitics, since the magnotic
field introduces a new characteristic frequency (the cyclotron frequoney) in the systemn under
consideration, and an enbanced cffect of the external electromagnetic feld is expected wear the
resonance conditions. On the other band, ntype delta-dopel quantun wells in GaAs provide an
ideal system to study phenomena at extrenely high carrier densities and its potential technological
applications. The problem of an electron confined in a delta-doped quantum well woder the action
of an in-plaue magnetic fickd and lincarly polarized laser radistion is studied. The Sehrbdinger
equation is solved in the Kramers-Henneberger approximation. We teport the dependence of the
gronnd state encrgy on the intensity of the incident radistion for diffcrent impurity concentrations.

La dispomibilillad de lasercs intensos ha hecho posible el estudio de una amplia vartedad de
fend os no lineales en 4t moléculas, pl silidos y estructuras sumicouductoras bajo
la accidn de campos clectromagnéticos jotepsos. Se ba demostrado que enando s¢ aplica un campo
maghndético en el plano perpendicular a la direccién de crecimicnto de Ia estructura, los efoctos no
lincales pueden ser ohservados a intensidades mds bajos de la radiacién, debido a que o campe
magnético introduce on el gistema noa nveva frecuencia cavacteristica (la fecouencia ciclotrénics),
¥ cabe esporar un efecto intensificade del campo electromagnético corca de la region de resonancia,
Por otra parti:, los pozos delta-tlopades tipo noen Gads constituyen un sistema ideal para of estudio
de fendmenos a altas densidades de portadores ¥ sus aplicaciones teenolégicas. Bn este trabajo se
estudia el problema de un clectrdn confinade en un pozo delta~dopado bajo la accidn de vn campo
magnétice en el plane perpendicular a {a direceién de crecitnientu de la estructura y radiacion baser
linealmente polarizada, Se resuelve Ta ecuacidn de Schridinger en la aproximacién de Kramers-
Henmehbergor, Se reporta Ja depemdencia de ta energia del estarlo bdsico con la intensidad de Ta
radiacion incidente para diferentes valores de la concentracién de impurezas.

PACS wambers: 73.21.Fg

I. INTRODUCTION

In this work we consider the problem of an clee-

The study of laser-driven semiconductor structurcs
has beon possible with the availability of THz lasor
sources. A number of nonlinear phenomens such as mul-
tiphoton absorption, high-harmaonic genarstion, dynami-
cal electren localization, photon-assisted tamieling, neg-
ative absolute couductance, negative differential conduc-
tivity and formation of electric field domains have becn
studied theoretically and for experimentally.! In previous
works® we have shown that when an in-plane magnetie
field is applicd, nonlinesar effects become important for
lower radiation intensities and for radiation polarized in
any direction perpendicnlar to the magnetic field,

On the other hand, delta-doped structires have re-
ceived attention for their potential technological appli-
cations and for being ideal systoms to study phenomena
at extremoly high carvier densities, Simple analytical ex-
pressions for the potential of & delta-doped quantum well
have been obtained in the Thomas-Fermi approximation
avoiding self-consistent calculations.

tron in a semiconductor delta-doped quantwn well un-
der the combined action of an in-plane maguctic feld
and electromnagnotic radiation, lnearly polarized in a di-
roction perpendicalar to the magnetie fickd. We use the
Kratners-Henneberger approximation? to calenlate the
gound stato guasiouergy for different values of the the
intensity of the incident radiation, magnetic field and im-
purity concentration.

II. KRAMERS-HENNEBERGER UNITARY
TRANSFORMATION

Let us consider an eloetron with effective mass m* in
an unidimensional potential V{z) and under the action
of eloctromagnetic radiation linearly polarized cither in
0X or OV dircctions. There s also a constant, nuiform
agnetic field applied in the OZ dircetion. The civelope
wavefunction can bo writbon as:
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I _ 1 i -
Pt} = —‘/Ecxp (— E(rm+k..)).

k: n
X[ (—TE—E) Lople ) (1)

Hore §is the transvorse area of the sample. I is 2 time-
dependout unitary transformation” which can be appro-
priately chosen to give

r}l% = (Ha 423 Vifz,A) cos-nm) 0, (2

=]

whexe

2 w2 2
By o= B B e Ve E)

2mr 2w 2
27 fur
Vile, Ay = —f b cxplinet 3V {z — deoswi) {4)
no= 0,12, .

Hore w, = efffm* e is the vyeloteonic frequency, », =
ipfmerw, is the eyelotronic orbit center position, and

- ®

for w # Wy, all the index s takes values 0 or 1 for clee-
tromagnetic waves polarized wlong the OF or OX axes,
respoctively, The magniticde A represents the amplitude
of the classical oscillations of an clectron under the ae
tion of & harmonically time dependent clectric field. The
Hamiltonian Hy in cquation {3) deseribes a hanmonic os-
cllator with mass me* and leequoney w., under the action
of the potential Veiz, A, On the other hand, the time
dependent potential in cquation {2) represents a super-
position of n-ploton enission and absorption provesses.
The effect of electromagnetic radiation s renormalized
ite the “dressed™ potential Viz — deoswf),  Flogquet's
theoren® allows equation (2) to have solutions of the
form

el 8y = we, Doxp (— %sl‘,) . (6}

where ooz, £) = w.lz, t + 2rfw). The solutions are la-
beled with quasicnergies £, which are the cigenvalics
of the operator Ho + 255 V. ir ) ('{)b‘.I'IuJ'f — ihdfot.
The Kramers-Henteberger approximation,” widely vsed
i atoms, approximates guasienergics € by the cigenval-
ues of Hyg, Dhscnssions about the validity of this ap-
proximation are given in Ref, [2]. In this approxinia-
tiemr the problen is reduced to the selution of the tine-
indepondont Schrodinger equation

[ -

Fr -
g7 ]
>

P .

il —

L1 5 -

13 10 - o 5 L] 15

FI1G. 1. Renormalized potential Vy(r, A} l‘or d]ﬁ"en-m values
of A and impurity concentration »=1.10"

[T]
M.

FIG. 27 Ground state of the potential %m‘wf{-.r. — a4
Vol, A} as functiot of A for o, = 0 and B =1 T, Curves
fron top to buttoin correspond to increasing values of thn-
imprity concentration (from 1- 107 em ™% o 0- 10" e 7y
Units are: the Landan magoetic length g and the cyclotronie
CRELEY fitale,

.2 2
P L L
(Zm‘ + gl (¥~ 2% + Vala A = (s '?.m") I
n
In what follows we will consider tle potential
ol
Vie) = o E + g (8)

which describes the profile of a dilta-dopod yusntinn
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well within the Thomas-Fermi approximation.® The pa-
1/5

ramcier o = Tg_f and x5 = (%) , where nazp is

the two-dimensional density of donors in the delta-doped

monolayer. In Fig. 1 we show the renormalized potential

Volz, Ay for different values of A e impurity concontes-
tion 7= 1- 10! cm=2,

11I. RESULTS AND DISCUSSION

Results fronn tomerical solution of (7) sxe shown in
Fig. 2. We hiave calenlated the ground state energy for
B =1T and x, = { for impurity concentrations be-
twoen 1- 10" o2 and 9 - 102 an~? as functions of
the pavameter A Eigenvalues increase with A for a given

impurity concentration in agreement with the potential
profilc shown in Fig. 1. On the other hand, cigenvalues
decrense when impandty concentration increases bocaise
the quantam wells beeome deeper,
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Complete transmittance for symmetric heterostructures
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We analyse the propagation of electronic or electromagnetic waves in symmetric layered sysiems, at
the special energy (frequencyd in which the phase lengihs in 3l layers are equal 10 w/2, and prove that
the transmiance is equal w0 wnity irespective of other facts, We comment the imeresting case of binary

symmeiric g
heterastructures.

Analizamos la p ién de ondas

nckires. in particular the one made up by (wo mirror-symmetric Thue Morse

Znéticas en sistemas multicapas siméirieos a las energfas (fre-

cuencias) en que 1as longitudes de lase son todas ipuales a #/2, y probamos que la transmitancia es igual ala

unidad independientemente de ores Factores. O

1w gl case d de 1as heteroestructuras ouasi-

megulares binarias siméimicas, en panicular la creada por dos hererosstructuray de Thue Mopse especularmenie

SiMEIcas,

PACS numbers: D3.65.Nk.31, 10,42.73.93. 00,74 5.4r

1. INTRODUCTION

Multilayered semiconductor and dielectric systems are
interesting from many points of view."™ Quantum Wells
Qw14 Superlattices {SL) 12 and more recently Quasireg-
ular Heterostructures (QH3,>® have proved to be useful in de-
signing elecronic, opoelectronic and opucal devices for var-
ious purposes. The number of interfaces ranges from a few
ones to hundreds and occasionatly thousands, Usually these
imerfaces can be assumed o be perfectly parallel and with no
imperfection. and the layers are homogenreous,

Among the different basic properiies important o the ap-
plications, the wansmittance of eleciron and electromagnetic
waves has significant relevance. In Refs. |7.8] the multifrac-
tal character of the mansmivance specorom has been pointed
oul for both excitations in simple Fibenacci and Thue Morse
OHs. A similar study for some non-Fibonaccian QHs is re-
ported in Ref, [9]. Experimental results have been reported in
et [10] for 5i0;-TiO; mudtilayers, 1o Ref. [11] the focus
was on the claim hat 3 certain frequency presents complete
wansmittance for a Binary Fibonacei Sequence. made up by
Jurtaposing a Fibonacel standard sequence and its mirror im-
age.

In the present paper we anafyse any symmetric multilayer
structure with sectionally constant parameters al a special
value of the energy (frequency) -see below- and show thal the
complete transmirance property at this particular energy (fre-
quency) is a direct consequence of the structure of the Trans-
fer Matrix and the inversion symmetry. We also demonsmage
thur a Binary Sequence made up of two mimor-image Thue
Marse sequences is an example of thix kind of system, and
consequently it has the complete rransmittance propenty.

Notice that both problems (electron and electromagnetic
waves) can be treated simulmneously as they are isomorphous
{see e.g. |12] and references therein),

II. TRANSFER MATRICES

To study any mulblayered system we ascribe 3 Transter
Matrix to each layer. In the present paper we use the so called
Associated Transfer Matrix { ATM), "1 i e, a matrix connect-
ing  field F(z) and a lincar form A{ ) associated (o the cor-
responding equation of motien. z is the coordinate perpendic-
ular 10 the mierfaces,

Fiz)y _ _ Flap)

(A(z)) = T[’"z“"(A(zu)) W

[n the case of eleconic (electromagnetic) states the field is

the envelope wave function (component of the magneiic field).

and the Tinear form is the derivative of the field divided by the

effective mass {dieleciric constant), In both cases the ATM for

constant parameiers has a simple and known form, namely for
the j-th layer

sind

cosd, ot
T, = 4 2
! (—%ﬁsiné; oosd; @

where p¢; 15 the effective mass (square of the refraction index}y
times the layer width. and 8; is the phase length in both cases,
i.e., the wavevector times the layer width. More concretely,

&, = ki, 3}
ki = fBHE V) (2m3) [t}
Bty = m;d_.!-‘ i5)

for electrons. and

d; = 2w, fA )]
n;‘fdj N (7]

i
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for electromagnetic waves. ; is the layer width, m} the ef-
fective mass, E the energy, ¥y the potential, A the wavelength,
and n, the refraccion index. jis the layer index. We limit our-
selves 1o the case of zero wavector parallel to the interfaces.
It is knowsn that the fizld and the associated finear form
Afz) are continuous functions everywhere; in particular they
are continucus at the interfaces. Then the ATM for the en-
tire structure T is the uswal matix product of the individual
ATM for each layer. No connecting matrix™ is needed ut in-
terfaces. This ATM can be used to calculate the ransmission
coefficient of an entire structute and the result is:' ™

4
T 1T+ T 4 [V kteu Tz + tenTn]*

(8

where .., is the parameter associated with the eaterior 1o the
structure, supposed left and right sides to be identical .

NI STRUCTURE OF THE ATM FOR A DOUBLE-SLAB
BLOCK FOR & = /2

Let T; be the ATM for an hemogeneous slab whose param-
eters are supposed (o be known, Let's assume that §; = 7/2
for all the layers in Lhe following. Then cosd; = 0,sind; =1,
T'; adopts a very simple form, and it is straightforwardly ob-
tained that the ATM for a double slab is

Tig-r = T;- Ty &)
-8 g
={ % o | (10

It is not difficull to generalise this formula 1o the case of an
even number of layers. [ndeed for  system of i bilayer-blocks

Tl jotitl =

By fracy o Mgezeel 0
(_1 ] [ W] dj_3h
) L N T I T N I
By K- Hi-an+3

[{R]]

tiy /gy 15 the factor associaled to the interface between
layers 7 and 7 — 1. Now suppose that A and B are the con-
stituenl materials. For a symmetric structure we have ong
interface A-B for each interfuce 5-A. For the energy (fre-
quency) for which §; = /2 these structures have the total
ATM equal 10 £ the identity matrix. The sign depends on the
parity of the aumber of bilayer blocks b.

Then the conclusion that T = +¥implies that Ty, = T2 =
+1, and that Ty = Ty = 0, and consequently, the wransmis-
sion coefficient D = 1 for this energy (frequency). The same
sipgation can be obtained with the values 37/2, 57/2, .., in-
stead of w2,

IV. BINARY THUE-MORSE SYMMETRIC SEQUENCE

We study now the symmetric Thue-Morse sequence. The
standard Thue Morse sequence can be generated by the sub-
stitutional rule

&L(d) = AB (32)

£{B) = Ba. 3
or equivalently

§{d) = BA (14

&(BY = AB. {15

Before going ahead it is interesting 1o notice that this rule
duplicares the number of lecters in the word on which it is
applied. £, generaies a Thue-Morse sequence. Meanwhile £;
generates another Thue-Mocse sequence, The second 3% the
mitror image of the first one, and viceversa.

We shail call Binary Thie Morse sequence (BTMS) the se-
quence whose r-th term is the juxtapositica of the #-th terms
of the £, and &2 Thue Morse sequences, In symbols:

w o= A Per A (16)

if the starting block is the leter -layer- A, and

B, = g (BMEPe'm 17

if the starting block is the letier -layer- B. We use the & to
denote juxtaposition. In the rable I the first 4, "5 are compiled.

i STiAY §5(A)

| A4

2 AB BA

3 ADBBA ABBA

4 ARBABAAB BAARABBA

5 ABBABAABBAABABBA ABBABAABBAABABBA

TABLE 1: Fist generations of the £, (left column} and the £2 (rght
column) Thue Morse sequences. The Binary Symmetric Thue Morse
Sequence is the juxtaposition of them: 4 = 44, 4y = ABBA,
Ay = ABBAABRA Ay = ARBABAARBAADBARBA exc,

At this stage it is important (o netce that i-The BTMS is
symmeiric, and ii-The v-th term of the BTMS have 2 = 27!
layers, i.e. 2"! double blocks. Then we can apply the re-
sults of the precedent section and conclude that this structure
has the property of complete transmittance for the energy {fre-
quency} such that & = =72 for all the layers.

InFig. | we present some numencal results for the rrasmit-
tance as & function of § for a BTMS, The complete trasmin-
tance and the selfsimilar structure of this function is clearly
seen.
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1.1

FIG, 1: Trasnuttance as a function of & for a 6th genetation of a BTMS. We use the values ny = 1.45, npy = 2.3 which comespond 0 Si0;

and Ti; respectively.

V. CONCLUSIONS

We have proved that a symmetric multilayered structure
satisfying the condivion §; = /2 for all layers 7, has com-
plete transmittance at the energy (frequency) given by this
equation. If we construci a sequence starting with two lay-
ers A and B, the condition 4,4 = /2 fixes the special en-
ergy (frequency); to be in the stuation we are analysing we
have o Ax the width dg in order o sauisfy the equation
by = w2 wo. For eleciromagnetic waves 3 = Zand /A
where 1 is the refraction index, 4 the layer width, and A the
wavelength, This means that the second width must be cho-
sen as dp = 1 ardg /g, and that complete wansmitance will
appear a1 &y = dnqidy = dnpdp. For electrons a very sim-
Har analysis holds with § = kd, & = /2m(E — V)/h2, Bu
in this case the imeresting widths and wavelengths ace in the
range of nupometets, and the widths are multiples of the cor-
responding lattice constants; then it may be not 50 ¢asy asin
the electromagnetic case to have § = 772 in all the layers.
The complete transmission property holds for other isomor-
plic excilations such a5 the acousie oscillation modes ot spin
waves in simple models. '

We have used the so called Associated Transfer Matrix,
but there are easily conceivable similar proofs based on the
Full Transfer Matrix, Coefficient Transfer Matrix, Scauering
Mairix, and Green Function concepts.'* ' The teason for our
preference for the ATM is that it does not need any connect-
ing matrix ar interfaces, like Tagz in [11], but the reader may
prefer some other approach o attain the same resule,

The compleic iransmittance property has nothing to do with

the quasiregular character of the system. Indeed we can imag-
ine symmetric structures created by any rule, or even at ran-
dor, irrespective of neither the number of layers nor the cho-
sen matenals, provided the structure is symmetric and it s
investigated near ihe energy (frequency} where the condition
& = w2 is fulfilled at all layers. However, binary smmuciares
generated by juxtaposition of mimor-image quasiregular het-
erosiructures 1% 4 nice and interesiing example of this propeny.
They add to the complete transmittance property other inter-
esting features of the spectrum like the mulnfracta] characrer,
critical states, et

The condition §; = /2 is sufficient, but not necessary, to
have complete transmillance, In fact the quasiregular exam-
ple exhibits 2 multifractal set of energies (frequencies) where
the complete wansminance property takes place. The spec-
trum has sczling symmetry avound the special values 4 =
w2 3wf2, -

1tis also interesting to note that this property can be vsed to
design tilter devices taking widths as the main tuning param-
BIELS,
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Fuerzas de oscilador ¥ propiedades épticas de heteroestructuras cuasirregulares de
Fibonacci ¥y Rudin-Shapiro

R. Péres- AlvarexV | € Tralloro-Giner™ y F. Garcia-Motiner !
' Universidod Autdnoma det Estudo de Morelos, Fucultad de Ciencins, Ave. Urniversidad 1001, Cuernavaca, Morelos, Méneo
* Fucultud de Fisica, Universidud de Le Habune, Cubo
¥ Ciftedra de Cienewe Contemnpordned, hdversital Jawme 1. Casielld, Bspania

S¢ proponc un método para caleular Jas integrales de solapamiento de las envolventes en of marco
de ta Teorfa de Masa efectiva v usando las Matrices de Transferoncia para sistetnas multicapas,
Besulra un método algovitmico sencillo y eficiente. 3e aplica entonces a un problema de actualidad:
las propiedades opticas de Estructuras Cuasivregulares, repottando resuitades pares las QHa
de Fibonacel, Filionacei Generalizada y Rudin Shapire. En el caso de Fibonacei los 1esultados
concucrdan con otros cxperimentales y tedricos previos, excepto que hacemos precisiones sobro
ol origen de las estructurss de los espoctros en términos de transiciones de ks bandas de huecos
pesndos o ligeros a ln Landa de conducclén. En los casos de Fibonaeei Geoeralizada y Rudin
Shapire, hasta donde conocetnos, los resultados son enteramente griginales.

The Full Transter Matzix (Bef @) provides & simple and officient slgorithmic method o caloulate
the envelope overlapping integrals needed to evaluste the inaginary part of the diclectiic constant
for multilayer heterostructures. This is applied to the calenlatlon the optical properties of Gahs-
AlAs Fibonaccl, Generalized Fibonaeci and Budln Shapire Quastregular Heteroestroctures in the
frame an Effoctive Mass model. Results fer Fibonacci Hetorostructures agree with experimental
and theoretical previons results but a new description of the nature of the spectrum is repotted in
terms of the transitions hetween light and heavy hole and conduction states. New original results
are obtained for Genovalized Fibonaced and Rudin Shapivo Heterostructures.

PACS numbers- 73.21.-b,73.21.Ac,73 21.Fg, 74.66.Fd

I. INTRODUCCION en las conocidas técnicas de Matrices de Transforencia

Es un resultado conocido que e ¢ mareo de la Teorfa
cl: Masa Efoctiva { Effective Mass Theory: EMT), las pro-
pledades dpticas en buena medida vienen dadas por las
integrales de solapamionto de las envolventes ¥ la Den-
sidad Combinada de Estados {foint Density of States:
JDOS) de los estados entre los cuales ocurren las tra-
siciones involueradas.! De ahi la importancia de desa-
rrollar mitodos sencillos y eficientes para ealonlar cskas
magnitudes.  Desde la aparicion de los sistemas a ca-
pas nanométiicas como los Pogos Cudnticos [Qurantam,
Wells: QW) y Superredes (Superlottices: 5L dste ha
sitlo v foeo de atencidn por las implicaciones de estas
magnitudes en posibles aplicaciones. 7

Por otro lado, en los nltimos afios ha habido gran in-
terds en las Heteroestructuras Cuasitregulares { Quissireg-
wlor Heterostructures: QH) por sus cualidades tan singu-
lares entre las que destaca ¢l cavicter fractal del espectro
de las excitaciones clementales, Vea, por ciemplo. las
Refs. [4 6] ¥ los trabajos que alli se citan.

A posar de suinterés, pocos trabajos caleulan o miden
las propiedades dpticas de las QHs. Una de las pocas
excepeiones o el artionlo de Munzar y colaboradores,”

El objetive del prosente trabajo os entonces proson-
tar un procedimiento directo ¥ expedito para caleular
las propiedades dpticas derivadas de Tas transiciones in-
terbandas en cualquior sistema s capas y aplicarlo cn
partioular al estudio de QHs tipo Fibonacei, Fibonacsi
Generalizada y Radin Shapiro. Para ollo, nos basaremos

con los convenios ¥ <definiciones que solemos wsar ¥ que
oxplicamos on detalles en los trabajos [8,9].

II. MODELD PARA LAS FROFIEDADES
OPTICAS

Tenemos en mente un sistema como el <e la Fignra 1,
donede hay Ny capas emparedadas por dos supucstamente
semiinfinitas, y gue evertualmente seran consideradas
como barreras infiniths para los portadores; no cucsta
mucho trabajo relajar esta condicidn. Por simplicidad
se han dibujado todos los pozos iguales. El convenio ey-
coulido o8 que la capa £-ésima ostd onbie 2p ¥ zeeg. Ln
invariancia en el plano de las capas hace que los estados
sc puedan caracterizar por un momento de dog compo-
nentes & on dicho plano ¥ por wia funcidn envolvente que
solo depende de la coordenada perpendicular a las capas.

Adoptaremos wn modele simple para cstimar la parte
imaginazia de ls constante dicléctrica. Supondremus la
temperatura cero absoluto ¥ ¢gue no hay impwezas; el
nivel de Fern esta entonces oo el gap; la banda de con-
dnecidén estd vacia, la banda de valencia esta flena, Lla-
memas EY [(EF) s los niveles de energia de la banda de
conduccion {valencia) a s = 0. La parte imaginaria de la
constante dicléctrica se exprosa entonces como la suma de
dos contribuciones: 1}a del cspectro contime; esta parte
Hevard ol subindice C, ¥ 2)a contribucidn exciténica, que
llewars ol subindice ez
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FIG. 1: Potencial/masa de un slstema a capas. Tanto la masa
como ¢l potencial dependen de una sola variable cartesiana v
som seccionalmente constantes. En el dibujo se ha supucesto
que hay Ne = 13 capas emparodadas por dos supuestamenta
semiinfinitas. Por shuplicidad se han dibujado todos los posos
iguales. El conveniv escogido es que la capa £-ésima ost4 entre
¢ ¥ Fey-

elw) = eac{u) + ezeec(w) (1)
o) = Su Y OE~E, - Ef - ED2)
i
epclw) =

aB
_E_:? tEere E; GE - E"g - E;: - E:J + Fesc) (3)

Glxr) =

1 z*
expl-—]|. 4
= P [ 20—2] 4
donde zz es la masa redueida in plaee entre anibas bandas,
E, el gap, E = hw, E.p, la cnevgia de enlace excitdnica
¥

2 P2 f(2mgpd?) {5)
~i 2 Spe|X = . {G}

Q
P

If

F es ol eleiento matricial interbandas. d s o esposor
del sistema; en el caso de condiciones de contornn de
barreras infinitas d es simplemente xy, 1 —2); si se ponen
condiciones de contorno peridelicas d e3 €l periodo. & es
la fancién Paso esceldn de Heaviside, annque se pudiera
sustituir por otra fncién que suavice los bordes.!? En
(3} la variable B caracteriza ¢! cambio en ol elemento
matricial cntre ¢l caso 2D y el nuestro.

Este modelo es bien simple ¥ se pudiera perfeccionar
para tener ¢n cuenta de Uha mejor manera, por cjemplo,
¢l ofecto excitdnico, v otras bandas. Aqui nos limirare-
mos a sumar las contribuciones de las transiciones entre
las bandas de huecos pesados y ligeros a la de conduccidn
(v = hh,th).

Un detalle inuy importante a notar en las exprosiones
(1-3): sc estd sumando sobre estados homélogos de las
baucdas involucradas {note que £F y EF Hevan los mis-
mos subindices). En realidlad habria que swimar sobre dos
indices §. § que corran respectivamente sobre los estados
de las bandas de conduccidn y valencia y cada términe
irfa multiplicado por la integral de solapamicnto de las
respectivas envolventes 7 (z) y w}{z). Se ha supuesto sin
més que se cumple la condiclon

2
= J".I' . (?)

[ &= iy 502)

Mas adelante comentaremos criticamente la bondad de
esta condicion.

Teniendo ez{w) se puede calenlar €){w) a través do las
rebaciones de Kramers Kronig'?, y a partir de dstas todas
las vestantes propiodades opticas.

ITI. FUERZAS DE OSCILADOR

Sea {z) la funcidn de onda {mds bien la envolvente},
Afz) Ta forma lineal asociada al problema {(w'{z}/m(z),
por ejemplo, en el marcoe de la EMT), y usemos ¢l
supraindice ¢ (v} para la banda de conducion (valencia).
Entonces, para la integral de solapamiento cotre ol estado
ntle la banda de condnccién e y el estado w de la banda
de valencia v tendremos que

Z g1
Svm.cﬂ = f dz I,O;T,(Z] ﬁan(Z)
z

F=Ne e

%,

dx @f (2} e fz)

1
=1
=N,y

Z /:.H 1 o -

f=1
[T."'im(Z- ze)alze )+

TG gtz -
[Tﬂ’"m (2. zedely (2e)+

Tz, whatyte)]

donde T(z, z¢) es la matriz de transferencia que trans-
porta {2z} ¥ A{z) de 27 a 2. Esta matriz depende de la
banda; por cso lieva el indice « o v. Asimismo, depende
del estado a través de la energia, ¥ por eso {leva ¢l indice
n o, segdin of caso. Por dltitho, depende del intervalo £
pucs los parimetros (masa, potencial, eke} varian de capa
a capa. Eventualmente prescindiremos de los indices de
las bandas reservando ¢l {ndice n para numorar log csta-
dos de conduccidn y of indice m para los de valencia.
Entonces, un trabajo algebraico sencillo nos lleva a las
expresiotics
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S =
=N, ) fé)

— Z’ [0f(ze) el (2e)] || S%é},mn S%gjmu . Wv:'n(zf)

T T - -

=1 S‘zl e SErma u""{q)
1=N,

=5 Wl -8 Whia 8}
=1

donde £ significa tmspuests, y

Tl § )
S = [ e T, 20T O, 20
Iy

{F} -
S‘Zl\rrm -

Hr sl f) ot (F)

S a O T O s

I

1€ e nit) o

Si2an = de T a2 TY i, )
r
RN}

W = [ e TEO T Otz
=

Pero la forma general de la matriz de transferencia para
un jnkervalo donde todos los parimetros sean constantes
o3

Tiz.zp) = eos{hk{z —zo))

Tia(ziz0) = 7 sin(h(z = %))

Tale.a) = - sin(k{z - )

Taz(z,20) = cosififz — ),

donde

2m

k= h?

(E-V)-

Por lo tanto,

S}?mn =
3 s[n((k"{n — !;-"*(”) {f,-)
T2 (hf — i)

sin{(k“'f] + kvn(f]) d‘.)
9 (kn(f) +km{[})
(10

¥ expresiones andlogas para los restantes clumentos ma-
triciales,

Un caso particular de interés cs aguel on que ambas
funeiones eoinciden: obtenemos asi una wapeea de ealon-
lar 1a norma de cstas sutofunciones. Para tratar correc-
tumente cste caso os bl recordar los siguientes limites
notables:

ll_r!}' — = 1 {11}
Lim 1 — cos(x) -0 (12)
0 P
.1 —cosix) 1

e -, 1
iy — 2 13)

TV. RESULTADOS NUMERICOS

En la Tabla I se detallan los datos de entrada paca

nnestros cdlenlos.

Magnitud [Gads AlAs
Masa ¢ |0.067 0.09
Masa hh | 0.403 0.187
Masa lh j0.08T 0,108
Ancho 3 3
a (28 A 284
" 0cm™!
Bartera ¢| 379 meV
Barvera h| 187 mel
Eere 10 meV
4 2 meV
F¥ime | 11350 meV
¥ 1.4 meV
B 1.5

Tabla I: Pardmetros de entrada de muestoo cileulo. Tas masas
s dan tomando come nhidad Ta masa del eleetrdn e, El
ancho s reficre al nimero de capas atdmicws.

Las inagniticles ¢ vy B que tomamos agui di-
fieren  grandemente de las veportadas  por Munesar
y colaboradores.” Consultados los autotes de cste
trabajo,!! ellos concordaron on que halia orrores de im-
prenta en ba Ref. [7] ¥ que los valores wados por ellos
coinciden al meneos oo orden de maghitud con los oues-
tros. Los valores de estas dos magnitwles se cotresporden
con valores medidos y aceptados en QW y SL die estos
materiales. !

FProsentaremaos a continuacion los resultados de caila
QH. Ceptraremos ol andlisis co ol cumplimicoro de la
aproximacién diagonal (7) y en el grifico de ez(w).

A. Hetervestructura cussirregular de Fibonacci

Eu la Tabla I1, y a modo de cjemplo, se dan los valores
de la integral de solapamicnto de las transiciones de hue-
cos pesados para los diex primeras cstados de unn QH
Fibonacei de orden 8. 3¢ aprecia de inmediato que la
aproximacién diagonal para dicha magnitud es razona-
blemente buena. Se obtienen resultados similares para
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Tabla II: Integral de solapamiente pars la octava generacldn
de ung QH Fibonacci. En {a fila i, columna § de esta tabla se
da la integral (e solapamiento entre ¢l estado 1 de conduccidn
v el 7 de valencia {hbanda de huecos pesados).

FIG. 2 Parte imaginario de la constante dicléctiica para una
QH Fibonacei en octave peneracién. En linea punteada la
contribucion de los hueeos ligeros,

los huecos ligeros. Ne hay ninguna ley de simetria gue
abligue 2 que se eumpla esta propiedad aparentemente
insdlita. Cabe, no obstante, almin razonamiento cualite-
tivo. En efecto, los estados homdlogos, segin el Teorema
de Ceros'® que existe en el problema 1D de Schrodinger,
tienen ¢l mistno mimero de ceros. St estos se distribuyen
mas o mnenos en 1os mismos lugares, no es de extransr gue
eleetrones ¥ huecos se acummlen on las mismas regiones
dando lugar a esta propicdad.

En la Figura 2 se presenta ez{w}. Se aprecia que lo
tipico es que las estrocturas del espectro se deben a la
conjuncion ¢e varias transiciones signiendo la agrupacidn
caracteristica de las Estructurss Cuasirregulares, La
estructura que Munzar llama &1, y que estd a hw = 1,69
¢V no ¢s de huecos pesados como estos autores dicen,
sinn de huecaos ligeros.

Para cstos calculos se tomarton en cuenta solamente
las transiciones de huecos pesados y ligeros a la banda de
conduecidn. En el intervalo de frecuencias mostrads no
es necesario considerar ninguna otra.

B. Heteroestructura cuasirregular de Fibonacei
Generalizada

En la Tabla LIT se puede ver lo mismo que en Ja Tabla
II pero shora pars una Fibonacel Generalizads, gene-

B.P0E 0216 DOIF DUIE 006 00T L0008 U DDF 10Un S0
DENT QPEE OG0 0004 N GO0k OTD 00LE -hOu du
Gur A 0353 0883 0107 U341 QKM D02 0K D0 0T
SIS O3 0.8 (A4 -RI0] -DITR GNSE BOIT D PR NOD
ST G 04T U 0DT 08 D 1AL L0ABY 0111 T -
S0.003 OLY 0.7 0324 L0081 BYST (GATH 06 U003 kY
DM R 3 ITE GLE 0 adE 0410 0TIT HIIE KA O
D00 ALDIL MK 00T U IR3 THIGT  (n16 GEET GMM2 )OI
\f.m.\ 0003 (LN G4 0007 0003 UG 0akH 088 D.ZLE
D004 QOI4 O 0008 0005 0008 Wpul? G0 G216 0.9

Tabla 11I: Integral de solapamionto para la octave generacion
de una QH Fibohacei Generalizada. En la fila 1, colimna §
de esta tabla se da la integral de solapamicoto ontre el estado
+ de conduceidn y ol § de valencla (banda de huecos pesados).

AN

FIG. 3: Parte imaginaria de la constante dieléctrica ppara una
JH Fibonacei Generalizada oo octava gencracicn. En linga
punteada la contribucién de Jos hoceos ligeros.

racion & Salta 2 la vista que hay una viclacidn de la
propiedad (7} pues las transiciones hhd—e3 y hhd—cd
sou menos probables que hh3—cd ¥ hhd—c3. Resulta
interesante notar que otras dos transiciones (hhé—e7 ¥
hhf—c7) también son importantes; tienen wa probabili-
dad de ocurrencia del orden de la mitad de la fandamen-
tal {kh7—c7). El andlisis en detalle de la tabla lleva a
otros casos parecidos.

En la Figura 3 s¢c presenta la parte imaginaria de la
constante dieléetrica como funcién de la frecuencia para
este sistema. S¢ sehalan las transiciones de huecos posa-
dos (encima) y de huccos ligeros {debajo). Es evidente
que hay estructuras debidas enteramente a huecos pe-
sados y otras a huecos ligeros, Thnto unas como otras
tienen contribuciones de prupos més o menos importantes
de estados dc una y otra banda.

C. Heteroestructurs cuasirregular de
Rudin-Shapire

En la Tabla IV se pusden ver los clomentos meatri-
ciales de las transicioncs de hnecos pesados a cstados
de conduceidn para wna QH Rudin Shapivo con los mis-
mos pardmetros que las QHs anteriormente cstudiadas y
tomandlo las capas ¢ = Ay D = B4 Se ve que existe una
situacion similar a la analizada en la Fibonacei Genera-
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Tabla IV: Integral de solapsiniento pata la octava generaciin
de una QH Rudin Shapico, En la fila €, columna j de csta
tabla se da la integral de solapamicnto cntre o} estado 4 de
eonduceicn y ol 7 de valencla (handa de huecos pesados) .

F1G. 4: Parte imaginaria de La constante dicléctrica para una
QH Budin Shapiro en octave gencracién, En linca punteada
T contribucicn de los huecos ligeros.

lizada, ahora entre los estados 5 y 6. También se ve que
hay una probabilidad de transicién gue eventualments
tal vez se pucda detectar oxperimentalmente, entre los
estadns Ty 0.

En la Figura 4 se presenta la parte imaginaria da ta
constante dicléctrica como Buwidn de la frecnencia para
oste sistema. Se senalan las toansiciones de huceos pesa-
dos (eneima) v de huccos lmeros {debajo), Es evidente
que hay estructiras debidas onteramente a hueeos pe-
sados y ofras a lnecos ligeros. Tanto wnas como otras
ticnen contribuciones de gripos mds o menos importantes
tle eutados de una ¥ obra banda,

V. CONCLUSIONES

Los problemas de antovalores con frocucneia pedecen
de rigidez, ¥ males parecidos.” Esto os debide a 1a coexis-

tencia de soluciones divergentes junto a otras que tienden
a cero rapidamente. Una vey determinados los antovalo-
1es, el problema se traslada al cdlenlo de los antoestndos.
De ahi que caleular elementos matriciales sea on primora
instancia una tarea ardua que debe pasar por el tormento
de obtener las amplitudes en muichos puntos.

El procedimiento propuesto para calowlar las integrales
e solapamicnto entre envolventes a partic de la matris
e transferencia se presenta como prometedor en diver-
s0s sistemas nullticapas pues se contra en calevlar los
ankocstados con buena precisidn solamente on las intor-
caras. Las expresiones (8} y (10} ropresentan entonces
una manera facil, divccta y procisa de calenlar estas inke-
grales conocicndo apenas las amplitudes en las intercaras,

Se ha wmostrado on teos casos de inkerds actual que la
propicidad de diagonalided de los clementos wakriciales de
transicion se cumple con hastante buena aproximacion,
pero también hemos visto que se debe tomar von cautola
¥ esbidiar s cumplimicnto en cualguier otro nuevo caso
que se pretenda estudiar,

Por primera ver s¢ reportan cspectros de propicda-
des dpticas de QHs de tipo Fibonacel Gencralizada y
Bndin Shapire.  Estos vesultados son, por supuesto.
preliminares. No hicimos ningin esfucrzo por ajustar
pavdmetros que pudieran ser algo distintos on una estrie-

“tura u otta (Eg e, por ciemple). Por el nomento no hay

datos experitnentales que poedan ratificar o comendar
estos resultados.

En los tres casos estudiados, ¥ al igual que cnlos QW y
SL, hay una bucna cantidad de ostructuras de los cspec-
tres debida a transiciones de estados de bnecos pesados a
conduccién. Pero, aqui aparecen estructuras nitidamente
debidas a transiciones desde estados de buoecos ligeros.
Mormalmente las transiciones de huecos ligeros son apan-
talladas en los espectros porque las de huecos pesados
son mas fucrtes, pero agui resulia gque so obtienen bas
primeras donde Tas segundas son practicamente nulas,
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Analytical calculation of the eigen-energies for a quantum lens with finite barriers

Arezky H. Rodriguez
Universidad Autonoma de la Ciudad de México (UACM),
Calzada Ermita Istapalapa sin Col. Lomas de Zaragoza, C.R. 09620, [ziapalapa, México D.F, México.

The bound states of a particle in a quantum dot with finite barrier are calculated in the envelope function
approximation. The quantum dot has lens shape with a circular base with radius a and maximum cap height
b. The potential energy and the mass of the particle have different vatues inside and outside the quantum dot.
A 2D Fourier expansion is used in a semi-sphere domain with infinite walls which contains the original Yens
shape potential. It is reported the electron energies for different values of lens deformation b/ a, lens radws a
and barrier height V. The limit case of the infinite barrier height in the quantum dot is recovered.

PACS numbers:

L. INTRODUCTION

The confinement of particles within small regions leads to
interesting quantum effects'. While most of the works consi-
der the confinement as due to impenetrable barriers, the case
of a barrier with finite height is sometimes more realistic and
has received some attention, When including the finite barrier,
different approaches have been vsed. In Ref. 2 the authors cal-
culated the bound states in rectangular cross-section quantum
wires as products of eigenstates of 1D problems with a finite
barrier in each direction. The energy levels are then corrected
by the first-order perturbation-theory. It was shown that the
method is suitable for rectangles with sufficiently large linear
dimensions. The same idea was previously applied in Ref, 3
to calculate the electronic states in cylindrical quantum dots
of semiconductors. A 2D Fourier expansion has been used in
Ref. 4 to calculate the electronic states in InGaAs/InP quan-
tum well-wires structures and in self-assembled InAs pyra-
midal quantum dots®.

The electronic and optical properties in self-assembled
quantum dots (SAQD) is also of great importance®. Although
previous theoretical studies in SAQD with lens shape™ con-
sidered infinite wall potential, the finite value of the band off-
set is a fundamental parameter when considering different ex-
ternal potentials or when including others physical effect, su-
ch as, for example, the hydrostatic pressure!®.In the present
work, it is developed a model which allows the analytical cal-
culations of the electronic leves in self-assembled quantum
dots with lens shape including a finite barrier potential. The
results obtained are compared with the model which consider
the barrier as infinite and the limit case is recover for hight
enough barrier potential. An analysis is done establishing the
cases where the infinite barrier model gives good results.

I. MODEL FOR FINITE POTENTIAL

The eigenvalue problem of the Schroedinger equation in
a 3D lens shape with infinite barriers in the effective mass
approximation has been solved elsewhere’. In our case, the
problem for a finite barrier will be modeled including a lens-
shape well potential with height V, in a hard-walls semi-
spherical region has shown in Fig. 1. The semi-spherical re-
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Figura I Trimsversal section ola 3D finite fens-well 2, with barrier
height V, and contour % inside an infisite semispherical-well with
contour . Contour 5 and 'y are separated o distance equal or
grealer than A along the perpendicular axis.

gion is divided in two regions, D,,; with potential ¥V, and
region D)y, where it is zero. The effective masses in region
Dy, and D,,; are considered as different. The solution of
the problem given by the lens with finite barrier in an infi-
nite surrounding medium can be obtained by minimizing the
effect of the external boundary € over the wavefunction of
the corresponding energy level under study. This can be achie-
ved taken higher enough value of the distance A, as it will be
shown later. Hence, we have the equation for the whole region
D:

2 1
('.", 0,¢) € D= Dy, + Doy

whete
_ 0 N (T, 9‘ ¢) (=] D'i\'n
Voo ={3, 16 oo, @
and
* o —_ m-?-n . ('rﬁ 91 ¢) € Din
m(r.0.¢) = {m;u, [(r0,0) € Do

The analytical solution of equation (1) is sought in the clo-
sed form of an expansion

v=> G v (@)
1




where the set of functions {'I'EO)} is a complete set of func-
tions in the 3D domain D given by the semi-sphere and its
explicit representation can be found in Ref. 7. A diagonali-
zation procedure is implemented to obtain the electron states.
With the former expansion the functions ¥ satisfy the boun-
dary condition of infinite barrigr in the contour C because the
set of functions {¥”} does. On the other hand, Eq. (1) and
the corresponding solution given by Eq. (4) are written in the
whole domain D. [t guarantees that the matching conditions
at the contour C'» are also satisfied, but only at those points
where it is well-defined the derivative of the wavefunction.
This does not occur at the corner and, generally speaking, the
problem is then not well-defined. The obtained eigenvalues
constitute only an estimation of the real problem but we ac-
cept this solution as a suitable estimation for the finite barrier
case, as it will be shown later. The present formalism has been
applied in previous works™!!, but not explicit analysis is done
about the fulfillment of the matching conditions between the
internal and the external domain.
Equation (1) can be rewritten as:

2 I
-V — a{r,6,$)V (———*U(?_‘ G ¢)) Vot

+V(r, e, ¢)o(r,d,. 6}V = Aa(r, 0,0} ¥ ()

where in the internal region Dy, we have o(r,8,¢) = 1 and
V(r,8, ¢) = 0 and in the external domain D,,, we have
a(r,8,¢) = o = mp, /m:, and V(r 8,¢) =V, = V,/E,.
We have the parameter A = E/E, where E, = A%/2m} R?
is the unit of energy.

From Egq. (5) and Eq. (4) it is obtained the matrix represen-
tation of the problem

SoC {65 - Cl0,5) + Al J) — A B, 5y =0 (6)
where /\EO) are the corresponding eigenvalues of the set of

functions {¥*’}. The matrix
PAY (1) vw§°)> 0}
o D

is equal to zero because of the finite discontinuity of
a(r,8,¢),and

Cli,5) = < v

A ) = (¥ V0.0,0)o(r.0,9) ¥}

_ . Lplelpge(e)

_— [5,,‘3 (wj. (W >DJ (&
B(i,j) = (#olr,6, )W)

= <q:;°)|~1v§"’>pm+ o [5,,,— - (wg")[w,‘;‘”)&_n]

(9

According to the axial symmetry, the Hilbert space of the
problem given by Eq. (6) is separated in different subspaces,
each one characterized by a quantum number m. In Fig. 2 it
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Figura 2: First tive energy fevels for a quantum lens with b/0—0.51
as a function of the external potential barrier ¥, in dimensionless
quantities. The calculation is done raken A /=03 (solid Lines; and
AJHE=0.1 (dotled lines) for comparison. Dashed lines represent the
infinite barrier case’ while dash-dot-dot is the line where the energy
value is equal 1o the potential value.

is shown the solution of the problem for b/a=0.5t and #=3.5
in dimensionless quantities, as a function of the external po-
tential V,. The first five energy levels are shown. Each one
is labeled by a quantum number (N, i} meaning the N-th
energy level with quantum number . It can be seen how, as
the external potential increases, also increase the energy levels
approaching asymptotically to the values which correspond to
the infinite potencial case shown horizontally in dashed lines”.
For a given value of the barrier, the lower levels are closer to
the corresponding energy value of the infinite barrier case. So-
lid lines are levels calculated using A /R=0.3 and dotted lings
are levels with A/R=0.1 (only for levels with m = 0). The
different values of the two cases can be seen at low values of
the potential barrier while the discrepancy is for a wide range
for higher levels where the percent of the wavefunction loca-
ted at region D, is greater and the influence of the artificial
boundary C| is stronger. Nevertheless, at those values of the
potential barrier where the solution is independent of the pa-
rameter A, it can be taken the solution as independent of the
boundary €} and hence, as a good approximation for the finite
barrier case in an infinite surrounding medium. Dash-dot-dot
line represents the values where the energy value is equal to
the potential value.

In order to study a specific material, two different quan-
tum lens configuration of InAs/GaAs have been taken into ac-
count, In Fig. 3 it is shown the five first electronic levels as
a function of the lens radius. Panel a) is for b/a=0.91 while
panel b) is for 5/a=0.51. In both cases it is shown the barrier
height 1, of the conduction band in dashed line, the levels cal-
culated with the finite barrier model are the solid lines {using
A/R=0.3), and the infinite barrier case are the dotted lines.
A 500 x 500 matrix is used in the diagenalization precedure.
According to the levels shown, it can be seen that the infinite
barrier is a good approximation for radius of the order of 20
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Figura 3: First five clectronic lovels for an InAs/Gads quantuny lens
as a function of the lens radius, 2) h/0—0.91, bY B/n=0.51. The cal-
culazion is done taken A/R=0.3 (s0Hd lincs) and considening the
barrier as infinite (dolled lines) lor comparison.

nm or higher when b/a=0.91. As b/a decreases, it is necessary
to include the finite barrier effects to have better approxima-
tions of the energy levels distribution for the same range of
the radius, The values of the effective masses used here are
the same as in Ref. 10, while an average over the masses is
taken in the valence band.

I CONCLUSIONS

In the present work it has been generalized the results
of Ref. 7 and Ref. 8 to evaluate electronic energies in self-
assernbled quantum dots with lens shape geometry taking into
account the finite band offset. The results obtained by the pre-
sent model was compared with the values obtained when con-
sidering the potential bartier as infinite and it was established
the range of values for the potential barrier, lens deformation
b/a and lens radius a where both modets produce similar re-
sults. The present model can be used to study the effect of an
external potentials where it could be of importance to take into
consideration the finite barrier.
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